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A COMMENT ON NEAR-P-POLYAGROUPS
(POLYAGROUPS)

Janez USan and Malisa Zizovié¢*

Abstract. In this article one proposition on {1,n}—neutral
operation in near- P-polyagroups (polyagroups) is proved.

1. Introduction

1.1. Definition [1]: Let n > 2 and let (Q, A) be an n—groupoid. We say that
(Q; A) is a Dérnete n—group [briefly: n—group] iff is an n—semigroup and
an n—quasigroup as well. (See, also [9].)

1.2. Definition (Cf. [2],[3]): Let k > 1,s > 1,n=Fk-s+ 1 and let (Q; A)
be an n—groupoid. Then: we say that (Q; A) is a polyagroup of the type
(s,n — 1) iff the following statements hold:

1° For alli,j € {1,...,n} i = j (mod s), then < i,j > —associative
law holds in (Q; A); and

2° (Q, A) is an n—quasigroup.

1.3. Definition [8]: Let k > 1,s > 1,n = k-s+ 1 and let (Q;A) be an
n—groupoid. Then: we say that (Q;A) is a near-P-polyagroup [briefly:
N P—polyagroup] of the type (s,n — 1) iff the following statements hold:

°1 For alli,j € {1,...,n} (i < j) ifi,j € {t-s+ 1|t € {0,1,...,k}},
then the < i,j > —associative law holds in (Q; A); and

°2 For alli e {t-s+ 1|t € {0,1,...,k}} and for every a} € Q there is
exactly one x; € Q) such that the equality

A(d 2,0l = ap
holds.V)
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1.4. Proposition: Every polyagroup of the type (s,n—1) is an N P—polyagroup
of the type (s,n —1). [By Def. 1.2 and by Def. 1.3.]

2. Auxiliary propositions

2.1. Proposition [7]: Let n > 2 and let (Q; A) be an n—groupoid. Then,
the following statements are equivalent: (i) (Q; A) is an n—group; (ii) there
are mappmg 1 and e, respectively, of the following laws hold in the algebra
(Q; A,7t e) [of the type <n,n—1,n—2>/

(a) A( T A ?), wn) = AT A1),

(b) A(e(a? %), al 2,m) =z and

() (@2, 0)" 1 a2, a) = e(a}~2); and
(iii) there are mappings ~' and e, respectively, of the sets Q"' and Q"2
into the set Q such that the following laws hold in the algebra (Q; A, e) [of
the type < n,n —1,n —2 >]

(@) A(A(}), 32171) = Alm, A, 22150,

(b) A(x, a2 e(a}™?)) =z and

(@) Alar @}, (a2, 0)1) = e(al~?).

2.3. Remark: e is an {1,n}—neutral operation of n—groupoid (Q; A) iff al-
gebra (Q; A, e) [of the type < n,n — 2 >] satisfies the laws (b) and (b) from
2.1 [4]. Operation =% from 2.1. [(c),(€)] is a generalization of the inverse
operation in a group [5]. Cf. [9].

2.4. Proposition[6]: Let (Q; A) be an n—group, e its {1,n}—neutral opera-
tion andn > 3. Then, for every a™ 2 b 22 eQandforalic{l,. .  ,n—1}
the following equalities hold

Az, b2 e(b]™?), b’ b= A(e(aqf 2),ay"% ) and

A2, e(b)72), 67 x) = Az, a2, e(al?)).

2.4. Proposition [8] Let k > 1, s > 1n=k-s+ 1 and let (Q;A) be an
n—groupoid. Then, the following statements are equivalent: (i) (Q;A) is an
N P—polyagroup of the type (s,n — 1); (ii) there are mapping ~' and e,
respectively, of the sets Q"1 and Q"2 into the set Q such that the following
laws hold in the algebra (Q; A,~',e) [of the type < n,n —1,n —2 >/

A(A@D), 231 = Alef, Al a2 1),

Az,a}™ 2 e(a??)) =z and

Ala, a2, (a7 2,a)7h) —e(aqf %); and
(iii) there are mappings ~' and e, respectively, of the sets Q"' and Q"2
into the set Q such that the following laws hold in the algebra (Q; A, e) [of
the type <n,n —1,n —2 >]
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k—1)-s k—1)-s+n n s n
A(I‘g ) A(xgk—1;~s+1) ?k 11) s—l—n—f—l) A(l‘lf ’A(l‘i erll))
Ale(a}2),a} 2, x) =« and
A((aqlliaa)_laaqllia )_e(aqll 2)'

(Cf. Prop. 2.1 and Remark 2.2.)

