MATHEMATICA MORAVICA
VoL. 8-2 (2004), 95-99

On Congruences of Super-Associative Algebras
With n—quasigroup Operations, n > 3

JANEZ USAN AND MALISA ZIZOVIC

Dedicated to professor M. Taskovié on his 60 birthday

ABSTRACT. In this paper Con(Q, "), where (Q,>") is a super-associative al-
gebras with n—quasigroup operations, n > 3, is described.

1. PRELIMINARIES

Definition 1.1 ([2]). Let n > 2 and let (Q; A) be an n—groupoid. Then:

1) we say that (Q; A) is an n—semigroup iff for every ¢,j € {1,...,n}, i < 7,

the following law holds:
AT A, 22 = Al AT 2

(:<4,j > —associative law);

2) we say that (Q; A) is an n—quasigroup iff for every i € {1,...,n} and for
all a € @ there is exactly one z; € ) such that the following equality
holds

A(at @y, a7 = ap;

3) we say that (Q; A) is a Dornte n—group (briefly: n—group) iff (Q; A) is
an n—semigroup and n—quasigroup as well.

Remark 1.1. A notion of an n—group was introduced by W. Dornte (inspired
by E. Noether) in [2] as a generalization of the notion of a group. See, also [12].

Proposition 1.1 ([9]). Let n > 2 and let (Q; A) be an n—groupoid. Then the
following statements are equivalent: (i) (Q; A) is an n—group; (ii) there are map-
pings ~! and e, respectively, of the sets Q"' and Q"2 into the set Q such that

the following laws hold in the algebra (Q; A~ e) [of the type <n,n—1,n—2>]
(a> A(x?_2’ A<x72171_12)7 m271—1) = A(x?_la A(xinil)%
(b) A(e(a}™?),a} % 2) =z and
(C> A((a]ll_27 a)ila a?_27 a) = e(a’f‘2); and
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(iii) there are mappings ~' and e, respectively, of the sets Q"' and Q"2 into
the set Q such that the following laws hold in the algebra (Q; A,~1 ) [of the type
<nn—1,n—2>]/

(@ A(A@7), 235 = Az, Ay ™), 20751,

(b) A(z,a} 2 e(a?™?) =z and

(@) A(a,a!7%, (a77%a)7") = e(a7™?).
Remark 1.2. e is an {1,n}—neutral operation of n—groupoid (Q; A) iff algebra
(Q; A,e) Jof the type < m,n — 2 >/ satisfies the laws (b) and (b) from 1.2 [6].

Operation ~! from 1.2 [(c), (¢)] is a generalization of the inverse operation in a
group [7]. Cf. Chapter II and Chapter III in [12].

2. AUXILIARY PART

Definition 2.1 ([8]). We say that an algebra (Q;-, ¢,b) Jof the type < 2,1,0 >/
is a Hosszi-Gluskin algebra of order n (n > 3) jbriefly: nHG—algebra/ iff the
following statements hold:

(1) (@;-) is a group;

(2) ¢ € Aut(Q;-);

(3) ¢(b) = b; and

(4) forallz € Q, " (x)-b=10b-2.

(Cf. IV-2.1in [12].)

Proposition 2.1. Let (Q;-,¢,b) be an bHG—algebra. Also let A(xl) = xry -
o(x2) - " L(wy) - b for all 27 € Q. Then (Q; A) is an n—group.

T

Definition 2.2 ([8]). We say that an nHG—algebra (Q;-, ¢,b) is assomated (o
" (@)

corresponds) to the n—group (Q; A) iff for all 27 € Q, A(al) = x1-p(x2) - -
b.

Theorem 2.1 (Hosszi-Gluskin Theorem [3, 4]). Let (Q; A) be an n—group, e its
{1,n}—neutral operation and n > 3. Let also c’f_Q be arbitrary sequence over @,
and let:
a) vy A, y),
def n—2 n—2
b) ¢(x) = A(e(c)™ "),z ¢ ") and

c)b def A(e(c?_g) ) for all xz,y € Q. Then, the following statements hold:
1) (Q;-,¢,b) is an nHG—algebra, and
2) (Q;-,p,b) is associated to the n—group (Q; A) [cf. 2.5].

Remark 2.1. The formulation of the theorem is from [8]. Cf. IV-3.1 in [12].

Proposition 2.2 ([8]). Let (Q; A) be an n—group, e its {1, n}—neutral operation,
andn > 3. Further on, let c?_Q be an arbitrary sequence over @, and let for every
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T,y €Q
B(Cn—Q)(fL',y) — A(xac? 27?/)’
def n n—
P (@) = Ale(e]™), 2,1 7?)  and
def nn—
bin-2) = A(e(cl ) )
Also let

def n—
Lo = (Q§B(C;L—Z)a@(C?—Q)ab(C?—Q)”ﬁ 2e Q}.

