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ABSTRACT. This paper presents new fixed point theorems on lower and upper
transversal spaces. The following main result is proved that if T" is a self-map
on an orbitally DS-complete transversal lower space (X, p), if there exists an
upper semicontinuous function G : X — R such that

pla, Ta) > G(T'x) - G() > 0

for every z € X and if G(T"a) — +oo as n — oo for some a € X, then T
has a fixed point in X. For the lower transversal spaces are essential the map-
pings T : X — X which are unbounded variation, i.e., if there exists a function
A: X x X — RY such that

oo

Z A(T"2, T"z) = 00

n=0
for arbitrary * € X. On the other hand, for upper transversal spaces are
essential the mappings T : X — X which are bounded variation

1. INTRODUCTION AND HISTORY

The possibility of defining such notions as limit and continuity in an arbitrary
set is an idea which undoubtedly was first put forward by M. Fréchet in 1904, and
developed by him in his famous thesis in 1906.

The simplest and most fruitful method which be proposed for such definitions
was the introduction of the notion of distance.

But the greatest merit of Fréchet lies in the emphasis he put on three notions
which were to play a fundamental part in all later developments of Functional
Analysis: compactness, completeness, and separability.

In this sense, the notion of order, and the notion of new completeness, have
each led to a fixed point statement. We now obtain geometric results of fixed

1991 Mathematics Subject Classification. Primary: 54E15, 47TH10, 05A15. Secondary: 54E35,
54H25.

Key words and phrases. Fixed point theorems, lower and upper transversal spaces, orbitally
DS-complete and CS-complete spaces, functions of unbounded variation, function of bounded
variation, geometric fixed point theorems.

*Research supported by Science Fund of Serbia under Grant 1457.

(©2004 Mathematica Moravica

29



30 GEOMETRIC FIXED POINT THEOREMS ON TRANSVERSAL SPACES

points based on an interpley of these two notions as new notations in transversal
upper and lower spaces.

In connection with this, first, in Taskovi¢ [16] we introduced the concept of
transversal (upper and lower) spaces as a natural extension of Fréchet’s, Kurepa’s
and Menger’s spaces.

Let X be a nonempty set. The function p: X x X — RY := [0, +00) is called
an upper transverse on X (or upper transversal) iff: plx,y] = ply, z], p[z,y] =0
if and only if # = y, and if there is function ¢ : (R%)? — RY such that

(As) ple,y) < max {ple, 2], plz. v (oo, 21, plz.v]) }

for all x,y,z € X. An upper transversal space is a set X together with a given
upper transverse on X. The function 9 in (As) is called upper bisection function.

On the other hand, the function p : X x X — [0, +o0] :=R% U {+o0} is called a
lower transverse on X (or lower transversal) iff: plz,y| = ply, x], plz,y] = +oo if
and only if # = y, and if there is a lower bisection function d : [0, +00]? — [0, +00]
such that

(Am) plz,y] > min {p[xy 2|, plz, yl, d(ﬂ[ﬁf’v 2], plz, y]) }

for all z,y,z € X. A lower transversal space is a set X together with a given
lower transverse on X. The function d in (Am) is called lower bisection function.
In recent years a great number of papers have presented results in the fixed
point theory on miscellaneous spaces.
In this paper we begin with intensive development of the fixed point theory on
transversal spaces, special, with development on lower transversal spaces.

2. FIXED POINTS ON LOWER TRANSVERSAL SPACES

Let (X, p) be a lower transversal space and T': X — X. We shall introduce
the concept of DS-convergence in a space X; i.e., a lower transversal space X
satisfies the condition of DS-convergence (or X is DS-complete) iff: {x,, }nen is
an arbitrary sequence in X and Y ;2 p[x;, xi41) = +oo implies that {z;, }nen has
a convergent subsequence in X.

In connection with this, a lower transversal space X satisfies the condition of
orbitally DS-convergence (or X is orbitally DS-complete) iff: {T"x},enuqoy
for x € X is an arbitrary iteration sequence in X and

o0
Zp[T"$,T”+1x] =400 (for z € X)
n=0

implies that {7"x},enyqoy has a convergent subsequence in X.
We are now in a position to formulate our main statements (Geometric state-
ments of fized point) in the following forms.

Theorem 1. Let T be a self-map on an orbitally DS-complete lower transver-
sal space (X,p). Suppose that there exists an upper semicontinuous function
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G : X — R such that
(A) p(2.T(x)) > G(Tx) ~ G(z) > 0

for every x € X. If G(T"a) — +o00 as n — oo for some a € X, then T has a
fized point in X.

Proof. Let x € X be an arbitrary point in X. We can show then that the
sequence of iterates {7z },enuqoy in X satisfies the condition of DS-convergence.
In this sense, from (A) we have

n
Zp[Tim,THla:] > G(T"z) — G(x),
i=0
and thus, from the conditions for functional GG, as n — oo, we obtain the following
fact:

n—oo

ip T'a,T"*'a] > lim (G(T"Ha) — G(a)> = +00.
=0

Hence, for the subsequence of iterates {T”(k)a}keNU{O} in X, by orbitally DS-

completeness, there is € € X such that 7" g — ¢ (k — 00). Since { € X, from
(A), we obtain the following inequality in the form

p(&.T(€)) = G(TE) — G(€) = 0;
i.e., since G is an upper semicontinuous function, we have

p(&,T(€)) > limsup G(T"®+1a) — G(€) = +oo;
k—oo

which means, by the properties of a lower transversal space, T¢ = £. The proof
is complete.

In connection with the preceding statement, we now show that the following
facts hold.

Let X be a topological space (or only a nonempty set), let T : X — X and
let A: X xX — RS’F be a given mapping. We shall introduce the concept of
DA-variation in a space X, i.e., a topological space X satisfies the condition of
DA-variation iff: there exists a function A: X x X — RS)F such that

(1) iA(T”a;,T"Ha:) = 400

for arbitrary x € X. In this case if (1) holds, we say and that 7 : X — X is
unbounded variation or unbounded A-variation.

Lemma 1. Let X be a nonempty set, T : X — X, andlet A: X x X — Rg_ be a
given mapping. Then the following facts are mutually equivalent:

(a) T is an unbounded variation mapping on a nonempty set X in the sense of
the mapping A.



32 GEOMETRIC FIXED POINT THEOREMS ON TRANSVERSAL SPACES

(b) There is an unbounded function G : X — Rg such that holds the following
inequality in the form
A(T"z, T" M z) > G(Tz) — G(z) >0

for every n € NU {0} and for every x € X, where G(T"z) — +00 as n — o0.
(c¢) There is a nonnegative sequences of real functions in the form x +— Cy(x,Tx)
such that the following inequality holds

ATz, T z) > Cp (2, Tx)
for every n € NU {0} and for every x € X, where > 2 Cp(z,Tx) = +o00 for
arbitrary x € X.

Proof. For the proof of this facts, first, suppose that holds (a), then we define
the function G : X — R(j_ by,

G(z) = ZA(Tim,THlx) for e X;
i=0

and thus we have G(Tz) — G(z) < A(T"z, T""'x), i.e., the condition (b) holds.
If (b) holds, we obtain that holds and the following inequality

ATz, T" M z) > G(T™" M z) — G(T"x)

for every € X and for every n € NU{0}. We set C,,(z,Tz) = G(T" 1 2)—-G(T"z)
directly we obtain (c). Also, elementary, (a) is a consequence of (c¢). The proof is
complete.

