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NOTE ON n—GROUPS

Janez USan and Malisa Zizovié¢*

Abstract. Among the results of the paper is the following propo-
sition. Let n > 3 and let (Q, A) be an n—grupoid. Then: (@, A) is an
n—group iff there are mappings o and 3, respectively, of the sets Q™2
and @ into the set @) such that the laws

A(A@), 23457) = A, Ay ™), 23750,

BA(a}) = A2y, Blaa)) = A7 7%, Bza—1), za),
Az, ai % a(ai™?)) = A} 72, a(bi7?),2) and
BA(z, 2 a(c}?) =

hold in the algebra (Q, {A, a, 5}) [:3.1].

1. Preliminaries

1.1. Definitions: Let n > 2 and let (Q, A) be an n—groupoid. Then:
(a) we say that (Q, A) is an n—semigroup iff for everyi,j € {1,...,n}, i < j,
the following law holds

. o _ ) itn—1 —
Ay A ), e ) = AT A, 275

[: (i,7)— associative law];

(b) we say that (Q, A) is an n—quasigroup iff for everyi € {1,...,n} and
for every at € Q there is exactly one x; € QQ such that the following equality
holds

A(ai_l,:ci,ai_ ) =a,; and
(c) we say that (Q,A) is a Ddrnte n—group [briefly; n—group/ iff (Q,A) is
an n—semigroup and an n—quasigroup as well.

A notion of an n—group was introduced by W. Dérnte in [1] as a gen-
eralization of the notion of a group.
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1.2. Proposition [2]: Let n > 3 and let (Q, A) be an n—semigroup.
Further on, let i be an arbitrary element of the set {1,...,n—2}. Then: (Q, A)
is an n—group iff for every a,b,c € @Q and for every sequence a?iS over
Q[: 1.1;n > 3] there is exactly one & € Q such that the following equality
holds

Ala, a’fl,ﬁ,a?*’, b) =c.
See, also [9].

1.3. Definition [6]: Let n > 2 and let (Q, A) be an n—groupoid. Further
on, let e be an mapping of the set Q"2 into the set Q. Let also {i,j} C
{1,...,n} and i < j. Then: e is an {i,j}— neutral operation of the n—grupoid
(Q, A) iff the following formula holds '

(Va; € Q)7 *(Vx € Q)(A(a] ' e(a"2),a] " z,a)]) ==
ANA(a 1z, af{e(a?”),a;‘:f) = ).

[For n = 2, e(a} %) = e(f) € Q is a neutral element of the groupoid (Q, A).]

1.4. Proposition [6]: Let n > 2, {i,j} C {1,...,n} and i < j. Then in
every n—groupoid there is at most one {i, j}—neutral operation.

1.5. Proposition [6]: In every n—group, n > 2, there is a {1,n}—
neutral operation.
[There are n—groups without {7, j}— neutral operations with {7, j} # {1,n}
[: [7] ]. In [7], n—groups with {3, j} —neutral operations, for {7, j} # {1,n} are
described.]

1.6. Proposition [6]: Let n > 3 and let (Q,A) be an n—semigroup.
Then: (@, A) is an n—group iff (Q,A) has a {1,n}—neutral operation.

1.7. Remark: In [8] it was shown that the condition ”...(Q, A) as an
n—semigroup ...” can be weakened to the condition ”...(Q, A) is an (1,2)—
associative n—grupoid ...” or to the condition ”...(Q,A) is an (n — 1,n)—
associative n—groupoid ...”.

1.8. Proposition: Let n > 3 and let (Q, A) be an n—groupoid. Then
the following statements holds:

(1) If (a) the (1,2)—associative law holds in (Q, A), and (b) for every
x, Y, a?_l € Q the following implication holds

A(:C)arll_l) = A(yaarll_1> =T =Y,

then (Q, A) is an n—semigroup; and

(II) If (@) the {(n — 1,n)—associative law holds in (Q,A), and (b) for
every x,vy, a?il € Q the following implication holds

Ay z) = Aa) y) = 2=y,
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then (Q, A) is an n—semigroup.
Proposition 1.8 can be proved by the method of E.I. Sokolov from [3].

