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Q–analog of Determinant of a Kind of

Binomial Coefficient Matrices
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Abstract. Recently, Ratliff and Rush gave the explanation of a kind of deter-
minant whose entries are zero and either binomial coefficients of their negative.
Such work can be considered in some generalized Pascal matrices. The purpose
of this paper is to establish a q–analog of the result of Ratliff and Rush. Also,
a q–analogs about problem 269 in [5] are given.

1. Introduction

Properties of certain determinants and their evaluation play an important role
in enumerative combinatorics, and a thorough understanding of them has led
to some combinatorial information. For example, in [10, 12, 13], certain com-
putations in commutative algebra lead to matrices whose entries are binomial
coefficients and in [1, 14, 15], the determinants from Gaussian binomial coeffi-
cients have the important significance for studying plane partitions. Recently,
Ratliff and Rush [11] gave the computation of a kind of determinant from bi-
nomial coefficient matrices. Such works can be considered in some generalized
Pascal matrices of [2, 3, 16, 17, 18]. The purpose of this paper is to establish a
q–analog of the results of Ratliff and Rush [11].

In this paper, section 2 states our main results and their interesting corollaries.
In section 3, some preliminary results are obtained; and in section 4 the proof of
main results are given.
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2. The Main Results

To state our result, we introduce some standard notation (see [6]):

[k] =
1 − qk

1 − q
,

[k]! = [k][k − 1] · · · [1], ([0]! = 1),
[
n

k

]

=
[n]!

[k]![n − k]!
.

Let s > 2, n > 2 be integers and let m = s+n. Let A = A(n, s; q) be the s×m
cyclic matrix with the first row being



−

[
n

0

]

,

[
n

1

]

,−

[
n

2

]

q, . . . , (−1)n+1

[
n

n

]

q
1

2
n(n−1),

s−1
︷ ︸︸ ︷

0, . . . , 0



 .

By Ai = Ai(n, s; q) we denote the i-th row of A, that is

(2.1) Ai =





i−1
︷ ︸︸ ︷

0, . . . , 0,−

[
n

0

]

,

[
n

1

]

,−

[
n

2

]

q, . . . , (−1)n+1

[
n

n

]

q
1

2
n(n−1),

s−i
︷ ︸︸ ︷

0, . . . , 0



 .

Write

(2.2) A+
i = A+

i (n, s; q) =





i−1
︷ ︸︸ ︷

0, . . . , 0,

[
n

0

]

,

[
n

1

]

,

[
n

2

]

q, . . . ,

[
n

n

]

q
1

2
n(n−1),

s−i
︷ ︸︸ ︷

0, . . . , 0



 .

For the selected integers 1 6 r1 < r2 < · · · < rn 6 m, let Mq(n, s; r1, . . . , rn)
denote the s×s matrix obtained by deleting columns r1, r2, . . . , rn from A(n, s; q),
and M+

q (n, s; r1, r2, . . . , rn) the matrix of absolute values of the entries of
Mq(n, s; r1, r2, . . . , rn).

The following Theorem 2.1 is a q–analog of Theorem 1.1. in [1].

Theorem 2.1.

(i) det(Mq(n, s; r1, r2, . . . , rn)) = (−1)y+sq
1

2
n(n−1)(n+s+1)

∏

16i<j6n

q−ri−q
−rj

qj
−qi ,

where y = ns + n(n + 1)/2 +
∑n

i=1 ri;
(ii) det(M+

q (n, s; r1, r2, . . . , rn)) = (−1)y+s det(Mq(n, s; r1, r2, . . . , rn)).

By taking some special values of ri in Theorem 2.1 we get the following inter-
esting corollaries.