As a further application of the preceding ideas we have the following geometric
statement.

Theorem 2. Let T be a self-map on an orbitally DS-compete lower transversal
space (X, p). Suppose that there exists a lower semicontinuous function G : X —
Rg{ such that

1 1

ol T()) > GTe) ~ Gla) ="

for every x € X. If G(T™a) — 0 as n — oo for some a € X, then T has a fized
point in X.

The proof of this statement is a totally analogous to the proof of Theorem 1.
Thus we the proof to leave out.

Lemma 2. Let X be a nonempty set, T : X — X, andlet A: X x X — Rg be a
given mapping. Then the following facts are mutually equivalent:

(a) T is an unbounded variation mapping on a nonempty set X in the sense of
the mapping A.

(b’) There is a function G : X — ]RS]r such that holds the following inequality

in the form
1 1

A<T z, T x) = G Ga) =

for every n € NU {0} and for every x € X, where G(IT"z) — 0 as n — oo.
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Proof. For the proof of this statement suppose that holds (a). We define the
function G : X — Rg_ by

1
- Yoo AT, T x)

and thus we have 1/G(Tz) — 1/G(z) < A(T"x, T""'z), i.e., the condition (b’)
holds. If (b’) holds, then holds (c) in Lemma 1, and thus, from Lemma 1 we

obtain (a). The proof is complete.

Annotation 1. Let X be a topological spacelet T: X — X, and let A: X x X — ]Rg_ be a
given mapping. We shall introduce the concept of DS-convergence in a space X, i.e., a topolo-
gical space X satisfies the condition of DS-convergence iff: {x, }ren is an arbitrary sequence
in X and ) 52, A(xs, xiy1) = +oo implies that {z,}nen has a convergent subsequence in X.

On the other hand, a topological space X satisfies the following condition of orbitally
DS-convergence iff: {T"z},enugoy for € X is an arbitrary iteration sequence in X and
Y GA(T" 2, T z) = 400 (for z € X) implies that {T"z},enuqo} has a convergent subse-
quence in X.

We are now in a position to formulate our main geometric statements of fixed point on
arbitrary topological spaces.

G(z) for z € X;

Theorem 1la. Let T be a self-map on a topological space X which is with the property of
orbitally DS-convergence. Suppose that there exists an upper semicontinuous function G : X — R
such that

A(z,T(z)) > G(Tz) — G(z) > 0
for every x € X. If A(a,b) = 40 iff a = b and if G(T"z) — 400 (n — o0) for some z € X,
then T has a fized point in X.

The proof of this statement is a totally analogous with the proof of Theorem 1.

Theorem 2a. Let T be a self-map on a topological space X which is with the property of
orbitally DS-convergence. Suppose thath there exists a lower semicontinuous function G : X —

RS such that
1 1
A(2.7®) 2 G~ g 2
for every x € X. If A(a,b) = 400 iff a = b and if G(T"z) — +00 (n — o0) for some z € X,
then T has a fixed point in X.

The proof of this statement is a totally analogous with the proof of Theorem 2.

In connection with the preceding, we shall introduce the concept of lower topological space.
In this sense, the function A : X X X — [0,+o0] is called a lower transverse on a nonempty
set X (or lower transversal) iff: A(x,y) = +oo if and only if x = y for all z,y € X.

A lower topological space (X, A) is a topological space X together with a given lower
transverse A on X.

Otherwise, the function A is called a semilower transverse on a nonempty set X iff:
A(z,y) = 4oo implies x = y for all z,y € X. A semilower topological space (X, A) is
a topological sapce X together with a given semilower transverse A on X.

We notice, in connection with the preceding, that Theorems la and 2a de facto on lower
topological spaces hold.

Theorem 1b. Let T be a self-map on a semilower topological space (X, A) which is with
the property of DS-convergence. Suppose that there exists an unbounded upper semicontinuous
function G : X — RY. such that

(N) A(z,y) > G(y) — G(z)
for all z,y € X. Then T has a fized point in X.
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Proof. From the facts of this statement there exists a sequence {Zn}nen in X such that
G(zn) — 400 as n — co. On the other hand, from (N), we have

i Aan,@ni1) > i (Gensr) — Glan)) = +oo,

and thus, by DS-completeness, there is ¢ € X such that x,) — ¢ (k — o0). Since ¢ € X, from
(N), we obtain the following inequality in the form

A(¢.T(©) = G(Q) - G(TO);

i.e., since GG is an upper semicontinuous function, we have the following inequality and equality
of the form

A(C,T(C)) > lim squ(xn(k)) — G(T¢) = +oo,
k— oo
which means, by properties of a semilower topological space, T'(¢) = . The proof is complete.
We notice that parallely with the preceding statements we have and the follow-
ing results on the lower transversal spaces. This results are not dually with the
preceding results!

Theorem 3. Let T be a self-map on an orbitally DS-complete lower transversal
space (X, p). Suppose that there exists a lower semicontinuous function G : X — R
such that

(B) p(x,T(a:)) > G(z) — G(Tz) >0

for every x € X. If G(T"a) — —o0 as n — oo for some a € X or if G is
unbounded, then T has a fized point in X.

The proof of this statement is a totally analogous with the proof of the former
Theorem 1.

We notice that inequality (A) is not dually, in comparable, with inequality (B).
This implies that results of Theorems 1 and 3 are independents.

Lemma 3. Let X be a nonempty set, T : X — X, andlet A: X x X — RS)F be a
given mapping. Then the following facts are mutually equivalent:
(a) T is an unbounded variation mapping on a nonempty set X in the sense of
the mapping A.
(b) There is an unbounded function G : X — R such that holds the following
iequality in the form
A(x,Tz) > G(z) —G(Tx) >0

for every x € X, where G(IT"x) — —00 as n — 0.

The proof of this statement is an analogous with the proofs of the former Lem-
mas 1 and 2.

Theorem 4. Let T be a self-map on an orbitally DS-complete lower transversal
space (X, p). Suppose that there exists an upper semicontinuous function G : X —
R_ := (—00,0) such that

o T@) 2 Gl) G ="
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for every x € X. If G(T™a) — 0 as n — oo for some a € X, then T has a fixed
point in X.

The proof of this statement we to leave out. Because the proof a totally ana-
logous with the former statements of Theorems 1, 2 and 3.

Lemma 4. Let X be a nonempty set, T : X — X, andlet A: X x X — Rg be a
given mapping. Then the following facts are mutually equivalent:

(a) T is an unbounded variation mapping on a nonempty set X in the sense of
the mapping A.

(b) There is a function G : X — RY such that holds the following inequality in

the form
1 1

A<T &I ‘”) 2 G e =°

for every n € NU {0} and for every z € X, where G(IT"z) — 0 as n — 0.

The proof of this statement is a totally analogous with the proof of Lemma 2.
Thus the proof we to leave out.

Annotation 2. In this part of paper we are now in a position to formulate two geometric
statements of fixed point on arbitrary topological spaces.

