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EXTENSION OF THEOREMS BY

KRASNOSELSKIJ, STEČENKO, DUGUNDJI,
GRANAS, KIVENTIDIS, ROMAGUERA,

CARISTI AND KIRK

Milan R. Tasković∗

Abstract. In this paper we describe a class of conditions sufficient
for the existence of a furcate point which generalize several known results
of fixed point.

1. Introduction and history

In [6] Krasnoselskij and Stečenko investigated a mapping T on a com-
plete metric space (X, ρ) that satisfies the following contiditon: there exist a
continuous mapping Ψ : R0

+ → R0
+ := [0,+∞) such that

ρ[Tx, Ty] ≤ ρ[x, y] − Ψ
(
ρ[x, y]

)
for all x, y ∈ X,(KS)

where 0 < Ψ(t) < t for every t ∈ R+ := (0,+∞); and showed that such
mappings have a unique fixed point in X.

Let (X, ρ) be a metric space. A mapping θ : X ×X → R0
+ (not neces-

sarily continuous) is called compactly positive on X, if

inf
{
θ(x, y) : α ≤ ρ(x, y) ≤ β} > 0

for each finite closed interval [α, β] ⊂ R+. In a former paper Dugundji and
Granas [2] investigated a mapping T on a complete metric space (X, ρ) that
satisfies the following condition: there exist a compactly positive θ on X such
that

ρ[Tx, Ty] ≤ ρ[x, y] − θ(x, y) for all x, y ∈ X,(DG)
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and showed that such mappings have a unique fixed point in X. A mapping
T : X → X satisfying (DG) is referred to as weakly contractive.

In recent papers Caristi [1] and Kirk [3] investigated a mapping T on a
complete metric space (X, ρ) that satisfies the following condition: there exist
a lower semicontinuous function G : X → R0

+ such that
ρ[x, Tx] ≤ G(x) −G(Tx) for every x ∈ X,(CK)

and showed that such mappings have a fixed point in X.
In this paper, we extend the preceding results of Krasnoselskij, Stečenko,

Dugundji, Granas, Kiventidis, Romaguera, Tasković, Caristi, Kirk, also, and
many others; and we describe a class of conditions sufficient for the existence
of a furcate point which generalize several known results of fixed point.

2. Main result

In this section we introduce the concept of a ”general monotone princi-
ple of forks point”.

In connection with this, we shall introduce the concept of lower BCS-
convergence in a space X for B : X → R0

+, i.e., a topological space X satisfies
the condition of lower BCS-convergence iff

{
an(x)

}
n∈N

is a sequence in X
with arbitrary x ∈ X and if B

(
an(x)

)
→ b = b(x) ≥ 0 (n → ∞) implies that{

an(x)
}

n∈N
has a convergent subsequence

{
an(k)(x)

}
k∈N

which converges to
ξ ∈ X, where

B(ξ) ≤ inf
x∈X

lim inf
k→∞

B
(
an(k)(x)

)
.

We are now in a position to formulate our main statement (General
monotone principle ) which generalize great numbers of known results.

Theorem 1. (Monotone and forks principle). Let T be a mapping of
a topological space X into itself, where X satisfies the condition of lower
BCS-convergence. If

B(Tx) ≤ B(x) for every x ∈ X,(B)
then there exists a furcate point ξ ∈ X, i.e., such that

B(Tξ) = B(ξ) = α := inf
x∈X

lim
n→∞B

(
bn(x)

)
(M)

for some sequence
{
bn(x)

}
n∈N

in X which converges to ξ.
We notice that in the case of the preceding statement, if B(Tx) = B(x)

implies Tx = x, then T has a fixed point in X.
A brief proof of this statement based on some elementary facts may be

found in: Tasković [9] and [10]. For this, also, see and: Tasković [11].
An immediate consequence of the preceding statement is the following

result.
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Corollary 1. Let T be a mapping of a topological space X into itself
with the property (B) where B : X → R0

+ is lower semicontinuous. If for
arbitrary x ∈ X the sequence

{
T nx

}
n∈N

has a convergent subsequence, then
there exists a point ξ ∈ X such that (M).