Corollary 2.1.1. Let g be a positive integer such that rn + g 6 m. Then

det(Mq(n, s; r1 + g, r2 + g, . . . , rn + g)) =

= (−1)ngq−
1

2
n(n−1)g det(Mq(n, s; r1, r2, . . . , rn))
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and

det(M+
q (n, s; r1 + g, r2 + g, . . . , rn + g)) = q−

1

2
n(n−1)g det(M+

q (n, s; r1, r2, . . . , rn)).

Corollary 2.1.2. Let a > 1, b > 1, n > 2 be integers and choose integer s such
that a + (n − 1)b 6 n + s = m. Then

det(Mq(n, s; a, a + b, a + 2b, . . . , a + (n − 1)b)) =

=(−1)y+sq
1

2
n(n−1)((1−b)n+s−a+1)

∏

16i<j6n

qbj − qbi

qj − qi
,

where y = n(s + a) + 1
2n((1 + b)n − b + 1);

det(M+
q (n, s; a, a + b, a + 2b, . . . , a + (n − 1)b)) =

=q
1

2
n(n−1)((1−b)n+s−a+1)

∏

16i<j6n

qbj − qbi

qj − qi
.

Corollary 2.1.3.

det(Mq(n, s; 1, 2, 3, . . . , n)) = (−1)s(n+1)q
1

2
n(n−1)s,

and

det(M+
q (n, s; 1, 2, 3, . . . , n)) = q

1

2
n(n−1)s.

The following Theorem 2.2 is a q–analog of Theorem 2.1 in [11].

Theorem 2.2.

det

([
ri

j − 1

])

i,j=1,2,...,n

= q
1

2
n(n−1)

∏

16i<j6n

qrj − qri

qj − qi
.

Let Q be the doubly infinite matrices whose k-th rows are
([

k

0

]

,

[
k

1

]

,

[
k

2

]

,

[
k

3

]

, . . .

)

where

[
k

j

]

= 0 if j > k. Thus the nonzero entries yield the justified form of

Gauss–Pascal triangles. Let Q(r1, r2, . . . , rn) be the n×n submatrix of Q formed
by the first n columns and the rows r1, r2, . . . , rn of Q. The matrices in Theorems
2.2 is Q(r1, r2, . . . , rn). When r → 1, it becomes the formula that is given without
proof in [5] as the problem 269.

Corollary 2.2.1.

det

([
m − ri

n − j

])

i,j=1,2,...,n

= q
1

2
n(n−1)(m+1)

∏

16i<j6n

q−ri − q−rj

qj − qi
.
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3. Lemmas

In this section we first give a simple result which allows us to replace the
matrix Mq(n, s; r1, r2, . . . , rn) with another one which has a simpler structure, at
the expense of increasing the size of the matrix.

Lemma 3.1. Let ei be the row vector with 1 in the i–th place and zeros else-
where. Let Bq(n, s; r1, r2, . . . , rn) be the m×m matrix obtained from A(n, s; q) by
adjoining the rows er1

, er2
, . . . , ern

to the bottom, namely

Bq(n, s; r1, r2, . . . , rn) =










A(n, s; q)
er1

er2

...
ern










,

and

B+
q (n, s; r1, r2, . . . , rn) =










A+(n, s; q)
er1

er2

...
ern










.

Write y = ns + 1
2n(n + 1) +

∑n
i=1 r1. Then

det(Mq(n, s; r1, r2, . . . , rn)) = (−1)y det(Bq(n, s; r1, r2, . . . , rn)),

det(M+
q (n, s; r1, r2, . . . , rn)) = (−1)y det(B+

q (n, s; r1, r2, . . . , rn)).

The statement and proof of this lemma are similar to Lemma 2.1. of paper
[11]. Here we state no longer its proof.

Suppose eij is the matrix which is zero except for the entry 1 in the ij place.
For k > 2, let

Tk(q) = diag(q−1, q−2, . . . , q−k)(Ik + q−1e1,2)(Ik + q−1e2,3) · · · (Ik + q−1ek−1,k),

and

Sk(q) = diag(q−1, q−2, . . . , q−k)(Ik − q−1e1,2)(Ik − q−1e2,3) · · · (Ik − q−1ek−1,k);

namely,

Tk(q) =










q−1 q−2 q−3 · · · q−k

0 q−2 q−3 · · · q−k

0 0 q−3 · · · q−k

...
...