Then for every nHG—algebra (Q; -, ,b) the following equivalence holds
(Q:-p.b) € La & (Vo € QTAY) = 21 - p(x2) - 9" () - b.

Cf. IV-4.1 in [12].

Proposition 2.3 ([10]). Let (Q; A) be an n—group, n > 3 and let (Q;-,¢,b) be

an arbitrary nHG—algebra associated to the n—group (Q; A). Then, the following
equality holds: Con(Q; A) = Con(Q;-) N Con(Q; ).

3. MAIN PART

Let 1,...,22,—1 be subject symbols, n € N\{1}, and let X1, Xo, X9, 1, X9,
i €{2,...,n}, be n—ary operational symbols. Then, we say that

(1) X1(Xo(ah), 2227") = Xon—1 (277", Xoi (27 1), 270 h)

is a general < 1,7 > —associative law. Some of operational simbols in (1) can
be equal.

Definition 3.1. Let (Q;)) be an algebra in which the following holds: (Q; Z2)
is an n—quasigroup for all Z € Y . Also let n > 2 and |) | > 2. Further on, let
Z1,...,Ton—1 be subject symbols, let Xi, Xo, Xo;_1, Xo;, i € {2,...,n}, be n—ary
operational symbols, and let for all i € {2,...,n} is [{X1, X2, Xo;j—1, Xoi}| >
2. Then, we say that (Q;>]) is a super-associative algebra with n—quasigroup
operations (briefly: SAAnQ) iff for every substitution of the subject symbols
Z1,...,Zop—1 in (1) by elements Zi,...,Ta,—1 of @ and for every substitution of
the operational symbols X1, X9, Xo;—1, X9;, 7 € {2,...,n}, in (1) by elements
X1, X2, Xoi—1,Xoi, i €{2,...,n}, of > for all i € {2,...,n} the following equal-
ity holds:

(1) X1(Xo@]), 7200 ") = Xoia (@7, Xoa(@ 0, 200 ).

A immediate consequence of Def. 3.1 and Def. 1.1, is the following proposition:

Proposition 3.1. If (Q;>)) is a SAAnQ, n € N\{1}, then (Q; Z) is an n—group
forall Z € .

Proposition 3.2. Let (Q;)) be an SAAnQ and n € N\{1}. Then the following

statements hold:
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1° X3 75 X9 = {Xzifl,XQi} = {Xl,XQ} and
2° X1 == X2 = Xgl',l == Xgi fO’l’ all i € {2, e ,n}, where Xl,XQ,XQifl,XQi
from (1).
Cf. XI-2 in [12].

Remark 3.1. a) Case n = 2 is described in [1].
b) Case n = 3 Yu. Movsisyan was described in 1984 (cf. [5]).
c) Case n > 3 was described in [11].

Proposition 3.3 ([11]). Let (Q;>]) be an SAAnQ and n > 3. Also, let A
be an arbitrary operation from > and (Q;-,,b) be an arbitrary nHG—algebra
associated to the n—group (Q; A). Then, for every B € Y there is exactly one
a € @ such that for every x,x} € Q the following equalities hold:

°1 B(at) = 21 - @(x2) -+ " *(p-1) -b-a-b-zy,
°2 (a-b)-x=xz-(a-b) and
°3 p(a) = a.

Cf. XI-6.1 and XI-6.2 in [12).

Theorem 3.1. Let (Q;>]) be an super-associative algebra with n— quasigroup
operations, n > 3 and let A be an arbitrary element of .. Then, the following
equality holds:

ConQZ = Con(Q; A).

Proof. Let (Q;>_) be an super-associative algebra with n—quasigroup operations,
n > 3 and let A be an arbitrary element of » . By Prop. 3.2, (Q;A) is an
n—group. Further on, let (Q;-, ¢,b) be an arbitrary nHG—algebra associated to
the n—group (Q; A).
Then, the following statements hold:
°4 For all B € Y, (Q; B) is an n—group (by 3.2); and
°5 For all B € ) there is exactly one a € ) such that the algebra (Q;-, ¢, b
a - b) is an nHG—algebra associated to the n—group (Q; B).
Sketch of the proof of °5:
a) (Q;-,p,b) is an nHG—algebra [associated to the n—group (Q; A)/.
b) w(b-a-b) L p(b)- pla) p(b)

a)®3

°3 is from 3.5.
¢) " Nz)(b-a-b) =

°2 is from 3.5.
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d) By a) — ¢), by °1 (from 3.5) and by Def. 2.3, we conclude that the
algebra (Q;-, v, b-a-b) is a nHG—algebra associated to the n—group
(@; B).
Finally, by a), by °5 and by Prop. 2.6, we conclude that the proposition is
satisfied. O
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