Proof of Theorem 1. Let x be an arbitrary point in X. Then from
(B) we have the following inequalities

0 ≤ · · · ≤ B
(
T n+1x

)
≤ B

(
T nx

)
≤ · · · ≤ B(Tx) ≤ B(x)(1.1)

for every n ∈ N∪{0} and for every x ∈ X. Thus, for the sequence
{
B

(
T nx

)}
n∈N

,
we obtain B

(
T nx

)
→ b ≥ 0 (n→ ∞) with arbitrary x ∈ X. This implies (from

lower BCS-convergence) that its sequence
{
T nx

}
n∈N

contains a convergent
subsequence

{
T n(k)x

}
k∈N

with limit ξ ∈ X. Since X satisfies the condition of
lower BCS-convergence, from (1), we have

α := inf
x∈X

lim
n→∞B

(
T nx

)
≤ lim

n→∞B
(
T nξ

)
≤ · · · ≤ B

(
T nξ

)
≤ · · ·

≤ B
(
Tξ

)
≤ B(ξ) ≤ inf

x∈X
lim inf
k→∞

B
(
T n(k)x) = α,

i.e., B(Tξ) = B(ξ) = α. This means that (M) holds, where the existing
sequence

{
bn(x)

}
n∈N

, de facto, the preceding subsequence of the sequence of
iterates

{
T n(k)x

}
k∈N

. If B(Tξ) = B(ξ) = α implies that Tξ = ξ, then ξ ∈ X
is a fixed point of T . The proof is complete.

3. Applications

We now show that the following statements are all special cases of the
above Theorem 1.

Corollary 2. (Krasnoselskij-Stečenko [6]). Let T be a self-map on a
complete metric space (X, ρ). Suppose that there exists a continuous function
Ψ : R0

+ → R0
+ satisfying 0 < Ψ(t) < t for t > 0 such that
ρ[Tx, Ty] ≤ ρ[x, y] − Ψ

(
ρ[x, y]

)
for all x, y ∈ X,(KS)

then T has a unique fixed point ξ ∈ X, and at this point T is continuous.
This statement is a special case of more general result obtained by

Kiventidis [5]. This is analogous to the proof of the preceding statement.

Corollary 3. (Kiventidis [5]). Let X be a Hausdorff space, T : X → X
a continuous mapping, and F : X ×X → R0

+ be a continuous function such
that F (x, y) �= 0 for all x, y ∈ X (x �= y) and

F (Tx, Ty) ≤ F (x, y) − Ψ
(
F (x, y)

)
for all x, y ∈ X,(K)

where Ψ : R0
+ → R0

+ is a continuous function with property 0 < Ψ(r) < r for
every r ∈ R+. If for some x ∈ X the sequence of iterates

{
T nx

}
n∈N

has a
convergent subsequence, then T has a unique fixed point in X.
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We notice, Corollary 3 is an extension of result by Krasnoselskij-Stečenko
[6] in case of metric space (X, ρ) for F (x, y) := ρ[x, y], obtained by Kiventidis
[5]. Thus we have only to show this result.

Proof of Corollary 3. Let B(x) = F (x, Tx) which is lower semicon-
tinuous on X, then for y = Tx from (K) we obtain (B) in Theorem 1. Since
X satisfies the condition of lower BCS-convergence ({T nx}n∈N has a conver-
gent subsequence which convergs to ξ ∈ X), applying Theorem 1 we obtain
B(Tξ) = B(ξ) = α. Thus, from (K) we have α ≤ α−Ψ

(
B(ξ)

)
, i.e., we have a

contradiction, which means that Tξ = ξ for some ξ ∈ X. Uniqueness follows
immediately from condition (K). The proof is complete.

Corollary 4. (Dugundji-Granas [2]). Let (X, ρ) be a complete metric
space, and T : X → X weakly contractive:

ρ[Tx, Ty] ≤ ρ[x, y] − θ(x, y) for all x, y ∈ X,(DG)

where θ is compactly positive on X. Then T has a unique fixed point ξ in X,
and at this point T is continuous.

This result is a special case of the following more general result of type
a locally form of (DG) obtained by Tasković [8]. This has been generalized by
Romaguera [7].

Corollary 5. (Tasković [8]). Let (X, ρ) be a complete metric space and
g : X → X an arbitrary mapping. Suppose for every x ∈ X that is

ρ
[
g(x), g2(x)

]
≤ ρ[x, g(x)] − θ

(
x, g(x)

)
,(T)

where θ is compactly positive on X. If x �→ ρ
[
x, g(x)

]
is lower semicontinuous,

then g has a fixed point in X.