...
. . .

...
0 0 0 · · · q−k










,
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and

Sk(q) =










q−1 −q−2 q−3 · · · (−1)1+kq−k

0 q−2 −q−3 · · · (−1)2+kq−k

0 0 q−3 · · · (−1)3+kq−k

...
...

...
. . .

...
0 0 0 · · · (−1)k+kq−k










.

For 0 6 u < m, let

Tm,u(q) =

(
Tm−u(q) 0

0 İu

)

,

Sm,u(q) =

(
Sm−u(q) 0

0 Iu

)

.

Then, Tk,0(q) = Tk(q) and Sk,0(q) = Sk(q).
Now we consider how Tm,u(q) and Sm,u(q) operate on a row of

Bq(n, s; r1, r2, . . . , rn) or B+
q (n, s; r1, r2, . . . , rn):

Lemma 3.2. (i) Let Ai(n, s; q) be the i-th row of A, as denoted in (2.1).
Then for 0 6 u 6 m − (i + n) we have

(3.3) Ai(n, s; q)Tm,u = q−iAi(n − 1, s + 1; q).

(ii) Let A+
i (n, s; q) be the row vector in (2.2). Then for 0 6 u 6 m − (i + n)

we have

(3.4) A+
i (n, s; q)Sm,u = q−iA+

i (n − 1, s + 1; q).

Proof. Both (3.3) and (3.4) follow from the identity

k∑

j=0

(−1)j+1

[
n

j

]

q
1

2
j(j−1) = (−1)k+1

[
n − 1

k

]

q
1

2
k(k+1)

(see [9]). �

Corollary 3.2.1. Let Ai(n, s; q) and A+
i (n, s; q) be as in above lemma and let

0 6 u 6 m − i − n. Then

Ai(n, s; q)Tm,u(q)Tm,u+1(q)Tm,u+2(q) · · ·Tm,u+n−1(q) = −qniei,

A+
i (n, s; q)Sm,u(q)Sm,u+1(q)Sm,u+2(q) · · ·Sm,u+n−1(q) = −qniei

(i = 1, 2, . . . , m − n).

Lemma 3.3. Let G
(j)
k = q−(n−j)(k+j+i)

[
n − 1 + k

n − 1 − j

]

and H
(j)
k = (−1)j+kGj

k. Then

for 1 6 i 6 m we have
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(i)

eiTm,0(q)Tm,1(q) · · ·Tm,n−1(q) =

( i−1
︷ ︸︸ ︷

0, . . . , 0, G
(0)
0 , G

(0)
1 , . . . , G

(0)
m−n−i, G

(0)
m−n−i+1,

G
(1)
m−n−i+1, G

(2)
m−n−i+1, . . . , G

(n−1)
m−n−i+1

)

(ii)

eiSm,0(q)Sm,1(q) · · ·Sm,n−1(q) =

( i−1
︷ ︸︸ ︷

0, . . . , 0, H
(0)
0 , H

(0)
1 , . . . , H

(0)
m−n−i, H

(0)
m−n−i+1,

H
(1)
m−n−i+1, H

(2)
m−n−i+1, . . . , H

(n−1)
m−n−i+1

)

Proof. Use
∑n

j=1 q(n−j)(i+1)

[
j

i

]

=

[
n + 1

i + 1

]

(see [7]) and induction. �

Lemma 3.4.

det(〈ri〉j−1)i,j=1,2,...,n = (−1)
1

2
n(n−1)q−(n

3)
∏

16i<j6n

(qrj − qri),

where 〈ri〉j =
∏j

k=1(1 − qri−k+1).

