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Some Comments on Near—P—polyagroups

JANEZ USAN AND MALISA ZIZOVIC

ABSTRACT. In this article several propositions of near—P—polyagroups are proved.

1. PRELIMINARIES

Definition 1.1 ([1]). Let n > 2 and let (Q;A) be an n—groupoid. We say
that (Q; A) is a Dornte n—group [briefly: n—group] iff is an n—semigroup and
n—guasigroup as well (See, also [8]).

Definition 1.2 (Cf. [3]). Let k > 1,s > 1, n==Fk-s+ 1 and let (Q;A) be an
n—groupoid. Then: we say that (Q; A) is a polyagroup of the type (s,n — 1)
iff the following statements hold:
1° For all 4,5 € {1,...,n}(i < j) if i = j (mods), then < i,j >—associative
law holds in (Q; A);
2° (Q; A) is an n—quasigroup.

Definition 1.3 ([6]). Let £k > 1, s > 1, n = k-s+ 1 and let (Q;A) be an
n—groupoid. Then: we say that (Q; A) is a near—P—polyagroup | briefly: NP-
polyagroup/ of the type (s,n — 1) iff the following statements hold:
°l For all 7,5 € {1,...,n} (i < j)ifi,j € {t-s+ 1]t € {0,1,...,k}}, then
the < 4,5 >—associative law holds in (Q; A);
°2 Foralli € {t-s+1|t € {0,1,...,k}} and for every a} € @ there is exactly
one x; € () such that the equality

A(at 2,0 = ay,
holds.
Remark 1.1. For s =1 (Q; A) is a (k + 1)—group, where k +1 >3 k > 1.
Proposition 1.1. Every polyagroup of the type (s,s — 1) is an N P—polyagroup
of the type (s,n — 1). [By definition 1.2 and by definition refdef1.3.]

Proposition 1.2 ([6]). Every N P—polyagroup of the type (s,s—1) has an {1,n}-
neutral operation (Cf. 1I-2 in [8]).
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2. AUXILIARY PROPOSITION

Proposition 2.1 ([4]). Let n > 2 and let (Q; A) be an n—groupoid. Further on,
let the < 1,n >-associative law holds in (Q; A), and let for every a} € Q there at
least one x € @ and at least one y € Q such that the following equalities

A(a? 1 2) = ay
and

A(yv a? 1) = an
hold. Then there is a mapping e of the set Q"2 into the set Q such that the
following laws A(e(a}™?),a" 2, 2) = x and A(z,a} 2, e(a}™?)) = = hold in the
algebra (Q; A, e).

Remark 2.1. e is an {1, n}neutral operation of the n—groupoid (Q; A) [4] (Cf.
Chapter II in [8]).

Proposition 2.2. Let k > 1, s > 1, n =k-s+ 1, let (Q;A) be an near—P-
polyagroup of the type (s,n — 1)V and e its {1,n} -neutral operation. Then the
following laws

Ala, %% e(ai™ a, 72,0 r) = 2

and
s—1 n—2—s

Az, a5 e(c™20 a,a5Y), ] ,a) =1
hold in the algebra (Q; A, e).

Remark 2.2. For s = 1 see proposition 1.1-IV in [8]. In [9] the special case, with

condition
: k A k
(4) . (7) . (1) )
S— S— S—
Al iy |jz @k | = A 20,90 %5 |j=2, Y] s Tkt

is described.

Sketch of a part of the proof.
def

F(z,a]” 1,a,c?_2_5) = Aa,c]” 2= *e(a]” La N 2= S),af_l,x) =
Ala, 275 e(as™ a, 278, a5 F(x, a5t a, 29

A(a, ™ 2=s ce(aj” L a, c 29y, af_l A(a, ™ 2=s e(al” 1,a,c?_2_s)
Ala, 275 e(ai™  a, 278 0l F(x, el a, 279

Afa, 0}, Ale(ai e 2). 0 a0 ey a2
Ala, 275 e(ai™  a, 275 0l F(:c al ,a,crff2fs)

Ala, 7725 e(as™  a, ™ )

z!