Proof. Let B(x) = ρ
[
x, g(x)

]
which is lower semicontinuous on X, then

from (T) we obtain (B) in Theorem 1. Also, (T) implies ρ
[
gn(x), gn+1(x)

]
→ 0

(n → ∞) and, since X is a complete metric space we have (see the Lemma
of Dugundji-Granas [2, p. 142]) that

{
gn(x)

}
n∈N

converges to some ξ ∈ X,
i.e., X that satisfies the condition of lower BCS-convergence. Hence, from
Theorem 1 it follows B(g(ξ)) = B(ξ) = α. Thus, from (T) we obtain α ≤
α − θ

(
ξ, g(ξ)

)
, i.e., we have a contradiction, which means that g(ξ) = ξ for

some ξ ∈ X. The proof is complete.

Corollary 6. (Caristi [1], Kirk [3]). Let T be a self-map on a complete
metric space (X, ρ). Suppose that there exists a lower semicontinuous function
G of X into R0

+ such that

ρ[x, Tx] ≤ G(x) −G(Tx) for every x ∈ X,(CK)

then T has a fixed point ξ in X.
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Proof. Let B(x) = G(x) which is lower semicontinuous on X, then
B(Tx) ≤ B(x) for every x ∈ X, i.e., (B) in Theorem 1. Since X satisfies the
condition of lower BCS-convergence (X is a complete metric space and for
xn := T n(x) from (CK) we have

∞∑
i=0

ρ
[
xi, xi+1

]
≤ B(x),

i.e., B(T nx) → b ≥ 0 (n → ∞) implies that
{
T nx

}
n∈N

converges to some
ξ ∈ X), applying Theorem 1 we obtain B(Tξ) = B(ξ) = α. Thus from (CK)
we obtain ρ[ξ, T ξ] ≤ α−α, i.e., ξ = Tξ for some ξ ∈ X. The proof is complete.

In connection with the preceding, from the proof of Theorem 1, we
obtain, as a directly extension of Theorem 1, the following general result.

Theorem 2. Let T be a mapping of a topological space X into itself,
where X satisfies the condition of lower BCS-convergence. If

B(Tx) ≤ B(x) for every x ∈ X,(B)

then there exists an k-furcate point ξ ∈ X, i.e., such that

B
(
T kξ

)
= · · · = B(Tξ) = B(ξ) = α := inf

x∈X
lim

n→∞B
(
bn(x)

)
,(Mk)

for arbitrary fixed integer k ≥ 1 and for some sequence {bn(x)}n∈N
in X which

converges to ξ.
We notice that in the preceding case of the statement, if (Mk) implies

ξ = Tξ, then T has a fixed point in X.
Proof of this statement is a totally analogous with the proof of Theo-

rem 1. Precision, from the proof of Theorem 1, directly we obtain Theorem 2.
As an immediate consequence of this result we obtain the following

generalization of Caristi and Kirk’s fixed point theorem.

Corollary 7. (Tasković [12]). Let T be a self-map on a complete metric
space (X, ρ). Suppose that there exist a lower semicontinuous function G :
X → R0

+ and an arbitrary fixed integer k ≥ 0 such that

ρ[x, Tx] ≤ G(x) −G(Tx) + · · · +G
(
T 2kx

)
−G

(
T 2k+1x

)
(Tk)

and G
(
T 2i+1x

)
≤ G

(
T 2ix

)
for i = 0, 1 . . . , k and for every x ∈ X. Then T

has a fixed point ξ in X.
Proof. Let x be an arbitrary point in X. We can show then that the

sequence of iterates {T nx}n∈N
is a Cauchy sequence. Let n and m (n < m)

be any positive integers. From (Tk) we have

ρ [T nx, Tmx] ≤
m−1∑
i=n

ρ
[
T ix, T i+1x

]
→ 0 (m,n→ ∞).
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Hence {T nx}n∈N
is a Cauchy sequence in X and, by completeness, there

is ξ ∈ X such that T nx→ ξ(n → ∞). Therefore, X satisfies the condition of
lower BCS-convergence for B(x) = G(x).

Also, we have B(Tx) ≤ B(x) for every x ∈ X, i.e., (B) in Theorem 2.
Applying Theorem 2 we obtain a form of (Mk), i.e., B(T 2k+1ξ) = B(T 2kξ) =
· · · = B(Tξ) = B(ξ) = α for some ξ ∈ X. Thus from (Tk) we have

ρ [ξ, T ξ] ≤ G(ξ)−G(Tξ)+· · ·+G
(
T 2kξ

)
−G

(
T 2k+1ξ

)
= (2k+1)(α−α) = 0,

i.e., ξ = Tξ for some ξ ∈ X. The proof is complete.
Remark. We notice that a brief proof of Corollary 7 based on the

Zorn’s Lemma may be found in Tasković [12].