Proof. Replacing q by q−1 in the identity
n∏

k=1

(1 − tqk−1) =
n∑

k=0

(−1)kq
1

2
k(k−1)

[
n

k

]

tk,

(see [8]), we have
n∏

k=1

(1 − tq−k+1) =
n∑

k=0

(−1)kq−
1

2
k(k−1)−k(n−k)

[
n

k

]

tk,

from which, taking t → qri it follows

〈ri〉j−1 =

j−1
∏

k=1

(1 − qri−k+1) =

j−1
∑

k=0

(−1)kq−
1

2
k(k−1)−k(j−1−k)

[
j − 1

k

]

qrik

=

j
∑

s=1

(−1)s−1q−
1

2
(s−1)(2j−s−2)

[
j − 1

s − 1

]

qri(s−1.

Hence

det(〈ri〉j−1) = det

(

(−1)i−1q−
1

2
(i−1)(2j−i−2)

[
j − 1

i − 1

])

det(qri(j−1)).

Our result follows from that the former in the above product of two determinants
is upper triangular and the latter is Vandermonde determinant. �



Maixue Liu and Zhizheng Zhang 21

4. The Proofs of Theorems

Proof of Theorem 2.2.

det

([
ri

j − 1

])

i,j=1,2,...,n

=

=
n∏

k=1

1

〈k − 1〉k−1
det(〈ri〉j−1)i,j=1,2,...,n =

=(−1)
1

2
n(n−1q

1

6
n(n−1)(n+1)

∏

16i<j6n

1

qj − qi
det(〈ri〉j−1)i,j=1,2,...,n.

Applying Lemma 3.4 we can get Theorem 2.2. �

Proof of Corollary 2.3.1.

det

([
m − ri

n − j

])

i,j=1,2,...,n

= (Reversing the order of rows and columns)

= det

([
m − rn−i+1

j − 1

])

i,j=1,2,...,n

(Taking m − rn−i+1 = pi, i = 1, 2, . . . , n)

= det

([
pi

j − 1

])

i,j=1,2,...,n

= (Applying theorem 2.2)

=q
1

2
n(n−1)

∏

16i<j6n

qpj − qpi

qj − qi
= (Taking pi = m − rn−i+1)

=q
1

2
n(n−1)

∏

16i<j6n

qm−rn−j+1 − qm−rn−i+1

qj − qi
=

=q
1

2
n(n−1)(m+1)

∏

16i<j6n

q−rn−j+1 − q−rn−i+1

qj − qi
=

=q
1

2
n(n−1)(m+1)

∏

16i<j6n

q−ri − q−rj

qj − qi
.

�

Proof of Theorem 2.1. Let

J(q) =








q−n

q−2n

. . .

q−sn








.

From corollary 3.2.1 we have

A(n, s; q)Tm,0(q)Tm,1(q) · · ·Tm,n−1(q) = (−J(q), 0),
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and
A+(n, s; q)Sm,0(q)Sm,1(q) · · ·Sm,n−1(q) = (J(q), 0).

Then

Bq(n, s; r1, r2, . . . , rn)Tm,0(q)Tm,1(q) · · ·Tm,n−1(q) =

=








A(n, s; q)Tm,0(q)Tm,1(q) · · ·Tm,n−1(q)
er1

Tm,0(q)Tm,1(q) · · ·Tm,n−1(q)
...

ern
Tm,0(q)Tm,1(q) · · ·Tm,n−1(q)








=

(
−J(q) 0

∗ X

)

,

and

B+
q (n, s; r1, r2, . . . , rn)Sm,0(q)Sm,1(q) · · ·Sm,n−1(q) =

=








A+(n, s; q)Sm,0(q)Sm,1(q) · · ·Sm,n−1(q)
er1

Sm,0(q)Sm,1(q) · · ·Sm,n−1(q)
...

ern
Sm,0(q)Sm,1(q) · · ·Sm,n−1(q)








=

(
J(q) 0
∗ Y

)

.