F(z,ait a, 275 =

1Polyagroup of the type (s,n — 1). Cf. 1.4.
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A, e(ai ™ 0,00 ) =
Az, b}~ Q,e(lflZ ).
O
Proposition 2.3. Let k> 1,s > 1,n =k-s+1, and let (Q; A) be an n—groupoid.
Also, let the following statements hold:

(1) For alli,j € {1,...,n} (i < j)ifi,je{t-s+1|t € {0,1,...,k}}, then
the < i,j > —associative law holds in (Q; A);

(2) For every af € Q there is exactly one x € Q such that the following
equality holds

A(arll 2,$) = Qn;

(3) For every a} € Q there is exactly one y € Q such that the following
equality holds

Ay, al™?) = a,.
Then (Q; A) is an near—P—polyagroup of the type (s,n —1).

Sketch of the proof. t € {1,.. —1}:

)(%b’kﬂ) m%,w*“>
A <§,#kt>m8=

A@kw Al b >fﬂ8

A(A( cﬁw» *dp*) =

A ats ) b0 sy &

A@k”ﬁ%,@—A<w“ at*y) Ba=y.
b) AGFTY z ats) = ABFT g als) =

Al AW 0, 0% =

Mﬁ%<k“,%%>&”ﬁg

A(dys 00 A, abe, o 00) =

Awﬂﬁt Ay, ate, =) &

Az, at=,F70%) = Ay, ats, ) B o =y,
c) Alat® x k te ):c<b——)>

mét” Aot @, 0), df) =

A(Cgk t)s’ ,dts) (1)

A(A(SD abs, @), o0 ) =

A(Cgk t)S’ ,dts)

g

Proposition 2.4 ([6]). Let k > 1,s > 1,n = k-s+ 1 and let (Q;A) be an
n—groupoid. Also let
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(a) The < 1,541 > —associative [< (k—1)-s+1,k-s+ 1 >-associative] law
holds in the (Q; A);
(b) For every x,y, a?il € Q the following implications holds
Az, a’f_l) = Aly, a?_l) =>zr=y

[A(a? ™ 2) = A(a! ™ y) = 2 =y,
Then the statement °1 from 1.3 holds.
Remark 2.3. For s =1 ([5]) see proposition 2.1-IIT in [8].
Proposition 2.5 ([7]). Let k > 1,s > 1,n = k-s+ 1 and let (Q;A) be an
n—groupoid. Then the following statements are equivalent:
(1) (Q; A) is an N P—polyagroup of the type (s,n —1);
(13) There is at least onei € {t-s+1|t € {1,...,k—1}} such that the following
conditions hold:
(a) the <i—s,i > —associative law holds in (Q; A);
(b) the <i,i+4 s > —associative law holds in (Q; A);
(c) for every af € Q there is ezactly one x € @Q such that the following
equality holds A(azl_l7 T, a?_l) = a,.

3. RESULTS

Theorem 3.1. Letk > 1,5 > 1,n = k-s+1, let (Q; A) be an near— P—polyagroup
and let e be an (n — 2)—ary operation in Q. Also, let the following laws

(1) A(A(x?),miﬁ__ll) = A(iﬂ‘iﬂ(ﬁiﬁ#ﬁiﬁil),

(2) Ale(@2), a2, 2) =z and

(3) A(z,a7 % e(a] %) =
hold in the algebra (Q; A,e). Then (Q; A) is an near—P—polyagroup of the type
(s,n—1).

Remark 3.1. For s = 1([5]) see proposition 2.2-IX in [8].
Proof. Firstly, we prove that under the assumptions the following statements hold:
1 For all z,y, a’ll_l € (Q the implication holds
Az, af ™) = Ay, af ™) = 2 = y;
2 Statement °1 from Def. 1.3 holds;
3 For all z, v, a?_l € @ the implication holds
A(a?_l,x) = A(a?_l, y) =T =1y;

o
4 For every a] € () there is exactly one z and exactly one y €  such that
the following equalities hold

A(a" ™ x) = ay, and Ay, a1t = ay.
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Sketch of the proof of i

w03 a,0272) = Aly,ai a0l ) =

A(A(z, a5 a,a??), a5 e(a? 2, a5, a e
A(A(y,as L a,a"2), a8, e(aZ_Q,a‘i_l),nfgfs?e(
Al i Afa,al 2,0 efal % i), " a e
Ao Afe @07 efal % ad ), e
A(z, a‘ifl, a, n_c%_s, e(a‘ifl, n_2_s+1)) =
Aly.aia," 0 ey ) Ba =y,

The proof 0f§. By i an
Sketch of the proof of 3.

d by Prop. 2.4.

