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Two Characterizations of (n, m)—groups for n > 3m

JANEZ USAN AND ANITA KATIC

ABSTRACT. In this paper two characterization of (n, m)-groups for n > 3m
are proved. (The case m =1 is proved in [5].)

1. PRELIMINARIES

Definition 1.1 ([1]). Let n > 2 and let (Q;A) be an n—groupoid. We say
that (Q;A) is a Dornte n—group [briefly: n—group] iff is an n—semigroup and
n—quasigroup as well (See, also [7]).

Definition 1.2 ([2]). Let n > m+1 and (Q; A) be an (n, m)—groupoid (A : Q" —
Q™). We say that (Q; A) is an (n, m)—group iff the following statements hold:
(i) For every i,j € {1,...,n—m+ 1}, i < j, the following law holds
AT A0, ™) = Al AT, 220
[< i,j >—associative law/; and
(i7) For every i € {1,...,n—m+1} and for every af € @ there is exactly one
x" € Q™ such that the following equality holds

i—1 _.m _n—m\ __ n
A(al y L1 Gy )*anfm+1'

For m =1 (Q; A) is an n—group. Cf. [7].

Definition 1.3 ([4]). Let n > 2m and let (Q;A) be an (n, m)-groupoid. Let
also e be a mapping of the set Q" 2™ into the set Q™. Then, we say that e is
an {1,n —m+ 1}-neutral operation of the (n, m)-groupoid (Q; A) iff for every

sequence a’ll_Qm over () and for every =" € Q™ the following equalities hold:

Az, a ™ e(a]™*™)) = 2
and
Ale(af™™), a7, af") = af.

For m =1 e is a {1, n}—neutral operation of the n—groupoid (Q; A). Cf. Chapter
I in [7).
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2. AUXILIARY PROPOSITIONS

Proposition 2.1 ([6]). Letn > 2m and let (Q, A) be an (n, m)—groupoid. Further
on, let the following statements hold:

(a) The < 1,n —m + 1 >-associative law' holds in (Q; A);

(b) For every a} € Q, there is at least one 1" € Q™ such that the equality
Aa?™™, 27") = ap_,, .1 holds;

(c) For every af € Q, there is at least one y* € Q™ such that the equality
Ay a7™™) = ap_,, 1, holds. Then (Q;A) has a {1,n —m + 1} -neutral
operation.

For m = 1: Prop.2.5-1I in [7].

In this paper, among others, the following < 4, j >—associative laws have the
prominence:

(1L) A(A(}), 2" q™) = Alan, Aey™), 2775™)
and
(IR) Ay A ), w2nem) = AT, A 00).-
Proposition 2.2 ([6]). Letn > m+1 and let (Q; A) be an (n, m)-groupoid. Also,
let:

() the (1L) [(1R)] law holds in (Q; A); and

n—m

(B) for every z{*,yT*, al™™ € Q the following implication holds
At o) = A" a1 ™) = 2" = i
[AlaT™™, 27") = Alay ™", 41") = 21" = 41" /.
Then, (Q; A) is an (n,m)—semigroup [cf. (i) in Def. 1.2].
Proposition 2.3 ([3]). Let (Q; A) be an (n,m)—groupoid and n > m + 2. Also,
let the following statements hold:
(1) (@; A) is an (n,m)-semigroup (cf. (i) in Def. 1.2);

(2) For every at € Q there is exactly one z{* € Q™ such that the following

equality holds
Alaf™™, V") = ap_py1s

(3) For every at € Q there is exactly one yi* € Q™ such that the following
equality holds
Al a1™") = ap -

Then, (Q; A) is an (n,m)-group.
Sketch of the proof. a) A(a,ai_l,aﬂ”,a"

)

_m_2, b) = A(a, aﬁ_l, y{”,a?_m_Q, b) LN

TA(A(D), 237 = A, A0 )).
Hell,...,n—m—1}
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A" Ala,af 2 a7 2,b),¢) =
a ) o (1)
:A(c?+1m,A(a, ai l,yin,a? m Q,b),ci) =
= A(A(ci ", a,a] L), a2 b, cl) =
i— —m— i (3)
:A(A(c?+1m,a,all 1,3/{”),@1 m 2,b,c11) =
) 2
= A asal ™ o) = AW el ) 2
=z =y
b) A(a,a?_m_z,x?l,all_l,b) = A(a,a?_m_2,y{”,a§_1,b) =
A, Aa,a™™ Q,xin,a’i l,b),cgﬂr_lm) =
. o o _ (1)
:A(c’l,A(a,a:} m 2,y{”,ai 1,b),c?+1m) =
= A(cy, a, azz—m—27 A(z, azl_I’ b, C?;lm)) =
. o - _ 2)
= A(c,a,a;™™ Q,A(y{”,al1 Ly, ') =
- _ o _ (3)
= A2, a7 b, ') = Ay ol b el ) =
=z =y
b
c) A(a,al l,xT,a?_m_Q,b) =00 )
] n (1)