Theorem 3. Let T be a mapping of a topological space X into itself,
where X satisfies the condition of lower BCS-convergence. If

B(Tx) ≤ B(x) for every x ∈ X,(B)

then there exists an m(k)-furcate point ξ ∈ X, i.e., such that

B(Tmξ) = · · · = B(T kξ) = · · · = B(Tξ) = B(ξ) = α := inf
x∈X

lim
n→∞B(bn(x))

(Mm)

for some fixed integer k ≥ 1, for arbitrary integer m ≥ k and for some
sequence {bn(x)}n∈N in X which converges to ξ.

Proof of this statement is a totally analogous with the proof of Theorems
1 and 2.

We notice that in the preceding case of the statement, if (Mm) implies
ξ = Tξ, then T has a fixed point in X.

As an immediate consequence of the preceding result we obtain the
following statement of fixed point.

Corollary 8. Let T be a self-map on a complete metric space (X, ρ).
Suppose that there exists a lower semicontinuous function G : X → R0

+ such
that

ρ[x, Tx] ≤
+∞∑
i=0

(
G(T 2ix) −G(T 2i+1x)

)
(Tm)

and G(T 2i+1x) ≤ G(T 2ix) for i ∈ N ∪ {0} and for every x ∈ X. Then T has
a fixed point ξ in X.

Proof. Let x be an arbitrary point in X. Then, from the proof of
Corollary 7, we obtain that {T nx}n∈N is a Cauchy sequence in X and, by
completeness, there is ξ ∈ X such that T nx → ξ (n → ∞). Therefore, X
satisfies the condition of lower BCS-convergence for B(x) = G(x).
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Also we have B(Tx) ≤ B(x) for every x ∈ X, i.e., (B) in Theorem 3.
Applying Theorem 3 we obtain a form of (Mm), i.e., we have

B
(
T 2m+1ξ

)
= B

(
T 2mξ

)
= · · · = B

(
T kξ

)
= · · · = B(Tξ) = B(ξ) =: α

for some ξ ∈ X and integer k ≥ 1 and for every integer m ≥ k. Thus, from
(Tm), we have

ρ[ξ, T ξ] ≤
+∞∑
i=0

(
G(T 2iξ) −G(T 2i+1ξ)

)
=

=
m∑

i=0

(
G(T 2iξ) −G(T 2i+1ξ)

)
+

+
+∞∑

i=m+1

(
G(T 2iξ) −G(T 2i+1ξ)

)
=

= (m+ 1)(α − α) +
+∞∑

i=m+1

(
G(T 2iξ) −G(T 2i+1ξ)

)
=

= 0 +
+∞∑

i=m+1

(
G(T 2iξ) −G(T 2i+1ξ)

)
,

therefore, as m → +∞, we obtain ρ[ξ, T ξ] ≤ 0, i.e., ξ = Tξ for some ξ ∈ X.
The proof is complete.

4. Some new geometric theorems

As further applications of the preceding Theorems 1, 2 and 3 we obtain
the following geometric statements of fixed point on complete metric spaces.

Theorem 4. Let T be a self-map on a complete metric space (X, ρ).
Suppose that there exists a lower semicontinuous function G : X → [a,+∞)
for some a > 0 such that

ρ[x, Tx] ≤ 1
G(Tx)

− 1
G(x)

for every x ∈ X,

then T has a fixed point ξ in X.

Proof of this statement is an analogous to the proof of Corollary 6 based
on Theorem 1.

As a directly extension of Theorem 4, from Theorem 2, we obtain the
following result of fixed point on complete metric spaces.
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Theorem 5. Let T be a self-map on a complete metric space (X, ρ).
Suppose that there exist a lower semicontinuous function G : X → [a,+∞)
for some a > 0 and an arbitrary fixed integer k ≥ 0 such that

ρ[x, Tx] ≤ 1
G(Tx)

− 1
G(x)

+ · · · + 1
G(T 2k+1x)

− 1
G(T 2kx)

(Rk)

and G(T 2i+1x) ≤ G(T 2ix) for i = 0, 1, . . . , k and for every x ∈ X. Then T
has a fixed point ξ in X.

We notice that for k = 0 in Theorem 5 we have Theorem 4. Proof of
this statement is based on Theorem 2.

Proof of Theorem 5. Let x be an arbitrary point in X. We can show
then that the sequence {T nx}n∈N is a Cauchy sequence. Let n and m (n < m)
be any positive integers. From the property (Rk), we have

n∑
i=0

ρ
[
T ix, T i+1x

]
≤ 1
G(T n+1x)

− 1
G(x)

,

and thus, since a < G(T n+1x) for every x ∈ X and for every n ∈ N ∪ {0}, we
obtain the following fact:

ρ
[
T nx, Tmx

]
≤

m−1∑
i=n

ρ
[
T ix, T i+1x

]
→ 0 (n,m → ∞).