2. Auxiliary propositions

2.1. Proposition: Let (Q, A) an be n—group, e its {1,n}—neutral op-
eration and n > 2. Then for every sequence arf_Q over @QQ, every sequence brf_Q
over Q and for every x € Q the following equalities hold

(i) Afe(ar),a1 %, 2) = A(w. e ). )= ] and

(i) A(a? 2, e(a}?),2) = Az, b7 2e(b %)= ].

The sketch of the proof of (i): 1) for n = 2 the formula (a) reduces
to the formula A(e(0),z) = A(z,e(0)), and

9) Let n > 3. F(z,b72) e A(z,e(t72),072) =

A(P(,5772), e(6=2),0772) = A(A(, e(B)=2), b 2), (b 2),572)

A(F (e, b2), o(B ), B12) = (s, Ale(b2), b2, e(b2).60 )

A(F (2,0772), e(b77%),077%) = Az, e(b772),b77%) =

F(z,b77%) = = Az, e(b) ), biﬁ) = Ale(ay™?), a7 7% 2).

2.2 Remark: Let n > 2, let (Q, A) be an n—groupoid and let o be an
(n—2)—ary operation in Q). Then, for example, each of the following formulas

(1) (Vai € Q)7 2(Vh; € Q)7 (Vo € Q)A(w,a ™% aai™?)) = A(b7 %,
a(br2), @),

, (@) (Vai € Q)7 *(Vb; € Q)72 (Vx € Q) Az, a(a]™?), a7 %) = A(au(t] ),

b1, x),

(3) (Va; € Q)7 *(Vh; € Q)7 *(Vx € Q)A(w, a7, a(a]™?)) = A(ex(t] ),
b2, ),
for n = 2 reduces to the formula

(4) (vz € Q)A(z, a(0)) = A(a(0), z).
Whence, we conclude that a, defined by any of the formulas (1) - (3), repre-
sents a generalization of the nullary operation - fixing a central element of
the groupoid (Q, A).

2.3. Proposition [10]: Let n > 2, let (Q, A) be an n—groupoid and let
a be an (n — 2)—ary operation in Q. Then the following implications hold

(1) =@)AB) and (2) = (1) A(3),
where (1) - (3) are statements from 2.2

2.4. Proposition [10]: These is an algebra (Q,{A,a}) of the type
(n,n—2) such that the following holds: a) (Q,A) is an n—group , b) n > 3, ¢)
the statement (3) from 2.2 and d) the statement (1) from 2.2 does not hold.
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2.5. Proposition [10]: Let n > 3, let (Q, A) be an n—group and let
o be an (n — 2)—ary operation in Q. Further on, let the statement (1) [or
statement (2)] from 2.2 [: 2.3] hold in the algebra (Q,{A,a}) [of the type
(n,n — 2)]. Then there is a permutation o of the set Q such that for every
x € Q, for every sequence x over Q, for every sequence arf_Q over QQ and for
every i € {1,...,n}, the following equalities hold

A(x,a?_Q,a(an 2)) =oa(zr) and oaA(2}) = A(:ci_l,a(:vi),:c?+1).
[Whence, since a € Q!, we conclude that for every ¢ € {1,...,n} and for every
x} € Q also A(fvi_l,afl(xi),:cﬁrl) =a tA(2Y). ]

2.6. Definition: [10]: Let (Q, A) be an n—group and n > 2. Let also
a be an (n — 2)—ary operation in the set Q. We say that o is a central
operation of the n—group (Q, A) iff the following formula holds

(Va; € Q)7 2(vh; € Q)1 *(Vo € Q) A(ax(a} ?),a} 2, 7) =
A(z, (b7 2),0772)

[: formula (2) from 2.2].

2.7. Remark: The {1,n}—neutral operation e of the n—group (Q, A)
is a central operation of that n—group [: 2.6, 2.1].

2.8. Proposition [4,5]:1) Letn > 3, let (Q, A) be a (1,2)—associative
n—groupoid and let E be an (n — 2)—ary operation in Q. In addition, let for
every x € @, for every sequence a?_Q over () and for every sequence be_Q
over @ the following equalities hold

(a) A(x,a" 2 E(a}™ %) =2 and

(b) A(b}™ 2,E(b” 2), r) = .