Theorem 3a. Let T be a self-map on a topological space X which is with the property of
orbitally DS-convergence. Suppose that there exists a lower semicontinuous function G : X — R
such that

A(w,T(m)) >G(z)—G(Tz) >0

for every x € X. If A(a,b) = 400 iff a = b and if G(T"z) — —o0 (n — o0) for some z € X,
then T has a fixed point in X.

The proof of this statement is a totally analogous with the proof of Theorem 3.

Theorem 4a. Let T be a self-map on a topological space X which is with the property of
orbitally DS-convergence. Suppose that there exists an upper semicontinuous function G : X —

R_ such that
1 1

Alz,T > _——>

(367 (gg)) =~ G(r) G(Txz) ~ 0

for every x € X. If A(a,b) = +o0 iff a =b and if G(T"z) — 0 (n — o0) for some z € X, then
T has a fized point in X.

The proof of this statement is a totally analogous with the proof of Theorem 4.

Annotation 3. We notice that in [17] Taskovié proved the following statement for a class
of expansion mappings. Namely, if (X, p) is an orbitally DS-complete lower transversal space, if
T: X — X, and if there exists a number ¢ > 1 such that

2) o(T(2), 7)) > apla,y)
for each z,y € X, then T has a unique fixed point in the lower transversal space X.

Annotation 4. Let (X, px) and (Y, py) be two lower transversal spaces and let T': X — Y.
We notice, from: Taskovié [17], that T be lower continuous at z¢ € X iff for every £ > 0
there exists a § > 0 such that the relation
px|z,mo] >0 implies py[T(z),T(z0)] > €.

A typical first example of a lower continuous mapping is the mapping T : X — X with
property (2). For further facts on the lower continuous mappings see: Taskovié [17].
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Annotation 5. For any nonempty set S in the lower transversal space X the diameter of
S is defined as

diam(S) := inf {p[:my] tx,y € S};

where A C B implies diam(B) < diam(A). The relation diam(.S) = +oo holds if and only if S is
a one point set.

Elements of a lower transversal space will usually be called points. Given a lower transversal
space (X, p), with the bisection function d : [0, +00]®> — [0, +oc] and a point z € X, the open
ball of center z and radius r > 0 is the set

d(B(z,r)) ={z € X : p[z,2] > r}.

On the other hand, from Taskovié [17], the convergence x, — = as n — oo in the lower
transversal space (X, p) means that

plen,z] — 400 as n — oo,

or equivalently, for every € > 0 there exist an integer ng such that the relation n > no implies
plen, ] > €.

The sequence {zn }nen in the lower transversal space (X, p) is called transversal sequence
(or lower Cauchy sequence) iff for every € > 0 there is an ng = no(e) such that

plen,zm] >¢e forall n,m > no.

Let (X, p) be a lower transversal space and T': X — X. We notice, from Taskovi¢ [17], that
a sequence of iterates {T"(z)}nen in X is said to be transversal sequence if and only if
lim (diam{Tk (z): k> n}) = +o0.
n—oo
In this sense, a lower transversal space is called lower complete iff every transversal sequence
converges.
Also, a space (X, p) is said to be lower orbitally complete (or lower T-orbitally complete)
iff every transversal sequence which in contained in O(z) := {z, Tz, T?(x),...} for some z € X
converges in X.

Theorem 5. (Taskovié¢ [17]). Let T' be mapping of a lower transversal space (X, p) into itself and
let X be lower T-orbitally complete. Suppose that there exists a function ¢ : [0, +00] — [0, +00]
satisfying

(1d) (Vt € Ri) (go(t) >t and lzigtizl(;fgo(z) > t))
such that
(D) plTz, Ty] > go( diam{z,y, Tz, Ty, Tz, T?y, .. })

forallz,y € X. If x — diam O(z) or z — plz, Tx] is T-orbitally upper semicontinuous, then T
has a unique fized point ¢ € X, and {T"(x)}nen converges to ¢ for every x € X.

A variant brief proof of this statement may be found in: Taskovié [17] with application of
the following context.

Lemma 5. (Taskovié¢ [17]). Let the mapping ¢ : [0,+00] — [0, 4+00] have the property (Id). If
the sequence (x,) of nonnegative real numbers satisfies the condition

Tp41 > <P($n)7 n €N,

then the sequence (x,) tends to +oo. The velocity of this convergence is not necessarily geome-
trical.
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A brief first proof of this fact may be found in: Taskovié [14]. A brief second proof of this
statement may be found in Taskovié [6].

As immediate consequences of the preceding Theorem 5 we obtain directly the following in-
teresting cases of (D):

(a) There exists a nondecreasing function ¢ : [0,400] — [0,40c0] satisfying
liminf,_;—o ¢(2) > t for every t € RY such that

plT2,Ty) > o( diam{a, y, T, Ty} )

for all z,y € X.
(b) (Special linear case of (D) for ¢(t) = at). There exists a constant o > 1 such that for all
z,y € X the following inequality holds

p[Tz, Ty] > adiam {z,y, Tz, Ty},

i.e., equivalently to

plTz, Ty] > amin {p[:r, yl, pla, Tx), ply, Ty], pl, Ty, ply, Tw]}-

(c) There exists a nondecreasing function ¢ : [0, +00] — [0, +00] satisfying the following fact
that liminf,_.;—o p(2) > ¢ for every t € R?r such that

plTz, Ty| > cp( diam{z,y, Tz, Ty, ..., T"z, Tky})

for an arbitrary fixed integer k > 0 and for all z,y € X.

(d) There exists an increasing mapping f : [0, +00]® — [0, 4+00] (ie., z; <y (i =1,...,5)
implies that we have f(z1,..., z5) < f(y1,...,ys)) satisfying the following inequality in the form
liminf._+—o f(z,2,2,2,2) >t for every t € ]R(?F such that

plTz,Ty] > f(p[ﬂr,y],p[fﬂ,TfLp[y,Ty],p[w,Ty],p[% Tfﬂ])

for all z,y € X.

Convexity on lower transversal spaces. The set C in linear space is lower
convex if for x,y € C and X € [1,2] implies that Az + (1 — A\)y € C. The lower
transversal space (X, p) is called lower convex (or transversal lower convezx) if
for any two different points x,y € X there is a point z € X (z # x,y) such that

(Cd) plz,yl + ply, 2] = gp[w, z].

In connection with this, if C' C X is a lower convex set of a transversal lower
normed space X, then C also and transversal lower convex space with p[x,y] =
1/||x —y|| for the classical norm ||.||, because for any two different points z,y € C
there is a point z := (3y — z)/2 € C (z # x,y) such that (Cd) holds. For further
facts on lower transversal normed spaces see: Taskovié [17].

We are now in a position to formulate the following general statements which are
a based for geometry (lower convexity) of lower transversal spaces. The following
statements are very connection with the famous Schauder’s problem (Scottish
book, problem 54), from: Taskovié¢ [12].

Proposition 1. Let C be a nonempty lower convex compact subset of a linear

topological space X and suppose T : C — C' is a lower continuous mapping. Then
T has a fized point in C.
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A suitable brief proof of this statement may be found in Taskovi¢ [17]. Also, a
proof of this statement we can give and from the preceding facts of this paper.