) = A(C?Jr_lm,bﬁ”,ci) =
) = A(C?-Flm?brlnﬂll)‘

3. RESuULTS

Theorem 3.1. Let n > 3m and let (Q; A) be an (n,m)—groupoid. Then, (Q;A)
is an (n, m)-group iff there is a mapping e of the set Q" ™2™ into the set Q™ such
that the laws

(1L) A(A(}), &™) = Alan, Ay ™), a75™)

(1Lm) A(A(af", bY™™), e di M) = Aaf!, AT, ), d7 M),
(2L) Ale(ai™™),ai ™", af") = af’

and

(2R) A(at, al 7", e(a! 7)) = af!

hold in the algebra (Q; A, e).
Remark 3.1. For m = 1: (1L)=(1Lm).

Proof. a) = Let (Q; A) be an (n, m)-group. Then, by Proposition 2.1, there is
an algebra (Q; A, e) of the type < (n,m), (n —2m,m) > in which the laws
(1L), (1Lm), (2L) and (2R) hold.
b) < Let (Q; A, e) be an algebra of the type < (n,m), (n — 2m, m) > in witch
the laws (1L), (1Lm), (2L) and (2R) are satisfied. Firstly, we prove that
under the assumptions the following statements hold:
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1° For every z7", y7"*, b" € Q™ and for every sequence a?ﬂm over () the
following implication holds
2 2
Az, 07", af ™) = A(yl", b ay ") = )t =y
2° (Q; A) is an (n, m)—semigroup;
3° For every =", y1", b* € Q™ and for every sequence a’f_2m over () the
following implication holds
2 2
A(? mblvxl) A(? mb1ayq1n):>$71n=y?l,
4° For every af € @) there is exactly one sequence x7* over () and exactly

one sequence y7" over () such that the following equalities hold

Alay™™, 21") = ag_p1 and
A", a1™™) = an_pmy1-
Sketch of the proof of 1°.
A(l{nv 1 70’? 2m) = A(ygn’ Tfl’a’il 2m) =
A(A@T, b, al =™ e(af 2™), ¢ M e (B, ¢} 7)) =
n—2m m 3m 3myy (LLm)
A(A(yl » Y1 7a1 2 ),e(a -2 ) 7e( 1 761 ))
Az, A, a7 %™, e(al” 2m)) I e (b, M) =
A(Z/1a(17a12 e(a12) 37e(1713)>
AT B el m, ) =
A(y1717613 e(lvlg)) = X =Yy -

The proof of the statement 2°. By 1°, (1L

Sketch of the proof of 3°.

A(a}™ —2m pm. z1")

) and by Prop. 2.2.

= A(a} 2™, 07, y") =

Afe{ef 5, b, 5, eal =2, A} aT)) =
n—om m n— n—zm m 20

Ale(c] s b7 )761 ,e(af 2 ), Aat™ - O u1)) =

Al )7, Alela =) a2, ), ) =

A(e(c? 3m bm)jcn 3m A( ( n— Qm) n—2m bm) )(QZLQ

Ale(c]™ 3m 1), el 3m L0 o) =

Ale(cy - ,O1"), cf -3 Oyt = o =y

Sketch of the proof of 4°.
a) A(a] 2" b, ) = dt <
A(e(er 2™, ), r %™, e(al ™), Aal 2 b7 a)) =
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A(e(c?f?;m bm) 6111 3m7e( n— 2m) dm) (2L)

I‘TZA(E(CI —3m bm) C;L 3m e( n— 2m) dm)
b) A(yl » V1 7a? Qm) :dm<:>
A(A(, b7, a7 ~2™), e(al =2 m), 0, (b, M) =
2° (2R
A" efal ™), 1m0, e(by, ¢ 7)) P
it = A(dT e(ay ™), 7", e (b, ).
Finally, by 2°, 4° and by Prop. 2.3, we conclude that (Q;A) is an (n,m)—
group. Il
Similarly, one could prove also the following proposition:
Theorem 3.2. Let n > 3m and let (Q; A) be an (n,m)—groupoid. Then, (Q;A)
is an (n,m)-group iff there is a mapping e of the set Q™2™ into the set Q™ such
that the laws

(1R) Ay A ™), 220-m) = A2 T, A 50)),
(1Rm) Alay ™™, AT, ™), dY) = Ay "0 A>T d),
(2L) Ale(a ™), ai ™", 2f") = af"

(2R) Az, a ™ e(a}™*™)) = 2

hold in the algebra (Q; A, e).
Remark 3.2. For m = 1: (1R)=(1Rm).
Remark 3.3. m = 1 theorem 3.1 and theorem 3.2 are proved in [5]. Cf. theorem
2.2-IX and theorem 2.3-IX in [7].
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