It is easily seen that for each u,

det(Tm,u(q)) = det(Tm−u(q)) = q−1−2−···−(m−u) = q−
1

2
(m−u)(m−u+1),

det(Sm,u(q)) = det(Sm−u(q)) = q−
1

2
(m−u)(m−u+1)

and

det

(
−J(q) 0

∗ X

)

= det(−J(q)) det(X),

and

det

(
J(q) 0
∗ Y

)

= det(J(q)) det(Y ).

We thus have

det(Bq(n, s; r1, r2, . . . , rn)) =

=q
1

2

Pn−1
u=0

(m−u)(m−u+1)(−1)sq−2−2n−···−sn det(X) =

=(−1)sq
1

2

Pn−1
u=0

(m−u)(m−u+1)− 1

2
ns(s+1) det(X) =(4.5)

=(−1)sq
1

2
(m+1)(m+2)n− 1

4
n(n+1)(2m+3)+ 1

12
n(n+1)(2n+1)− 1

2
ns(s+1) det(X) =

=(−1)sq
1

6
n(n−1)(n+1)+ 1

2
n(n+1)(s+1) det(X).

and

(4.6) det(B+
q (n, s; r1, r2, . . . , rn)) = q

1

6
n(n−1)(n+1)+ 1

2
n(n+1)(s+1) det(Y ).

We now proceed to compute det X and detY .
By Lemma 3.3 the last n entries of eri

Tm,0(q)Tm,1(q) · · ·Tm,n−1(q) are
(

G
(0)
m−n−ri+1, G

(1)
m−n−ri+1, . . . , G

(n−1)
m−n−ri+1

)

.
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Thus

detX = det(G
(j−1)
m−n−ri+1) = det

(

q−(n−j+1)(m−n+1)

[
m − ri

n − j

])

i,j=1,2,3,...,n

=

= q−
Pn

j=1
(n−j+1)(m−n+j) det

([
m − ri

n − j

])

i,j=1,2,...,n

=(4.7)

= q−
1

6
n(n+1)(n+2)− 1

2
n(n+1)s det

([
m − ri

n − j

])

i,j=1,2,...,n

.

Similar to above methods, by Lemma 3.3, the last n entries of
er1

Sm,0(q)Sm,1(q) · · ·Sm,n−1(q) are
(

H
(0)
m−n−ri+1, H

(1)
m−n−ri+1, . . . , H

(n−1)
m−n−ri+1

)

.

Thus

detY = det(H
(j−1)
m−n−ri+1)i,j=1,2,3,...,n =

= det

(

(−1)m−n+j−riq−(n−j+1)(m−n+j)

[
m − ri

n − j

])

i,j=1,2,...,n

=(4.8)

= (−1)y′

q−
1

6
n(n+1)(n+2)− 1

2
n(n+1)s det

([
m − ri

n − j

])

i,j=1,2,...,n

.

where y′ = 1
2n(n + 1) + ns −

∑n
i=1 ri.

Comparing (4.7) and (4.8), we have detX = (−1)y′
det Y , and comparing (4.5)

and (4.6), we have

det(Bq(n, s; r1, r2, . . . , rn)) = (−1)s+y′

det(B+
q (n, s; r1, r2, . . . , rn)).

It follows from Lemma 3.1 that

det(M+
q (n, s; r1, r2, . . . , rn)) = (−1)s+y′

det(Mq(n, s; r1, r2, . . . , rn)).

Note that the number y defined in Theorem 2.1 has the same parity with y′:

y′ + y = −
1

2
n(n + 1) + ns −

n∑

i=1

ri + ns +
n(n + 1)

2
+

n∑

i=1

ri ≡ 0 (mod 2).

It follows the second formula in the theorem. The first is obtained from (4.5) and
(4.7) and Lemma 3.1.

The proof is completed. �
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