Proposition 2. Suppose that C is a nonempty lower convex lower compact subset
of R™, and that T : C' — C is a lower continuous mapping. Then T has a fized
point in C.

We can now formulate Proposition 2 in a manner valid for all transversal lower
normed linear spaces.

Proposition 3. Let C be a nonempty, lower compact, lower convex subset of a
transversal lower normed space X, and suppose T : C' — C' is a lower continuous
operator. Then T has a fixed point in C.

We notice that Propositions 2 and 3 are directly consequences of Proposition
1. A brief suitable proof of Proposition 3 may be found in Taskovié [17].

On the other hand, in connection with the preceding facts, the set C' in linear
space is convex if for z,y € C and \ € [0, 1] implies Az + (1 — A\)y € C.

The lower transversal space (X, p) is called D-convex (or transversal D-convez)
if for two different points z,y € X there is a point z € X (z # z,y) such that

(De) plz,yl + ply, 2] = plz, z].

In connection with this, if C' C X is a convex set of a transversal lower normed
space X, then C also and transversal D-convex space with plz,y] = 1/||z — y||
for the classical norm ||.||, because for any two different points x,y € C there is a

point
3—5 5—1
z = Q\fy—i—\fQ reC (z#ux,y)

such that (Dc) holds. For further facts of this see: Taskovié [17].

Proposition 4. Let C' be a nonempty convexr compact subset of a linear topologi-
cal space X and suppose T : C — C' is a lower continuous mapping. Then T has
a fixed point in C.

A proof of this statement we can give from the preceding facts of this paper.
The proof of this statement is similary with the proof of the former Proposition
1.

Proposition 5. Suppose that C is a nonempty D-convex lower compact subset
of R, and that T : C — C' s a lower continuous mapping. Then T has o fixed
point in C.

From Proposition 4 we can now formulate Proposition 5 in a manner valid for
all transversal lower normed linear spaces.

Proposition 6. Let C' be a nonempty, lower compact, D-convex subset of a tran-
sversal lower normed space X, and suppose T : C' — C is a lower continuous
operator. Then T has a fixed point in C.
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We notice that Propositions 5 and 6 are directly consequences of Proposition
4. A brief suitable proof of Proposition 6 may be found in Taskovié¢ [17].

Open problem 1. Does every lower continuous mapping of compact set C C
X into itself in linear topological space X has a fized point in C, where C with
the property that: Ax + (1 — N)y € C for all x,y € C and X\ € [n,n + 1] for an
arbitrary fixed number n € N!?

We notice that the cases n = 0 and n = 1, of this problem, are solve via
Propositions 1 and 4 of this paper.

A characterization of the class of lower contraction mappings. In this
part of this paper we introduce the concept of lower transversal contraction
mapping T of a transversal lower space X, i.e., of a mapping T : X — X such
that for all z,y € X there exists a sequence of nonnegative real functions D,, ,(x, y)
with Dy, ,(x,y) — +oo (r > n — o0o) and positive integer m(z,y) such that

(T) plI"x, T"y] > Dp,(x,y) forall r>n>m(z,y).

Also, in this section we introduced the concept of lower o-contraction 7' of
a lower transversal space X into itself, i.e., of a mapping T : X — X such that
for all x,y € X there exist numbers Cy,(z,y) > 0 and K(x,y) > 0 such that

plT"x, T"y] > Cp(z,y)K(z,y), forneN,

where inf{C,(x,y), Cpnt1(z,y),...} — +o0 asn — oo for all z,y € X.

A mapping T of a lower transversal space X into itself is said to be lower
orbitally continuous if T for every x € X a lower continuous mapping via
orbits, i.e., if T(T"*®z) — T¢ whenever T"®z — ¢ € X for every z € X and
k e N.

We will in further denote by F([0,4o00]) the set of all lower bisection functi-
ons d : [0,+0c]?> — [0, +00] which are increasing satisfying d(t,t) > t for every
t € [0, +o0].

Proposition 7. Necessary and sufficient conditions that a mapping T of a lower
transversal — space  (X,p) into  itself with a  bisection  function
d € F([0,400]) and with the lower continuity of p has the following properti-
es: (a) T has a unique fized point ¢ € X, (b) x,, = T"(x) — ¢ (n — o0) for
arbitrary x € X, and

(@) pIT"e,(] > Dulw, Ta),  for n>mla),

where x — Dy (x,Tx) are real nonnegative functions with Dy(x,Tx) — 400 (n —
o0) are the following ones: (e) X is lower T-orbitally complete, (f) T is lower
orbitally continuous, and (g) T is lower transversal contraction mapping where

Dy, r(z,y) = min {Dn(az, Tz),D,(y, Ty)}

The proof of this statement is very similar with the proof suitable for the metric
spaces. For this see: Taskovi¢ [5] and [17].
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Proposition 8. Let (X, p) be a lower transversal space with the lower continuity
of p and with a bisection function d € F([0,+o0]) and T' a map of X into itself.
The conditions (a), (b) of proposition 7, and for each x € X

(dy) plT"z,(] > K(z,Tx)inf {Cn(x, Tx),Cpy1(z, Tx),. .. }, forn eN,

are necessary for the conditions (f), (e) of proposition 7, and lower o-contraction.

On the other hand, the conditions (a), (b) of proposition 7, and (di) with
inf{C,(z,Tx),Cps1(z,Tx),...} = 400 as n — oo for every x € X are sufficient
for (f), (e) of proposition 7, and lower o-contraction.

Now we shall show how Proposition 8 can be applied for investigation of solv-
ability of an integral equation of the form

(IE) u(x) =v(x) + )\/m K (z,t,u(t))dt, for a<z<p,

by successive approximation, where A € R is an arbitrary parameter, v(z) is a
given lower continuous function in [a, §] and K(m,s,z) is continuous or lower
continuous for m, s € [, 8]. The LC[a, 8] denote the set of all lower continuous
functions on [, 3].

Proposition 9. Let K : [a, 8] X [, 5] xR — R be continuous or lower continuous
and let satisfy the following Lipschitz condition of the form

(Lip) |[K(m,s,2) — K(m,5,9)| < Llg —yl, L = const.,

for all (m,s) € [a,f] x [o, 8] and z,y € R. Then for any v € LC[a, 3] the
equation (IE) has a unique solution v € LC[w, §]. Moreover, defining a sequence
of functions {un }nen inductively by choosing any ug € LCa, ] and setting

Unt1(z) = v(z) + )\/; K(m,t,un(t))dt,

the sequence {up}nen lower converges (lower uniformly) on |«, 3] to the unique
solution u of the equation (IE).

3. FIXED POINTS ON UPPER TRANSVERSAL SPACES

Let (X, p) be an upper transversal space and T : X — X. We shall introduce
the concept of CS-convergence in a space X; i.e., an upper transversal space X
satisfies the condition of CS-convergence (or X is CS-complete) iff: {x,, }nen is
an arbitrary sequence in X and )2, p[z;, xi41] < +00 implies that {z, },en has
a convergent subsequence in X.

Also, an upper transversal space X satisfies the condition of orbitally CS-
convergence (or X is orbitally CS-complete) iff: {T"x},enufoy for € X is an
arbitrary iteration sequence in X and Yo% p[T"x, T" 2] < +oo (for z € X)
implies that {7"x},enyqoy has a convergent subsequence in X.