A(a"*Q,a, ai_l,x) = A(a?*Q,a, af_l, y) =

s

n—2—s+1 _ n—2—s _ _ _
Ale(" Ta” Laih), a el ), a5 A(al T a0t
n—2—s+1 _ n—2—s _ _ _ _
A<e( a 7ai 1)7 a ae(aTll 2),0,? lvA(a? 2,&,@? 1’
n—2—s+1 _ n—2—s _ _ _
Ale( yai ), a T Ale(ay?),ai T a2 a) a7t
n—2—s+1 _ n—2—s _ _ _
Ale(" "a” i h,"a , A(e(af 2),a§ Lan Z,a),ai !
A" % e, G et x) =
n—2—s+1 4_1, n—2—s (2)
(o]
Sketch of the proof of 4.
a)
1
A(:c,ai_l,a, am ) =b&
_ _ _ _ _ n—2—s _1 n—2
A(A(z, a5 a,a?7), a5 e(al 2 aih), T e(al
_ n—2—s _1 n—2—s+1,, (1)
A(b,ai " e(a2 % a57h), a e(alT T aT ) &
_ _ _ _ _ —2—s _1 n—2
A(z,a77", Ala,al a3 e(ad2,a77Y), " a T e(a]
_ _ 1\ n s _1 n—2—s+1,, (3)
A(b,aite(ay %07, a el )
_ _ _ n—2—s _1 n—2—s+1
z=A(b,ai " e(af a5, a Ce(ad T TaT ).
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b)
o
Alar 20,077 2) =b &
A n=2-s+l s 1y n—2-s n—2 s—1 VA n—2 s—1 _
(e( a » )7 a (al ) ay (as y @y A ,.’E)) -

—2- —2- 2
Ale(E ), R e ), s, by D)

w=Al(" % a1, d " e(a?2), 0t b).

Finally, by i—fl and by Prop. 2.3, we conclude that (Q; A) is an near— P—polya-
group of the type (s,n — 1). O

Similarly, one could prove also the following proposition:

Theorem 3.2. Let k > 1,s > 1,n=k-s+1, let (Q;A) be an n—groupoid and
let € be an (n — 2)—ary operation in Q. Also, let the following laws

(D) A Al T e ) = Al AGRY),

(2) Ale(a?™?), a7 % 2) = =,

(3) Alz,ai™? e(al™?) =
hold in the algebra (Q; A,e). Then (Q; A) is an near—P—polyagroup of the type
(s,n—1).
Remark 3.2. For s =1 ([5]) see Chapter I1X-2 in [8].

Corollary 3.1. Let k > 1,s > 1,n=Fk-s+ 1 and let (Q; A) be an n—groupoid.
Then: (Q; A) is an near— P—polyagroup of the type (s,n—1) iff there is a mapping
e of the set Q"2 into the set Q such that the laws (1)-(3) from theorem 8.1 hold
in the algebra (Q; A,e) of the type < n,n — 2 >.

Proof. By Def. 1.3, proposition 1.5 and by theorem 3.1. 0

Corollary 3.2. Letk > 1,s > 1,n=k-s+ 1 and let (Q; A) be an n—groupoid.
Then: (Q; A) is an near— P—polyagroup of the type (s,n—1) iff there is a mapping
e of the set Q"2 into the set Q such that the laws (1),(2),(3) from theorem 3.2
hold in the algebra (Q; A,e) of the type < n,n — 2 >.