Then (Q, A) is an n—group.
The sketch of the proof:
1 (Va; € Q) *(Va € Q)(¥z € Q)(Yy € Q)(A(x,a,a] )

arll_i) =T _3y) [A(x a, a1_2) 9 14(2/7GQCL71Z )3:> A(A('Q;v a, CL?_ )7 (a1_2)>2
(0, ) = AA@, 0,02, (o} %), ¢ B0, %)) = Al A0t~
E(a? ), i Ela, e777)) = A(y, A(a, ay” 7, E(af

a,cy” 3,E(a A 3)) = A(y,a,c 3, E(a,c" %)) =z =y; (a), n > 3

20 (Q,A) is an n—semigroup. [A(A x?),xfﬁﬁl) = A(xy, A(zy™™),
22'5h), 10, 1.8, n > 3]

39 (Va € Q)(Ve; € Q) Pa = E( "3 E(a, c1 ). [A(a,c? E(a,
™), B 7%, Ea, i 7%))) = E(¢7 %, E(a, of 3)) Afa. i~ E(a, i), ()
E(a, ) = a; (b), (a), n > 3]

YSee: Corollary 5 in [4] and Theorem 2.6 in [5].
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49 (Ya; € Q)1 *(Va € Qve € Q)lvy € Q)(A(a,z,a!7%) = A(a,
a1 %) = x = y). [Aa,2 01 ) = ( (c1 2 E(a, 7)), 2,07 72), Ala,
a?iQ) = Ala,y,ay” 2) = A(c} E a C? ),A(E(C?iS,E(a7C?73) 7x7a71172)7
E(a™?)) = A(c{ ", E(a, ¢}~ 3)714(5(0? JE(a, ' 7%)),y,a77%), E(a77?)); 3%, 2°
(: (1,n — 1)—associative law), (b), (a)].

59 (Ya; € Q5 *(Va € Q)(Va € Q)(vy € Q)(Alay % x,a) = A(ay 2,y
W = o = ). (A0 0,0) = Ay 0) = A Al w0, ) =
A Al ) di ™) = AU af ) o, ) < AAE, ), .0
B Y =sr=yr=y= A} % 2,0) = Ala}™ Q,y, a); 2° (: (1,3>—associatlve

law), 4%, (n — 1)—monotony.]

& (Yo € Q)(Va € Q)b € Q)(va; € QA ) = b
x = A(? E(a,c}™%),b,E(a?)). [Ala,z,a}?) = b <= A}~ E(a 3,
A(E(,Efa, %), 2,072, E(al ™)) = Al E(a, &%), b, E(ad2)); 3.
20 (: (1,n — 1)-associative law), (b), (a).]

Finally, considering 2°,4% and 6", by Proposition 1.2, we conclude that
(Q,A) is n—group. O

Similarly, one could prove also the following proposition:

2.9. Proposition: Let n > 3, let (Q,A) be an (n — 1,n)—associative
n—groupoid and let E be an (n — 2)—ary operation in Q. In addition, let for
every r € Q, for every sequence a?_Q over Q@ and for every sequence brf_Q
over Q) the following equalities hold

A(E(a}?),a" 2%, 2) = x and A(x, E(DT2),b772) = .

Then (Q, A) is an n—group.

2.10. Remark: E from 2.8 and from 2.9 is an {1, n}—neutral operation
of the n—group (@, A4) [: 2.8 (2.9), 1.5, 1.1].

3. Results

3.1. Theorem: Let n > 3 and let (Q,A) be an n—groupoid. Then:
(Q, A) is an n—group iff there are mappings o and (3, respectively, of the sets
Q"2 and Q into the set Q such that the laws

(1) A(A(at), 2pi7h) = A(th(fCZ“),xiTzl),

(2) Az, ay” l,a(a? %) = AW (07 7?), x),

(8) BA, i %, el ?)) = = and

(4) BA(z}) = A(? ™, B(a)) = Al ™%, B(zp-1), 0)
hold in the algebra (Q, {A,a,ﬂ}).