We are now in a position to formulate our main statements (Geometric state-
ments of fixed point) on the upper transversal spaces.
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This part of paper continues the study of the preceding results based on a new
geometry on upper transversal spaces.

Theorem 6. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists a bounded above function G : X — R such
that

(E) plz, Tx] < G(Tz) — G(z)

for every x € X. If x — plz, Tx] is a lower semicontinuous function, then T has
a fized point in X.

Proof. Let x be an arbitrary point in X. We can show then that the sequence
of iterates {T"x},enuoy in X satisfies the condition of CS-convergence. In this
sense, from (E) we have

n
Zp[T%,T”%] < G(T™ ) — G(x),
i=0
and thus, since GG is a bounded functional, we obtain, as n — oo the following
fact in the form

o0
Zp[Tix,Ti+1x] <400 for zeX.
i=0
Hence, for the subsequence of iterates {T' n(k)$}k€NU{0} in X, by orbitally CS-

completeness, there is ¢ € X such that 7T"®)z — ¢ (k — o0). Since = +— plz, Tz
is a lower semicontinuous function at (,

pl¢,TC) < lik{n inf p[T™®) g, TR 4] = 0,

Thus T¢ = (¢, and we have shown that for each x € X the subsequence
{T”(’“)x}keNU{o} converges to a fixed point ¢ of T. This completes the proof.

Annotation 6. We remark that the existence of fixed point for a contractive map 7T in a CS-
complete upper transversal space (X, p) is a consequence of Theorem 6; for if p[T'z, Ty] < ap|z, y]
with 0 < a < 1, we have p[Tx, T?z] < aplz, Tx], therefore

plz, Tx] — aplz, Tx] < plx, Tx] — p[Tx, Tx]

so, with the function G(z) := (o — 1)~ p[z, Tz], the conditions of Theorem 6 are satisfied.
As an immediate application of the preceding statement, as a directly conse-
quence, we obtain the following statement.

Theorem 7. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exist a bounded above function G : X — R such
that

oo
ple, Tx] < (G(TQle) - G(TQi:L'))
=0
and G(T*z) < G(T**z) fori € NU{0} and for every x € X. If x — plx, T
18 a lower semicontinuous function, then T has a fized point in X.
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The proof of this statement is an analogous with the preceding proof of Theorem
6.

We notice that the proof of Theorem 6 is given in the form without Axiom of
Choice. But, the following variant of Theorem 6 we give via Zorn’s lemma in the
following form.

Theorem 8. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists an upper semicontinuous bounded above
function G : X — R such that

(1) ol Ta] < G(Tx) — G(x)
for every x € X. Then T has a fized point in X.

A part of the proof for this statement is analogous to the proof of Theorem 6. A
brief variant proof of this statement based on the preceding facts and D-Ordering
Principle (dually form) may be found in: Taskovié¢ [6].

Proof of Theorem 8. (Application of Zorn’s lemma). Define a relation <¢,,
on X by the following condition:

a<g,pb if and only if pla,b] < G(b) — G(a).

It is to verify that <¢ , is a partial ordering (asymmetric and transitive relation)
in X. The space X together with this partial ordering is denoted by X¢ ,.

Fix t € X and use Zorn’s lemma to obtain a maximal (relative to set inclusion)
chain M of X¢ , containing t. Let M := {x4}acr and z, <¢,, 2 if and only if
a < (B (a, 8 € 1), where I is totally ordered.

Now {G(z4) }aer is an increasing net bounded above in R, so there exists r € R
such that G(z,) — r as a T co. Thus, as in the proof of Theorem 6, we obtain
that {x4}aer is a transversal net in X.

By orbitally CS-completeness there is x € X such that xn, — x as o T oo.
Since G is upper semicontinuous we obtain that is lim.sup G(z4) < G(x). Also,
for a < 3,

plza, v5] < G(za) — G(zp),

and letting 3 T o0, plza, ] < G(x) — G(x4) yielding x4 <q, « for a € I. Since
M is a maximal chain, we have z € M. On the other hand, also, (H) holds so it
follows that

To SGp T <SGgpTx for acl,

and, by maximality, Tx € M. Therefore Tx <G, * and it follows that Tx = z.
The proof is complete.

Open problem 2. We notice that the preceding proof of Theorem 8 is gi-
ven via Zorn’s lemma. Does a new proof of Theorem 8 can be given elementary
without Aziom of Choice?!

Some remarks. We notice that the preceding statements we can modify in the
following sense. Naimely, the next statement follows from Theorem 6 as follows.
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Theorem 6a. Let T be a self-map on an orbitally CS-complete upper transver-
sal space (X, p). Suppose that there exists a bounded above function G : X — R
such that for any x € X, with x # Tx, there exists y € X\{x} with property

(K) plz,y] < Gy) — G(=).

If x — plz, Tx] is a lower semicontinuous function, then T has a fized point in
X.

On the other hand, as an immediately consequence of Theorem 8, we obtain
the following fact as follows.

Theorem 8a. Let T be a self-map on an orbitally CS-complete upper tran-
sversal space (X, p). Suppose that there exists an upper semicontinuous bounded
above function G : X — R such that for any x € X, with x # Tz, there exists
y € X\{z} with property (K). Then T has a fized point in X.

A brief suitable proof of this statement based on Zorn’s lemma may be found
in Taskovi¢ [9].

We are now in a position to formulate an extension of Theorem 8 in the sense
of a general condition which is a widening inequality (E).

Theorem 9. Let T be a self-map on an orbitally CS-complete upper transver-
sal space (X, p) Suppose that there exists an upper semicontinuous bounded above
function G : X — R such that

Mg

xTx

( T2z+1 G(T%x)>

i=0
and G(T%z) < G(T**1x) for i € NU {0} and for every x € X. Then T has a
fixed point in X.

A brief suitable proof of this statement based on Zorn’s lemma may be found
in Taskovié [13].

As an immediate consequence of the preceding result we obtain the following
statement of fixed point.

Corollary 1. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exist an upper semicontinuous bounded above
function G : X — R and an arbitrary fized integer k > 0 such that

plz, Tr] < G(Tx) — G(z) + - - - + G(TH 1 z) — G(T%x)

and G(T?%z) < G(T?**2) fori=0,1,...,k and for every x € X. Then T has a
fized point in X.

As a further application of the preceding ideas we have the following geometric
statement on upper transversal spaces.
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Theorem 10. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists an upper semicontinuous bounded above

function G : X — [a,+00) for some a > 0 such that
1 1

G(z) G(Tx)
for every x € X. Then T has a fixed point in X.

plx, Tx] <

The proof of this statement is an analogous to the proof of the Theorem 8 based
on Axiom of Choice.

As a directly extension of Theorem 10, we obtain the following result of fixed
point on orbitally CS-complete upper transversal spaces.

Theorem 11. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists an upper semicontinuous bounded above
function G : X — [a,+00) for some a > 0 such that

(3) plz, Tz] < Z( (T2%7) G(T21i+1x))

and G(T?z) < G(T**z) for i € NU {0} and for every x € X. Then T has a
fized point in X.