Proof. By definition 1.3, proposition 1.5 and by theorem 3.2. 0

Theorem 3.3. Let k > 1,s > 1,n=k-s+1, let (Q;A) be an n—groupoid and
let E be an (n — 2)—ary operation in Q. Also, let the following laws
(0) E(f727%,b,ai 1) = E(af™", &1 727%,0),
(4) A(A(%)»ﬂ?fﬁll) = Az, A1) a3 h)
(i1) A(z,a7"? E(a} )) =z,
(iii) A(a,cy 2* E( ca,cy ) ai ) =
hold in the algebra (Q7A, E). Then (Q; A) is an near—P—polyagroup of the type
(s,n—1).
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Remark 3.3. For s =1 ([2]) see proposition 1.1-XII in [§].

Proof. Firstly, we prove that under the assumption the following statements hold:

1 For all 2,y,a} ™" € Q the implication holds
Az, a]™ b= Ay, al™ Do z=y;

2 St atement O1 from definition 1.3 holds;
3 For all a{™ ", a,c}” 275 ¢ ) the following equality holds
a=E( % E(ai™ a, 79,65,
4 For every ai ', a,a}** 1,y € Q the following implication holds
Ala, a5t w, 7275 = Aa, 0l y, 25T = =y
5 For every aj~ La, ay” 2=s+1 2y € Q the following implication holds

A2 e ad™ha) = APy e a) = =y,
6 For every z,a,a} 1, a2 € Q
Ala,ai ™z, 25 ) = &
= A2 E(ai ! a, 728 bal L E(E T2 6 ).

Sketch of the proof of 1. Sketch of the proof of 1.
The proof of 2. By 1 and proposition 2.4.
Sketch of the proof of 3.

A(GC?2SE( IGC?2S)QiIE(0nQSE( lac?Qs)a§1)>(ﬁ)

E(c! ™7 E(ai™ 0, ¢} 77 7%) 0y 1)),

A, &2 B a, 2%, a8 L (25 E(ad 0,2, a3 1) 2 g,

Sketch of the proof of 4.

Afa, ™o 2 = Af,ai g ) =

A(C?—Q—S’E(ai 1 ,a 0717, 2— S) A(a ai 1 T Crlz 2— S+1) s—1 E( n—2—s+1 ai—l)) —
A(c?—2—s’ E(ai 1 ,a c? 2— 5)7A(a7a1 .Y, 6711 2— s+1) -1 E( n—2— S—H,ai_l)) :2>
A(C?_2_S, E((Ii_l,a,C?_Z_S),(I,Ofi_l,A(l‘ C? 2— s+1 —1 E( n—2—s+1 ai—l))) —
A(C?—Z—s’ E(ai_l,a,c’f_z_s),a, -1 A(y, n—2— s+1 -1 E( n—2—s+1 ai—l))) (:Q
A(c’fo*S,E(a‘Tl,a,crf 278),a, aj” 1,:E) =

( ( )

( ( )

a
-1 n—2—s ,E(C?—Q—s E( —1 n—2— S) s—1

@, G aiy ),ay 1) =
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A2 B ), B2 Bl ™)), o) =

A2 E(a Y a, 02 ), E(ad Y el 20 E(aS Y 0, ¢ 20) a8 7) =
A2 B 0, ), E(ad ), 2 Bl Y a, 2, a0 y) &
T =y.

Sketch of the proof of 5.

A(c’f 1=s a‘f l,a) A(C? 1= s,y,ai 1,a):>

2
A d%S,A(C? = svyval ’ ) dgerll)

2s n—2s n—1—s _
A(dy®, 1), e 25+1> s al ) @, d25+1) =

25 n—2s n—1—s 4
A(A(dY®, %), en a5 i1, Y5 a7 . d25+1) =

T =1y.

Ala, a‘i_l,x, C?_Q_SH) Sy A:N

A2 B0y Y a, 0, Alg, af 7w, 0 el E( TP ) =
A By a0, boad BT e ) &
A B0} ), aaf ! Al e 2 e B 6 ) =
A2 By 0,720, b ag B 0 )
A(c’f_z_s, E(ai_l7 a, c’f_z_s), a, ai_l, x) =
A(c’f_Q_S,E(a‘i_l,a,c’f 2 ®),b, aj 1,E(c’f 2 S'H,ai_l)) &
A B} 0,2 B2 Bl ), a0 ) =
A(c’ll_%s,E(a‘i_l,a,c?_Q_s),b, —1 E( n—2—s+1 ai 1)) g
A B a2 B a2 B a2 ) 0 ) =
( ( )

,b, s—1 E( n—2—s+17aie—1)) (g)

o= AW E (e a2, b B2 0y ).