Hence {T nx}n∈N is a Cauchy sequence in X and, by completeness, there
is ξ ∈ X such that T nx→ ξ (n→ ∞). Therefore, X satisfies the condition of
lower BCS-convergence for B(x) = G(x) and the condition (B) in Theorem
2. Applying Theorem 2, we obtain a form of (Mk), i.e., B(T 2k+1ξ) = · · · =
B(Tξ) = B(ξ) = α, for some ξ ∈ X. Thus, from the property (Rk), we have

ρ[ξ, T (ξ)] ≤ 1
G(Tξ)

− 1
G(ξ)

+ · · · + 1
G(T 2k+1ξ)

− 1
G(T 2kξ)

=

= (2k + 1)
(

1
α
− 1
α

)
= 0,

i.e., ξ = Tξ for some ξ ∈ X. The proof is complete.
In connection with the preceding, as a directly consequence of Theorem

3, we obtain the following statement of fixed point on complete metric spaces.

Theorem 6. Let T be a self-map on a complete metric space (X, ρ).
Suppose that there exists a lower semicontinuous function G : X → [a,+∞)
for some a > 0 such that

ρ[x, Tx] ≤
+∞∑
i=0

(
1

G(T 2i+1x)
− 1
G(T 2ix)

)

and G(T 2i+1x) ≤ G(T 2ix) for i ∈ N ∪ {0} and for every x ∈ X. Then T has
a fixed point ξ in X.



Extension of theorems by Krasnoselskij, Stečenko, Dugundji,... 117

Proof of this statement is a totally analogous with the proof of Corollary
8. Precision, from the preceding Theorem 3, directly we obtain Theorem 6 as
a consequence.

5. Further interpretation of the forks theorems

We notice, in this part, that for the preceding main statements we can
give their the following explanations via the BCS- completeness and the lower
BCS-continuous in the following sense.

In connection with this, we shall introduce the concept of BCS-com-
pleteness in a space X for a function B : X → R, i.e., a topological space
X is called BCS-complete iff {an(x)}n∈N is a sequence in X with arbitrary
x ∈ X and if B(an(x)) → b = b(x) ∈ R ∪ {±∞} as n → ∞ implies that
{an(x)}n∈N has a convergent subsequence in X.

On the other hand, a function B : X → R is lower BCS-continuous
at p ∈ X iff {an(x)}n∈N is a sequence in X with arbitrary x ∈ X and if
an(x) → p (n → ∞) implies that is

B(p) ≤ inf
x∈X

lim inf
n→∞ B(an(x)).

We are now in a position to formulate the following explanations of the
preceding theorems as corresponding equivalent forms:

Theorem 1a. Let T be a mapping of a topological space X into itself
and let X be BCS-complete. If (B) holds and if B : X → R0

+ is a lower
BCS-continuous functional, then there exists a furcate point ξ ∈ X.

Proof of this statement is a totally analogous with the proof of Theorem
1 which is equivalent to the Theorem 1a.

Theorem 2a. Let T be a mapping of a topological space X into it-
self, where X satisfies the condition of BCS-completeness. If (B) holds and
if B : X → R0

+ is a lower BCS-continuous functional, then there exists an
k-furcate point ξ ∈ X.

Also, as in the preceding case of Theorem 1a, proof of this statement
is a totally analogous with the proof of Theorem 2 which is equivalent to the
Theorem 2a.

Theorem 3a. Let T be a mapping of a topological space X into itself
and let X be BCS-complete. If

B(Tx) ≤ B(x) for every x ∈ X,(B)
and if B : X → R0

+ is a lower BCS-continuous functional, then there exists
an m(k)-furcate point ξ ∈ X, i.e., such that

B(Tmξ) = · · · = B(T kξ) = · · · = B(Tξ) = B(ξ) = α := inf
x∈X

lim
n→∞B(bn(x))

(Mm)
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for some fixed integer k ≥ 1, for arbitrary integer m ≥ k and for some
sequence {bn(x)}n∈N in X which converges to ξ.

We notice that the proof and of this statement, also, is a totally analo-
gous with the proof of Theorem 3 which is equivalent to the Theorem 3a.
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[10] M.R. Tasković: Transversal and fixed points, forks, general convex functions and
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