3. Results

3.1. Theorem: Letk >1, s> 1, n=k-s+1, (Q;A) be an N P—polyagroup
of the type (s,n— 1) and let e its {1,n}—neutral operation.?) (Cf. Prop. 2.4.)
(1) (k)
Then, for alli € {1,...,k}, for everym,blf_l € Q and for every y ‘f_l, YT =
Q the following equalities hold:
() (k—i+1) () (k)

(1) A(l" Yy iila bi71+j f;ia ) iilv e( ) iilv b] f;ia ) iil)a

() )

Y1 b h—it)

ke —
j—k—it2) = T and

(4) (J) (k) (k—i+1)
(2) A( bz 1+]7yi ! f 1-€ ( ! b f 117 yi_l)a yi_la
(4)
bj—(heis1)¥ S | Py 1) =28

(1) (k) ()
Proof. Let y i~ Ly ifl [oriefly: y ifl ;?:1] be an arbitrary sequence
over @ and let

def
Y= yi ! ?:1
Also let
e, W@ ®
(3) BY(JZI—'— ):A( lvyi $27yi_ a"'vxkvyi_ ,$k+1)

() ()
/brleﬂy BY( k+1) EfA( T, Y iil ;?:hxk-l—l)v or = A(J“la Yy iilal‘j+1 ?:1)/
and
def () (k)

(4) ey ) =e( y it |52y
for every xlﬂ, b’f 1€ Q. Then, the following statements hold:

1° (@; By) is a (k + 1)—group; and

2° ey is a {1,k + 1}—neutral operation of the (k4 1)—group (Q; By).

The proof of 1° : By Def. 1.1 and by Def. 1.3.

DFor s =1 (Q; A) is an n—group; n =k + 1 > 3.
()

. d
3 Y3 l,b,'_1+j ;':H—l = 0, te NU {0}
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The proof of 2°:
Let E be an {1,k + 1}—neutral operation of the (k 4+ 1)—group (Q; By). (By
1° and by Prop. 2.1.) Whence, we have
(51) By (z, bllcilv E(b’fil)) =T
for all x, b’ffl € @. Further on, we have

() 8 (%) . () N 1(k) .
Az, y i~ b g_1>y1 (?J1 » bj ]17yi_>):x

for all m,b’f 1€ Q. Whence, by (3), we obtain

() (k)
(52) By (z, b5 e( yi7h b M8, y i)

for all :U,blffl € Q. Finally, by (4), (51), (52),1° and by Def. 1.1, we obtain
E= ey.
In addition, by 1°,2° and by Prop. 2.3, we have

By(x,bf_l,ey(bk_l) b’ Y=z and

By (b ey (b)), b a) = @
for all x,b’f‘l € Q. Whence, since Y is an arbitrary sequence over @, by (3)
and by (4), we have (1) and (2) for all z,b¥~! € Q and for every sequence
(1 (k)
yfﬁl,...,yf Lover Q. O

By Th. 3.1 and by Prop. 1.4, we obtain:
3.2. Theorem: Let k > 1,s > 1,n = k-s+ 1,(Q; A) be an polyagroup of
the type (s,n — 1) and let e its {1,n}—neutral operation. (Cf. Prop. 1.4 and
Prop. 2.4.) Then, for alli € {1,...,k}, for every x,b’ffl € Q and for every
(1 (k)
Y i_l,...,y i_l € Q the equalities (1) and (2) hold. O
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