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A COMMON FIXED POINT ON
TRANSVERSAL PROBABILISTIC SPACES

Sinisa N. Jesié¢*

Abstract. In this paper we shall prove a common fixed point the-
orem for family of commuting mappings defined on transversal proba-
bilistic spaces. This result extends some previous results.

1. Definitions and previous results
Next definitions are given by Taskovié¢ (see [3,4]).

Definition 1. Let X be a nonempty set. The symmetric function p :
X x X — [0,1] is called a lower probabilistic transversal on X if there
is a function d : [0,1] x [0,1] — [0,1] such that

p(x,y) > min{p(z, 2), p(2,9),d(p(z, 2), p(2,y)) }

for all x,y,z € X. A lower transversal probabilistic space is a set X
together with a given lower probabilistic transversal on X. The function d is
called lower (probabilistic) bisection function.

Definition 2. Let F denote the family of distribution functions denoted
by Fyuy, for all u,v € X (a distribution function is nondecreasing and left
continuous mapping of reals into [0, 1] with the properties in;f% Fyu(x) =0 and

e

suppepFu(z) = 1). The functions F, ., are assumed to satisfy the following
conditions: F, ,(x) =1 forz > 0 iff u=v, F,,,(0) =0 and F, ,(z) = F, 4(x)
for all x € R.

In further, with (X, F, p), we shall denote lower transversal probabilistic
space, together with family of distribution functions defined on it. The lower
probabilistic transversal is defined with p(u,v) = F, ,(z) for all x € R.
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Definition 3. (a) A sequence (pn)nen in (X,F,p) convergates to a
point p € X iff for any € > 0 and any A > 0, there exists an integer M, ,
such that Fyp, (€) > 1 — X, whenever n > M, y.

(b) The sequence (pn)nen will be called fundamental in (X, F,p) if for
each e > 0 and each X\ > 0, exists an integer M. x, such that F}, , p, (€) > 1=X,
whenever m,n > M. x. A lower transversal probabilistic space will be called
complete if each fundamental sequence in X converges to an element in X.

Definition 4. A mapping T of a lower transversal probabilistic space
(X, F,p) will be called a probabilistic contraction if there exists a non-
decreasing function ¢ : [0,4+00) — [0,400) such that

(As) lim ¢"(t) = +o0, for everyt >0,
n—oo

satisfying the condition:

(Pe) Frugo(e) = min {Fuu((2), Fura(e()),

Fv,TU(SO(x))7 Fv,Tu(SO(x))7 Fu,TU(SO(x))}

for all u,v € X and for every x € (0,400). M. Taskovi¢ has proven the next
theorem (see [4]).

Theorem 1. Let (X, F,p) be a complete lower transversal probabilistic
space, where the lower probabilistic transversal is defined with p(u,v) = F,,
and the lower bisection function d : [0,1] x [0,1] — [0, 1] is nondecreasing such
that d(t,t) >t for every t > 0. If T is any probabilistic contraction mapping
of X into itself, then there is a unique point p € X such that Tp = p.

2. Main results

As an extension of previous theorem, in this section we shall formulate
and prove a common fixed point theorem.

Theorem 2. Let (X, F,p) be a complete lower transversal probabilistic
space where the lower probabilistic transversal is defined with p(u,v) = F,,
and the lower bisection function d : [0,1] x [0,1] — [0,1] is nondecreasing
such that d(t,t) > t for every t > 0. Let (T,), for n € N be a sequence
of mappings from X into itself and S : X — X be a continuous bijective
function commauting with each of T,,, satisfying condition T, (X) C S(X), for
all n € N. Let exists a nondecreasing function ¢ : [0,4+00) — [0,+00), such
that condition (As) holds. If for all points u,v € X and all mappings T; and
T; the inequality

(Ped)  Ff (@) 2 min {F§, 5,(9(2)), F3u 1, (0(2)), FSy 1,0 (0(2)),
FSu,ij(QD(:C))FSv,Tiu((p(x))a FSu,TjV(QD(x))FSu,Tiu((p(x))}>
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holds for every x > O then there is a unique common fized point p € X for S
and all of mappings T,,.