Proof. a) =: Let (Q, A) be an n—group and let e be its {1, n}—neutral
operation; n > 3. Whence, by Proposition 2.1 [(ii)], we conclude that there is
[at least one| (n — 2)-ary operation « [= €] and [at least one] unary operation
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B [= {(z,x) | = € Q}] such that the laws (1) - (4) hold in the algebra
Q. {4, . B)).

b) <: Let (Q, {4, o, 3}) be an algebra of the type (n,n —2,1) in which
the laws (1) - (4) hold. By the assumption that in (@, {A, o, 3}) the laws (2)
- (4) hold, we conclude that in (@, {A, a, 3}) also the following laws hold

(5) A(z,a? 2, Ba(a??)) = 2 and

(6) AWy, Bty ), 2) = a.
Since the laws (1), (5) and (6) hold in (@, {A, a, 3}), by Proposition 2.8, we
conclude that (@, A) is an n—group. [In addition, the {1, n}—neutral opera-
tion is defined by the formula

(Vei € Q)7 %e(c] %) = Ber(c]™?);

2.10.]
Similarly, it is possible to prove that the following proposition holds:

3.2. Theorem: Let n > 3 and let (Q,A) be an n—groupoid. Then:
(Q, A) 1s an n—group iff there are mappings o and 3, respectively, of the sets
Q"2 and Q into the set Q such that the laws

(1) A} AW ?),a01) = Al A2 )

(2) A(a(a? 2) ai % x) = Az, « (b? %), 0072,

(3) BA((c?), 2, 5) =2 and

(4) BA(z7) = A(B(21), 25) = A(z1, B(z2), 25)
hold in the algebra (Q,{A, o, 5}).

3.3. Theorem: Let n > 3 and let (Q, A) be an n—group. Then (Q, A)
is an n—group iff there are mappings o and (3, respectively, of the sets Q">
and @ into the set Q) such that the laws

(1) A(A@), 2;"7") = Alzn, Ay ), 275") [or
(1) A(zy™ A( W) wano) = AT A(z )],
(3) Alz, a2, alal %)) = Ala(Bi2), b2, ),

(i}) BA(z, a2 01(071Z )=z and

(4) BA(aT) = A, Blzn)) = A(B(21), 25)

hold in the algebra (Q ,{A,a,ﬂ}).

Proof. a) =: Let (Q, A) be an n—group and let e be its {1, n}—neutral
operation [: 1.5] ; n > 3. Whence, by 1.3, we conclude that there is at least
one| (n — 2)- ary operation a [= €] and at least one unary operation  [=

{(z,z)|x € Q}] such that the algebra (Q,{A4,a,B}) the laws (i),(i) - (4)
hold.
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b) «: Let (Q,{4,a,B})
which the laws (1), (2) — (4)[(1
(Q,{A, o, 4}) hold the laws (
the following laws hold

(5) A(z,a} 2, fa(a?™?)) =z, and

(8) A(ﬂa(b?iQ), b?72vx) =T
[either in (Q, {A, a, §}) holds the laws (1) or the law (1)]. Since in (Q, {4, a,

~

4}) hold the laws (1), (5) and (6)[(1), (5) and (6)], by 1.6 and 1.7 we conclude
that (@, A) is an n—group. [The {1,n}—neutral operation e of the n—group
(Q, A) satisfies the formula

(Vei € Q)1 2e(cl~2) = falc2);
2.10]

be an algebra of the type (n,n — 2,1) in
), (2 ) — (4)] hold. By the assumption that in

(
2) — (4), we conclude that in (Q, {4, a, 3}) also

3.4. Example: Let ({1,2,3,4},-) be the Klein’s group [Tab. 1] and !
the corresponding inverse operation. Further on, let ¢ be the permutation of
the set {1,2,3,4} defined in the following way

-1112(131]4
def 111234
ef 1234
= (1243)' 2121143
31314112
414131211

Tab. 1

[Then: (a) ¢ € Aut({1,2,3,4},-); (b) (Vx € {1,2,3,4})p?(z) = x; (c) p(2) =
2; and (d) ¢(1) =1].

3.4.1. Example: Let A(z3) “ 21-p(x2)-23-2 and a(c) 2 3-(p(c)".
Then: (i) ({1,2,3,4}, A) is an 3-group; and (ii) for every ¢ € {1, 2, 3,4} the fol-
lowing equalities hold A(a(c),c,x) = 4z, A(z,c, a(c)) = 4x, A(:c a(c),c) =
3z.

[See Proposition 2.4.]

3.4.2. Example: Let B(z%) Y 11-p(22) 25 and B(c) & 2. (p(c)".
Then: (1) ({1,2,3,4}, B) is an 3-group; and (2) for every ¢ € {1,2,3,4} the
following equalities hold B(3(c),c,x) = 2x and B(z,3(c),c) = 2.
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