The proof of this statement is a totally analogous with the proof of Theorem
10.

As an immediate consequence of the preceding result we obtain the following
statement of fixed point on upper transversal spaces.

Corollary 2. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exist an upper semicontinuous bounded above
function G : X — [a,+00) for some a > 0 and an arbitrary fized integer k > 0
such that

1 1 1 1
4 Tl < —/—— — = 4 ... _
(4) e Tels e ~Gao VT G T G
and G(T%x) < G(T**'z) fori=0,1,...,k and for every x € X. Then T has a
fized point in X.

We notice that for £ = 0 in Corollary 2, directly, we obtain Theorem 10. On
the other hand, Corollary 2 is a consequence or Theorem 11, because inequality
(3) widening of inequality (4).

In connection with the preceding results on upper transversal spaces hold the
following general statements.

Theorem 12. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists a lower semicontinuous function G : X —
Rg such that

plz, Tz] < i( (T?z) — (Tzi“:c))

=0
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and G(T?**'z) < G(T%2z) for i € NU{0} and for every x € X. Then T has a
fized point in X.

A brief suitable proof of this statement without Zorn’s lemma may be found in
Taskovié [13].

Corollary 3. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exists a lower semicontinuous function G : X —
Rg such that

ple, Tx] < G(x) — G(Tx)
for every x € X, then T has a fixed point in X.

This result (Corollary 3) is a directly extension the statement which are given
Caristi [1] and Kirk-Caristi [2] with metric spaces on upper transversal spaces.
For further facts for this see: Taskovié [17].

Corollary 4. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p) Suppose that there exist a lower semicontinuous function G : X — R(jr
and an arbitrary fixed integer k > 0 such that

plz, Tx] < G(z) — G(Tz) + - + G(T?* ) — G(THF1x)

and G(T?*z) < G(T%2) fori=0,1,...,k and for every x € X. Then T has a
fized point in X.

A first brief suitable proof of this statement based on Zorn’s lemma may be
found in: Taskovié [15].

In connection with the preceding statements, we now show that the following
facts hold.

Let X be a topological space (or only a nonempty set), let T : X — X and
let A: X xX — RS’F be a given mapping. We shall introduce the concept of
CA-variation iff: there exists a function A : X x X — Rg_ such that

(5) Z ATz, T" ' z) < 400
n=0

for arbitrary x € X. In this case, if (5) holds, we say and that T : X — X is
bounded variation or bounded A-variation.

Lemma 6. Let X be a nonempty set, T : X — X, andlet A: X x X — Rg be a
given mapping. Then the following facts are mutually equivalent:

(a) T is a bounded variation mapping on a nonempty set X in the sense of the
mapping A.

(b) There is a function G : X — Rg such that holds the following inequality in
the form

A(x,Tz) < G(z) — G(Tx) for every z € X.

(¢) There is a nonnegative sequence of real functions in the form z — Cy(x,Tx)

such that the following inequality holds

ATz, T" M z) < Cp(x, T2)
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for every n € NU{0} and for every x € X, where > " Cp(x,Tx) < 400 for
arbitrary x € X.

A first brief proof of this result (Lemma 6), in 1991, may be found in: Tasko-
vié [9]. The proof is an analogous with the proof of Lemma 1.

As a further application of the preceding ideas we have the following geometric
statement on upper transversal spaces.

Theorem 13. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Supppse that there exists a lower semicontinuous function G : X —
[a, +00) for some a > 0 such that

- 1 1
(6) plz, Tx] < ZZ; (G(T2i+1x) - G(T%az)>

and G(T?**'z) < G(T*z) for i € NU{0} and for every x € X. Then T has a
fized point in X.

A Dbrief suitable proof of this statement without Zorn’s lemma may be found
in: Taskovié [13].

As an immediate consequence of the preceding result we obtain the following
statement of fixed point.

Corollary 5. Let T be a self-map on an orbitally CS-complete upper transversal
space (X, p). Suppose that there exist a lower semicontinuous function G : X —
[a, +00) for some a > 0 and an arbitrary fived integer k > 0 such that

(7) @, T2) € e !

PELEE= Gre) ~ Gla) G(T%*+1g) — G(T%z)
and G(T?*z) < G(T%2) fori=0,1,...,k and for every x € X. Then T has a
fized point in X.

We notice that, Corollary 5 is a consequence of Theorem 13, because inequality
(6) widening of inequality (7).

Annotation 7. For any nonempty set Y in the upper transversal space X, the diameter of
Y is defined as

diam(Y') := sup{p[z,y] : z,y € X };

where A C B implies diam(A) < diam(B). The relation diam(Y") = 0 holds if and only if Y is a
one point set.

Elements of an upper transversal space will usually be called points. Given an upper tran-
sversal space (X, p), with the bisection function ¢ : (R%)? — R% and a point z € X, the open
ball of center z and radius r > 0 is the set

Y(B(z,1) ={z € X : plz,a] < r}.
The convergence ©, — = as n — oo in the upper transversal space (X, p) means that the
following fact holds that
plzn,z] =0 as n— oo,
or equivalently, for every € > 0 there exist on integer ng such that the relation n > no implies
plan, z] < €.
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The sequence {zn }nen in the upper transversal space (X, p) is called transversal sequence
(or upper Cauchy sequence) iff: for every € > 0 there is an no = no(e) such that

plen,zm] <e forall n,m > no.

Let (X, p) be an upper transversal space and T': X — X. We notice, from Taskovié¢ [16], that
a sequence of iterates {T"(z)}nen in X is said to be transversal sequence if and only if
lim (diam{Tk(a:) k> n}) =0.
n—oo
In this sense, an upper transversal space is called upper complete iff every transversal
sequence converges. Also, a space (X, p) is said to be upper orbitally complete (or upper
T-orbitally complete) iff every transversal sequence which contained in O(z) for some z € X
converges in X.
A function f mapping X into reals is T-orbitally lower semicontinuous at p € X iff {zn nen
is a sequence in O(z) and x, — p (n — oo) implies that f(p) < lim.inf f(z,).
We are now in a position to formulate the following statement, which is roofing for a great
number of known result on metric spaces in the fixed point theory.

Theorem 14. Let T be a mapping of an upper transversal space (X, p) into itself and let X be
upper T-orbitally complete. Suppose that there exists a function ¢ : Rg_ — RE’,_ satisfying

(Tu) (Vt € R+) (<p(t) <t and limsup p(z) < t)
z—t4+0

such that

) p[Tz,Ty] < 30( diam{z,y, Tz, Ty, T*z,T?y, .. ~})

for all z,y € X. If x — diam O(z) or x > plz, Tx| is T-orbitally lower semicontinuous, then T
has a unique fized point ¢ € X and {T"(x)}nen converges to ¢ for every x € X.

A variant brief proof of this statement may be found in: Taskovié [14] with the application
of the following context.

Lemma 7. (Taskovié [14]). Let the mapping ¢ : RS — RS have the property (Iu). If the
sequence () of nonegative real numbers satisfies the condition
Tn+1 < ﬁp(xn% n e N,

then the sequence (x,) tends to zero. The velocity of this convergence is not necessarily geome-
trical.

A brief proof of this fact may be found in: Taskovié [14]. A brief second proof of this
statement may be found in: Taskovié [17].