Finally, considering 2,4,6 and by proposition 2.5, we conclude that (Q; A) is
an near— P—polyagroup of the type (s,n — 1). O

Proposition 3.1. Let (Q;-) be a group, let a be a mapping of the set Q*~! into
Q,k>1,s>1andletn=Fk-s+1. Also, let

6 ® . W 0
A(xluyf_ 7"')xk7yf_ 7$k)+1) = 1 a(yf_ )xka(yf_ )'mk-i-l
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1) (k)
for all 2% 5= ysT € Q. Further on, let

M ® O (k)

E(yi b1, b, yi ) = (alyf ) by b - alyi )T

~1 is an inverse operation in (Q;-). Then the following statements hold:

where

(a

(b
(c
(d

) Q A) is an N P—polyagroup of the type (s,n —1);

) E is an {1,n}—neutral operation of the (Q; A);

) If (Q;-) commutative group, then (o) holds in (Q; A);

) If (Q; ) is no commutative and (Q;«) is a (s — 1)—quasigroup, then the
condmon (0) in (Q; A) does not holds.

Proof. Firstly, we observe that under the assumptions the following statements
hold:

T The < 1, s+ 1 > —associative law holds in the (Q; A);

2 E is an {1, n}—neutral operation of the (Q; A);

Sketch of the proof of 1.

(1) (@) ) (k+1) (2k)
A(A(zr, gy o, yd ey ), U ke, Y Bok) =
(1) (2) (k)
= (@1 oy ) 2y g a(yy ) - ae)-
(k+1) (k+2) (2k)
a(y; ™) whye () ayiT) o) =
(1) (2) (k)
= a1 a(y; ) (z-alyy ) ok alyy ) g

(k+1) (k+2) (2k)
a(yi ™) ws2) alyi ) alyiTh) - wakga) =
(1) () (k+1) (k+2) (2k)
= A(.T17 yig_la A(x27 yf_17 LR yig_lv xk+2)7 yf_17 cee 7yig_17 x2k+1)'

Sketch of the proof of 2.
(1) ) (k) ) (1) ) (k) .
zooyy ) b beralyr ) s (alyy ) b cbeor eyl )T =
(1) ) (k) . (1) . (k) .
(alyi™) - br--bpr-alyy )" -alyy ) b bpr-aly; ) o =2
By 1, 2 and by theorem 3.1, we conclude that the statement (a) holds.
Sketch of the proof of (c).
(1) . (k) . (k) . (1) . )
(alyr ") -br--br -y )" = (alyr ) -aly; ) -bi---br)”
Sketch of the proof of (d). By definition of no commutative group and by definition
of m—ary quasigroup. O



88 SOME COMMENTS ON NEAR—P—-POLYAGROUPS

Corollary 3.3. Letk > 1,s > 1,n=k-s+ 1 and let (Q; A) be an n—groupoid.
Also, let E be an (n — 2)—ary operation in Q such that the following law

(0) E(727%,b,ai7!) = E(af™, 1 727%,0)
holds in the (n — 2)—groupoid (Q;E). Then, (Q; A) is an N P—polyagroup iff the
laws (i) — (iit) from theorem 3.5 hold in the algebra (Q; A, E).

Remark 3.4. For s = 1 law (o) holds. In addition, for s = 1 (Q;A) is a
characterization of n—group [2]. See, also Chapter XII-1 in [8].

Proof. By proposition 2.2 and by theorem 3.5. 0

Remark 3.5. Similarly, we obtain generalization the following proposition [2]:
Let (Q; A) be an n—groupoid and let n > 3. Then: (Q; A) is an n—group iff there
is a mapping E of the set Q"2 into the set @ such that the following laws hold
in the algebra (Q; A, E) [of the type < n,n —2 >/

A7 A2 7?), 2an-1) = A(2p ™ A" ),

n—1

A(E(a’f_Q), a?_Qv x) =z
and

A(z,E(a}™?),a? %) = .
(Cf. Chapter XII-1 in [8]).

