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FIXED POINTS AND ADMISSIBLE SETS
SiniSa N. Jesi¢*

Abstract. This paper is to present two fixed points theo-
rems for nonexpansive mappings, defined on general convex topo-
logical spaces. This theorems, for mappings defined on metric
spaces are given by Y. Kijma and W. Takahashi ([3]).

1. Definitions

Definicija 1.1. Let X be a topological space and let A : X x X —
[0,400) be a function. If there exists a mapping G : X x X x [0,1] — X,
satisfying the following inequality

(S) A(z,G’(x,y,A)) < maX{A(zjx),A(z,y)},

for all x,y,z € X and arbitrary X € [0,1], then we say that X possesses
general convez structure denoted by G(x,y,\). The topological space X with
general convex structure is called a general convex topological space. We say
that X is a bounded general convex topological space if A is a bounded function.

Definicija 1.2. A subset K of X, is general convex if G(x,y,\) € K,
for all x,y € K and arbitrary X € [0,1].

This definiton of general convex topological spaces has been given by
M. Taskovi¢ (see [5]). Condition (S) from this definition provide that sets
B(z,p) ={y € X : A(z,y) < p} (which we can call closed balls ), are general
convex sets. This definition is one natural generalisation of Takahashi’s [4]
definition of convex structure in convex metric spaces.
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Definicija 1.3. For S C X, the diameter of S is defined by
5(S) :=sup{A(z,y) : z,y € S}.
Point x € S is a diametral point of S if 6(S) := sup{A(x,y) : y € S}.

Definicija 1.4. A subset S C X, is said to be admissible if it is an
intersection of closed balls.

2. Results

Theorem 1. Let X be a bounden general convex topological space with
general convex structure G(x,y,\) satisfying conditions:
(1) If a family of closed balls has finite intersection property, then the
intersection of the family is nonempty.
(2) Each admissible subset which contains more than one point contains
a nondiametral point.
If f is a nonexpansive mapping of X into X than f has a fixed point.

Proof. Let ® be a family of all nonempty, admissible subsets of X,
each of which is mapped into itself by f. The family ® is partially ordered,
by usual set inclusion, and nonempty, because A is a bounded function, and
follows that X € ®. We shall provide that the family ® has the minimal
element. Let {S; : @ € I} be a totally ordered subfamily of ®. Then, set
S = NierS; is a lower bound of the family {S; : ¢ € I}. Because S; is a
admissible set, we can write

S; = ﬂ{B(xj,rj) 1 j € Jz}
From last follows that S can be interpreted in the following form
S =n{Blz;,rj) i € T},

where J is the union of index sets J;. Let

B(le,rjl),... ,B($jn,rjn),
be an arbitrary finite subfamily of { B(z;,r;) : j € J}. Each of balls B(z;,,7;,),
where £ = 1...n, contains some of sets S;,, from totally ordered subfamily
{S; :i € I'}, and follows that N}?_,S;, € N}_,B(zj,,7;,). Since the subfamily
{Si i € I} is a totally ordered, N}_,S;, is nonempty and from previous we
can observe that N}_, B(xj,,rj,) is a nonempty.

From (1) follows that family {B(z;,r;) : j € J} has nonempty in-
tersection and so S # (). We conclude that S is the lower bound of family
{S; : i € I}. By Zorn’s lemma, we conclude that ¢ has a minimal element,
denoted by F'. Like in the paper [3] we can prove that F' has only one element
which is the fixed point of mapping f.
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Theorem 2. Let X be a bounden general convex topological space with
general conver structure G(x,y, \) satisfying conditions (1) and (2). Let F =
{T|T:X — X} be a finite commuting family of nonexpansive mappings of
X into X than F has a common fixed point.

Proof. Let ® be a family of all nonempty, admissible subsets of X,
each of which is mapped into itself by f. The family ® is partially ordered,
by usual set inclusion, and nonempty.

From Theorem 1 follows that ® has the minimal element, denoted by F'.
Denote F = {T1,...,T,,}. Let usnote aset W ={x € F: 1Ty --- T, (z) = x}.

From Theorem 1 follows that mapping 1175 --- T, : F — F has a fixed
point, and it follows that W # (). It is easy to prove that T;(W) = W. If
x € W, than the element 1175 -+ - T;_1Tj4+1 - - - Tp(z) € W is mapped by T; to
z, and follows that = € T;(W). Conversely, if x € T;(W), than exists y € W
so that T;(y) = =.

From z = Ti(y) = T\ Ty ---To(y) = ThTo--- T Ti(y) = Ty -+ Ta(x),
follows that x € W. Let K be the least admissible set containing W C F.
Since F' is a admissible set containing W, follows that K C F. We shall show
that set K has only one point. In this goal, let us suppose that K contains at
least two elements. Then, from (2) it follows that point xg € K exists, such
that

8uy (K) = 1 < 8(K).

The set C:= FN[N{B(z,r) : z € K}| is a nonempty, admissible subset
of F. We can note that C' = Cy where Cy := F'N [ {B(z,r): z € W}]. Since
W C K, it follows that C' C C;. Conversely, if z € C, then A(z,z) < r, for
all z € W, and W C B(z,r). Because K is the least admissible set containing
W, then K C B(z,r) and A(z,z) < r, for all z € K, from which it follows
that = € C. Because T; is nonexpansive mapping for all ¢ € C and w € W
follows that

A(Ti(¢), Ti(w)) < Alc,w) <

From T;(W) = W, we conclude that T;(C) C C, and since C' is nonempty,
admissible and C C F, then, from minimality of F', follows that C = F.
Finally, from

J(K)=8(FNK)=06(CNK)<r<dK),

follows contradiction. So, set K contains only one point, and this point is the
common fixed point for family F.



14 Sini%a N. Jegi¢

3. References

[1] Dunford, N., and J. T. Shwartz: Linear operator, Part 1., Interscience, New
York (1958).

[2] S. Jesié: Fized points theorem in spaces with general convex structure, Publ.
Elektrotehn. Fak. Ser. Mat., 10(1999), 107-112.

[3] Yoichi Kijima and Wataru Takahashi: A fized point theorem for nonerpansive
mappings in metric space, Kodai. Math. Sem. Rep., 21(1969), 326-330.

[4] W. Takahashi: A convezity in metric space and nonexpansive mappings, Kodai
Math. Sem. Rep., 22(1970), 142-149.

[6] M. Taskovié: General convex topological spaces and fized points, Math. Moravica,
1(1997), 127-134.

University of Belgrad
Faculty of Electrical Engineering
P.O.Box 35-54, 11120 Belgrad Yugoslavia

jesha@eunet.yu