As immediate consequences of the preceding Theorem 14 we obtain directly the following
interesting cases of (J):

(a) There exists a nondecreasing function ¢ : ]Ri — Rﬂ)r satisfying the following fact that
limsup,_,, o @(2) <t for every t € Ry such that

pITw, Ty) < o( diam{z, y, T, Ty})

for all z,y € X.
(b) (Special linear case of (J) for ¢(t) = at). There exists a constant « € [0, 1) such that for
all z,y € X the following inequality holds

plTz, Ty] < avdiam {z,y, Tz, Ty},

i.e., equivalently to

plTz, Ty] < armax {p[:m yl, plz, Tl ply, Ty, plz, Tyl ply, Tx}}
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(c) There exists a nondecreasing function ¢ : RS — RY satisfying the following fact that
limsup,_,, o ¢(2) <t for every t € Ry such that

plTz, Ty] < <p(diam {:c, y, Tz, Ty, ..., T z, Tky})

for an arbitrary fixed integer k > 0 and for all z,y € X.
(d) There exists an increasing mapping f : (R})% — R} satisfying the following fact that
limsup,_,,.o f(2, 2, 2, 2,2) <t for every t € Ry such that for all z,y € X is

pll'z, Ty] < f(p[fv, yl, plz, Txl, ply, Tyl, plz, Tyl, ply, Tm})-

Annotation 8. Let X be a topological space, let T: X — X, and let A: X x X — R?r be a
given mapping. We shall introduce the concept of CS-convergence in a space X; i.e., a topologi-
cal space X satisfies the condition of CS-convergence iff: {z, }nen is an arbitrary sequence in
X and > 72, A(@i, xi41) < +oo implies that {zn}nen has a convergent subsequence in X.

On the other hand, a topological space X satisfies the following condition of orbitally
CS-convergence iff: {T"z},cnugoy for © € X is an arbitrary iteration sequence in X and
S ATz, T ' 2) < 400 (for x € X) implies that {T"z},enuqo} has a convergent subse-
quence in X.

In connection with this, we notice that parallely with the statements of this section (Theorems
6 to 14) we have directly that holds and adequate statements for topological spaces. Naimely,
Theorems 6 to 14 insists that holds if: 1) X is an upper transversal space to change with X is
a topological space, and 2) the orbitally CS-convergence of (X, p) to change with the orbitally
CS-convergence of a topological space X in the sense of the function A : X x X — ROJr satisfying
A(a,b) = 0 iff a = b. For further facts of this see: Taskovié [5], [14], and [17].

In connection with the preceding, we shall introduce the concept of upper to-
pological space. In this sense, the function A : X x X — ]RS)r is called an upper
transverse on a nonempty set X (or upper transversal) iff: A(x,y) = 0 if and
only if x = y for all z,y € X.

An upper topological space (X, A) is a topological space X together with a
given upper transverse A on X.

Otherwise, the function A is called a semiupper transverse on a nonempty
set X iff: A(x,y) =0 implies x = y for all z,y € X. A semiupper topological
space (X, A) is a topological space X together with a given semiupper transverse
Aon X.

We notice, in connection with the preceding, that Theorems 6 to 14 de facto

hold and for upper topological spaces in suitable context and transcription.
Mappings of the classical A-variation. Let X be a topological space (or only a nonempty

set), let T : X — X andlet A: X x X — R(J)r be a given mapping. We shall introduce the

concept of classical A-variation iff: there exists a function A : X x X — R such that

Nk

A(T"z,T"y) < +o0

n=0

for all z,y € X. In this sense, if (X, p) is an upper transversal space and if A = p, then we say
that T : X — X is classical bounded variation (or classical p-variation).

Lemma 8. Let X be a nonempty set, T: X — X, and let A: X x X — RS be a given mapping.
Then the following facts are muttually equivalent:
(a) T is mapping of classical A-variation.
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(b) There exists a function G : X x X — RY such that holds the following inequality in the
form
A(z,y) < G(z,y) — G(Tx,Ty) forall z,ye€ X.
(c) There is a nonnegative sequences of real functions in the form (z,y) — Chr(x,y) such that
the following inequality holds
A(Tnx7Tny) < Cn(xyy) fOT‘ all T,y € X7
and for all n € NU {0}, where > Cn(x,y) is a convergent series for all z,y € X.

A brief suitable proof of this statement may be found in: Taskovié [5]. On the other hand,
from the preceding facts: (a), (b), and (c) of Lemma 8 are muttually equivalent also and with:
There exist a function G : X x X — R} and an arbitrary fixed integer k > 0 such that

Alz,y) < Gla,y) = G(Ta, Ty) + - + G(T* 2, T™y) - G2, T y)

and G(T?* g, T? 1 y) < G(T?*x, T?y) for i = 0,1,...,k and for all 2,y € X. (The proof of this
fact is similar with the proof of Lemma 8.)

In connection with the preceding, let X topological space, let T: X — X andlet A: X x X —
Ri be a function. A topological space X satisfies the condition of classical TCS-convergen-
ce if for all z,y € X the condition A(T"z,T"y) — 0 (n — oo) implies that {T"x},cn has a
convergent subsequence in X.

Theorem 15. Let T be a self-map on an upper topological space (X, A) which is with the property
of classical TCS-convergence. If T is a classical A-variation mapping and if x — A(z,Tx) is a
T-orbitally lower semicontinuous function, then T has a unique fized point in X.

A brief suitable proof of this statement with Zorn’s lemma may be found in: Taskovié [5].
Also, for a localization form of this statement see: Taskovié [17].

As an immediate application of the preceding facts, as a directly consequence of former sta-
tements, we obtain the following result.

Theorem 16. Let T be a self-map on an upper topological space (X, A) which is with the property
of classical TCS-convergence. Suppose that there a function G : X x X — RS such that

A(iﬁ,y) S Z (G(TQl.T,TQZy) — G(T2i+1$,T2i+1y))
=0

and G(T*" 'z, T**y) < G(T*x, T*'y) fori € NU{0} and for all z,y € X. If v — A(z,Tx)
is a T-orbitally lower semicontinuous function, then T has a unique fixed point in X.

A brief proof of this statement via Zorn’s lemma may be found in: Taskovié [5]. Also, for
a localization form of this statement see: Taskovié [13] and [17].

Convexity on upper transversal spaces. The set C in linear space is
convex (=upper convez) if for z,y € C and A € [0,1] implies that we have
Az + (1 — N)y € C. The upper transversal space (X, p) is called upper convex
(or transversal upper convex) if for any two different points z,y € X there is a
point z € X (z # x,y) such that

(Cu) plz,y] = plz, 2] + plz, yl.
In connection with this, if C' C X is a convex set of a transversal upper normed
space (X, ||.||), then C also and transversal upper convex space with p[x,y] = ||z —

y||, because for any two different points z,y € C there is a point z := (z+y)/2 € C
(z # x,y) such that (Cu) holds. For further facts on upper transversal normed
spaces see: Taskovi¢ [17].
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The following statements are very connection with the famous Schauder’s pro-
blem for normed spaces and arbitrary linear topological spaces. For a solution of
Schauder’s problem see: Taskovié [12].