Theorem 3.4. Letk > 1,5 > 1%, n=Fk-s+1,(Q; A) be an near—P—polyagroup
of the type (s,n — 1), e its {1, n}—neutral operation and let

(j)lk @ k @
(O) A xjayf_ j:lvkarl :A xluyig_ ,I’j j:27yi_ s Tht-1

(1) (k)
for every o ysTl Lyt € Q. Also, let

k—1 (1) 1 (k) 1
Cl 9 yfi 9 9 Z/f
arbz’tmry sequence over Q
(1) (k)
def _
Y = yi 17 72-/? 17

deof (1) . (k) .
(a) By (z,y) = Alz,y; ¢ty sC-1,Y] Y|,
sef O e N w oo (b=1)
(b) @Y(Jj) =Ale yf_ » Ci i:17yig_ ’yig_ 7x7yf_ 7615"'7yf_ s Ck—1 | >

2For s =1 (Q; A) is a (k + 1)—group.
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def o (1)71 o (2) ) (/’4)71 72
(€) by = Ale(@™)%, yi ™ e(ai ), 47 i e(a ™)
for all x,y € Q. Then the following statements hold:

(1) (Q; By) is a group;

( ) Yy € Aut(Q By)

(3) ¢y (by) =by;

(4) For all x € Q, By (by, ) = By (¢¥(),by);
(

(1)5—1 (k) kil k
5) Al z1,y; .. @k, 1S — Lagy | = By (21, oy (22), ..., oy (Tr41), by)

k+1

for all 7™ € Q and for every sequence Y over Q).

Remark 3.6. For s =1 see Chapter IV-3 in [8]. Also, see Prop. 3.6.
Proof. Firstly, let

de de de
-y Byey),  o@)Yov@), by

The proof of (1). By (a) and by Def. 1.3.
Sketch of the proof of (2).

) (k) . (1) ) (k) )
plxz-y)=Alela} ") yi LAz ¥ e -1,Y) LY
(1) . (k—l)l
yi_ 7017"'7yi_ y Ck—1
5 CICI
=AlA e(al ) yiq xayfi yCly -5 Ck—1 |
(’f) 1) ) (/’f—l)1
vi Lyl el e
®) (kflzl (1)_1 (k— 1)1
= A So(x)ﬂyi ,?/,yf ,C1 7"‘7y&1g y Ck—1
, o I
=A(A gp(x),yf_ 3Cly ey C— 1;919 7e(a’il_ ) )

(k) (1) ) (16—1)1
yl 7y yig 7cla"'7yig_>ck—1

N ORS ®
a;:L_ = yf_ ’Cl"")ck_17yf_ N
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(a)
= o(z) - o(y).
Sketch of the proof of (3).

(b)(c) n—2 (kl—l n—2 (1)3—1 * 5111 (k)s 1 n—2
p) =" A e(al )791 A e(al )7y1 yoe Y1 ,e(al )yl 7e(a1 )]s

© b.
Sketch of the proof of (4) [for the case k =3, s > 1].
boo A(b,at 2, x)
©) n—2 (l)s 1 (21 1 n—2 (3)571 n—2 n—2
= A(A(e(ay™7),y; ,e(ay” ) v he(ay "), yr T e(a)™7)),al ", x)
°1 n—2 (l)s—l n—2 (QL 1 n—2 (3)5—1 n—2\ n—2
= A(e(af™"),y7 ,e(al "), y; ,e(al "),y , Ale(ay "), af™ ", x))

. @ @ ® 2 ,
= Ale(al ™)y el %)y el )y Al a7 e(a] 7))
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fn3 1 (2) (3) 1) 2)
=" Ale(a?™?), 57 " e(al )05 e(al ) 05 Al yy ey e
(3) 1 2
yre(a; 7))
o 1) (2) (3) (1) (2)
:A(e(a?_2)7yf_lae(a?_2)7yf_laA(e( ) yf ! xvyf ! Clayf 1702)7
(3) 1 2
Yy se(af™?)))
(b) - 2 (1)5 1 n—2 (2)5 (31—1 n—2
= e( ),yl ,@( ), yr .e(af™ 7))
3,2 2 —1 (3) 1 2(1)
= a? i= 17 clvyl cQ,yf 7e(a7ll )yl )
(1) (2) (3) (3)
Alp(x),yy e,y eayy el ™)),y e(al )
3 ® | (1) (2) 3)
= A(e(a?_z)vyig_l 1:17A(Clayig_lvCQ)yig_lve(arll_Q)vyf_lv
(1) (2) (3) (3)
Alp(x),y; ey eayye(al ™), 0 e(al )
o 0] 2 (1) @ (3)
= Ae(a?™?),y5 " o1, Aler,yi o,y Ale(al ™),y
1) (2) (3) (3)
o), y; ey ) uy el ), i e(al )
® RGN I Ol
= A(e(a} ™), y1 " iz, Aler,yr 5o, y1 s e(p(), 917,
(3)
e(a! ™)), y; " e(a]™?))
©) -2 (i)q ’ (3)71 (1)71 (2)71 -2
:A(e(a? )vyf i:lvA(Clayf vc%yf a@(¢($))7yf ae(arll ))v
® 72
Yy se(a)™?))
o ) (2) (3) 1)
= A(e(a}™?),yi 1 Ale(a2),y5 e,y eyl (@),
@ L, O »
Yy se(ay "), y7 e(al ™))
® L, M L0 e e
:A(e(a? )ﬁyi ’A(e(a’? )’yl yCL Y1 62, ,QO(QO(ZE))),
@ O »
yi e(al "), yr e(al™ )
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1399 1) (2) (3) 1)
= Ale(af ), 55" Aler, yi Yoo,y (el ), 5,
1) (2) (3) (2) (3)
A(‘p(gp(l'))ayigilaClvyfilvCQ’yiilﬂe(a?72)))’yi‘;ilﬁe(a?72)7yfilve(a?72))
@) -2 (1)—1 (1)—1 (2)—1 -2 (3)—1
= Ale(ay "), y7 S Alen,yy s e2,y7 elay ) yp 5 Ale(e()),
(1)_1 (2)_1 (3)_1 o (2)_1 L (3)_1 _2
yf 7Clayf 7627yi 7e(a711 ))7yf 7e(a7f )7yf 7e(a? ))
o1 1) 1) (2) (3)
= Ale(a} ™), 457", Aler,yi ™ ea,ui ™ Alelal ™), 05 w((2),
(1)71 (2)71 (3)71 L (2)71 L (3)71 L
yi oenyl sc2)yi ose(al )y e(al o),y e(ag )
@) -2 (1)—1 (2)—1 (3)—1 -2 (3)—1
:A(e(a? )?yig ?A(Cl?yig 7627yi 714(e(a71I )ayiq 790(90(-%))7
(1)_1 (2)_1 (1)_1 L (2)_1 _2 (3)_1 _2
yf 7Clayis 702)7yf 7e(a711 ))73/? 7e<a7f )ayig 7e(a711 ))
) L (1)_1 (2)_1 (3)_1 (1)_1
= Ale(ay "), y7  Aler,yi s e2,y1 ,0(e(e())), 47,
(2) (3)
e(ai™)),ui " e(a!7?), 7 e(al™?))
o1 1) (2 (3) 1)
= A(A(e(a?_2)7 yi_lv C1, yf_la €2, yf_17 90(90(90($))))7 yi_la
(2) (3)
e(ai™?)),ui " e(a!7?), 477 e(al?))
L5 n—2 n—2 (1)5—1 n—2 (2?9—1
= A(A(p(p(p(2))), a1 " ey 7)), yi elay "),y
(3)
e(a?™?),y; 7" e(a™?))
o 1 (2)
= A(p(p(p(x))), a2, A(e(al ™), y7 7" e(al ™), 577,
(3)
e(ai™?),yi " e(a!?)))
(a),(c)

The proof of (5). By 1.5, 2.2, °1,(0), (a), (b) and (c). Cf. sketch of the proof of
(4) and Chapter IV-3 in [8]. O

Remark 3.7. (Q;A) from [10] is a (k + 1)—group if the condition (0) holds in
(Q; A).
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2]
3]
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