Proposition 4a. Let C be a nonempty convex compact subset of a linear to-
pological space X and suppose T : C — C' is an upper continuous mapping. Then
T has a fized point in C.

A proof of this statement we can give totally analogous with the proof of Pro-
position 4.

Proposition 5a. Suppose that C' is a nonempty convex compact subset of R™,
and that T : C — C is an upper continuous mapping. Then T has a fixed point
in C.

This statement is an analogous with the famous Brouwer’s theorem. We can
now formulate this statement in a manner valid for all transversal upper normed
linear spaces.

Proposition 6a. Let C' be a nonempty, compact, convex subset of a transversal
upper normed space X, and suppose T : C' — C' is an upper continuous operator.
Then T has a fixed point in C.

This statement is an analogous with the famous Schauder’s theorem. We noti-
ce that Propositions 5a and 6a are directly consequences of Proposition 4a. For
further facts on Schauder’s problem see: Taskovié [12] and [17].

A characterization of the class of upper contractive mappings. In this
part of this paper we introduce the concept of upper transversal contraction
mapping T of a transversal upper space X, i.e., of a mapping T : X — X
such that for all z,y € X there exists a sequence of nonnegative real functions
A r(x,y) with A, (z,y) — 0 (r > n — o0) and positive integer m(z,y) such
that

(Ta) plT"x, T y] < Ap,(z,y) forall r>n>m(z,y).

Also, in this part we introduced the concept of upper o-contraction 1" of an
upper transversal space X into itself, i.e., of a mapping T : X — X such that for
all z,y € X there exist numbers Cy,(z,y) > 0 and K(z,y) > 0 such that

plT"x, T"y] < Cp(x,y)K(x,y), for n €N,

where Y7, Cp(z,y) is a convergent series for all z,y € X.
We will in further denote by D(RS’F) the set of upper bisection functions 1 :
(RY)? — RY which are incresing satisfying ¢ (¢,¢) <t for every t € RY.

Proposition 10. Necessary and sufficient conditions that a mapping T of an up-
per transversal space (X, p) with a bisection function 1 € D(RY) into itself and
with continuity of p has the following properties: (a) T has a unique fized point
CeX, (b) x,=T"(x) — ( (n— o) for every x € X, and

pT"z, (] < An(z, Tx), for n=m(z),
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where x — Ay (x,Tx) are real nonnegative functions with A, (z,Tz) — 0 (n —
o0) are the following ones: (e) X is upper T-orbitally complete, (f) T is upper
orbitally continuous, and (g) T is upper transversal contraction mapping, where

Ay r(z,y) = max {An(:v, Tz), A (y, Ty)}

The proof of this statement is very similar with the proof suitable for the metric
spaces. For this see: Taskovié¢ [5] and [17].

Proposition 11. Let (X, p) be an upper transversal space with continuity of p
and with a bisection function ¢ € D(RY) and T a map of X into itself. The
conditions (a), (b) of proposition 10, and for each x € X

(h) p[T"z, (] < (ZCk(x,Tx)> K(z,Tx), for ne€N,
k=n

are necessary for the conditions (f), (e) of proposition 10, and upper o-contrac-
tion. On the other hand, the conditions (a), (b) of proposition 10, and (h) with

Z (ZCk(fv,Tm)> < 400
n=1 k=n

are sufficient for (f), (e) of proposition 10, and upper o-contraction.

Now we shall show how Proposition 11 can be applied for investigation of
solvability of an integral equation of the form (IE).

Proposition 12. Let K : [a, 3] X [a, 8] X R — R be continuous (=upper con-
tinuous) and let satisfy the Lipschitz condition of the form (Lip). Then for any
v € Cla, f] the equation (IE) has a unique solution u € Cla, f]. Moreover, de-
fining a sequence of functions {u,}nen inductively by choosing any uy € Cla, (]
and setting

X
i (2) =0(a) + X [ Kzt un(0)dr,
(0%
the sequence {up tnen converges (uniformly) on |a, B8] to the unique solution u of
the equation (IE).

REFERENCES

[1] J. Caristi, Fized point theorems for mappings satisfying inwardness conditions, Trans.
Amer.Math. Soc., 215(1976), 241-251.

[2] W.A. Kirk and J. Caristi, Mapping theorems in metric and Banach spaces, Bull.Acad.Polon.,
23(1975), 891-894.

[3] M. A. Krasnosleskij and V. Steenko, K teorii uravnenia s vognutim operatorami,
Sib.Math.J., 10(1969), 562-572.

[4] M. R. Taskovié, A monotone principle of fixed points, Proc. Amer.Math.Soc., 94(1985), 427-
432.

[5] M. R. Taskovié, Nonlinear Functional Analysis, Second Book: Monographs - Global Convex
Analysis — General convexity, Variational methods and Optimization, Zavod za udzbenike i
nastavna sredstva and Vojnoizdavacki zavod, Beograd 2001, (in Serbian), 1223 pages.



52

GEOMETRIC FIXED POINT THEOREMS ON TRANSVERSAL SPACES

[6]

7]
8]
[9]
[10]
[11]
[12]
[13]

[14]

M. R. Taskovié, Transversal and fixed points, forks, general convex functions and aplli-
cations, Monographs: Zavod za udzbenike i nastavna sredstva and Vojnoizdavacki zavod,
Beograd 2001, Nonlinear Functional Analysis, Vol 2(2001), 1067-1172.

M. R. Taskovié¢, General expansion mappings on topological spaces, Scientiae Math. Japon-
icae, 54, No.1(2001), 61-67; e4, 497-503.

M. R. Taskovié¢, New geometric fized point theorems, Math. Moravica 2(1998), 143-148.

M. R. Taskovié, Extensions of Brouwer’s theorem, Math. Japonica, 36(1991), 685-693.

M. R. Taskovié¢, The aziom of choice, fixzed point theorems, and inductive ordered sets,
Proc.Amer.Math.Soc., 116(1992), 897-904.

M. R. Taskovié, Schauder’s 54th problem in Scottish book, Mathematica Moravica 2(1998),
121-132.

M. R. Taskovi¢, On Schauder’s 54th problem in Scottish book revisited, Math. Moravica,
6(2002), 119-126.

M. R. Taskovié, Extension of theorems by Krasnoselskij, Stecenko, Dugundji, Granas, Kiven-
tidis, Romaguera, Caristi and Kirk, Math. Moravica, 6(2002), 109-118.

M. R. Taskovi¢, Nonlinear Functional Analysis, Fundamental elements of theory, First
Book. Monographs, Zavod za udzbenike i nastavna sredstva, Beograd 1993, 792 p.p. (Serbo-
Croation). English summary: Comments only new main results of this book. Vol. 1(1993),
713-752.

M. R. Taskovié, A directly extension of Caristi fized point theorem, Math. Moravica, 1(1997),
105-108.

M. R. Taskovié, Transversal spaces, Mathematica Moravica, 2(1998), 133-142.

M. R. Taskovié, Theory of transversal point, spaces and forks, Monographs of a new theory,
Beograd 2003, (in Serbian), 1000 pages, to appear.

MATEMATICKI FAKULTET

11000 BEOGRAD, P.O. Box 550
SERBIA & MONTENEGRO

E-mail address: tassneza@eunet.yu