Proof. Let ug be an arbitrary point from X. Let us define sequence
(up), for n € N as follows:
(1) Uy = ST (up_1)), forneN
We show that the sequence v, = S(uy,) = Tp,(up—1), for n € N is fundamental
in X.
From condition (Pcd) and for all @ > 0 the next inequalities follow:
(2) Fgun,l,Sun(a) = F%n,lun,Q,Tnun,l >
min {F3, o1 w0 (0(@) Fdu, ) gy (9(0)) FSu, 50, (9(0)),
Fsu,, o Twun 1 (0(@) Fsu, 1,10 un_s(p(a)),
Fsuy, s Toun—1 (0(0)) FSup o T yun o (0(a)) } =
min {F3, , su,_, (¢(0), Fay, | su, (9(a)),
Fsu,_5,8u, (9(a)) Fsu, 1,5u, 1 (p(a)),
Fsu,5,5u,(0(a)) Fsu, _5,8u, 1 (p(a))}-

Since the space is lower probabilistic transversal then for every = > 0 the
following inequalities hold:

Fop(z) > min {ch(:v), Fop(x), d(Fye(x), Fc,b(:v)} >
(%) min {Fa#(x), Fqb(x)},

because d(a,b) > d(min{a, b}, min{a,b}) > min{a,b}. From previous follows
that

(3)  Fsu, »,5u.(p(a)) > min {FSun—z,Sun—l (p(a))s Fsu, 1,5un, ((p(a))}.

Then, from inequality (3) and the fact that values of distribution functions
are in interval [0, 1] next inequalities follow:

(4) Fsups,8u,(0(a)) Fsu, 1,5, 1 (9(@)) = Fsu,_,5u,(¢(a)) >

min { Fsu, 5 Su, 1 (#(a)), Fsu, 1,5u,(p(a))} >

min {F, _, su,_, (#(0)), F&u,_, su, (#(a))}-
(5) Fsu, s,5u,(0(a)) Fsu, 5 5u, 1 (p(a)) >
min {F,,_, su._, (#(0)), Fsu, 1 5u, (#(0)) Fsu, 5 Sun 1 ((a))}-

From the fact that min{a?, %, ab} = min{a?,b?}, for all a,b € [0, 1], inequali-
ties (2), (4) and (5) imply:
(6)  Fiu,_ysu.(@) 2min{F3, , s, (0(a), Fiu,_, su,(¥(a))}.
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From last follows:

(7)) Fsu,_y,5u.(a) > min {Fsu, , su, ,(¢(a)), Fsu, 1 5u,(¢(a))}

Since ¢ is a nondecreasing function and ¢(a) > 0, ¢(a) > a for every a > 0 it
follows by induction that for every k € N the following inequality holds:

(8) Fsu,_1 ,5un (a) > min {FSunfz,Sunfl (¢(a)), Fsu, 1 ,Sun (‘Pk(a))}v
and when k — 400 we get that for every n € N:

(9) Fsu, 1,5un(a) 2 Fsu, 5 8u, 1(p(a)).
By induction we can prove the inequality (10) for the sequence {v,}.
(10) Fyp100(@) 2 Fog o, (9" ().
From (%), and last inequality, for m > n and arbitrary € > 0, follows:
Fy, v (€) > min {Fvn,vn+1(e) R AN () ) T
it { P (9 (&) wos Fog ("))} = Frvn (6(2))

From (As) we conclude that exists a natural N € N such that F, ., (¢ (¢))
> 1—X. We can take that n,m > N and we conclude that v,, is a fundamental
sequence in (X, F, p). Since the space is complete, then there is a point p € X
such that v,, — p.

We shall prove that p is a common fixed point for S and 7;,. Since S
commutates with each of T, then from (1) and the fact that T,,Su,—1 =
ST, up—1 = SSu,, follows:

ngun,Tkp(a) = Fngun,l,Tkp(a) = F%nsun,l,Tkp(a) >
min{Fig, , 5,(2(a)), Fésu, \ 1 5u, ,(0(a), F&, 1, (0(a)),
FsSun—1,1.p(0(0)) Fsp, 13, Sup—1 (9(@)); FSur,—1,1p(9(0)) FSSup 1 T Sun—1 } =
min{Fgg,, , 5,(0(a)), Fisu, \ ssu,(©(a)), F§, 1, ,(2(a)),
FsSun_1,1up(0(a)) Fsp,58u, (0(a))s Fssup 1 Tip(9(a)) FSSup1,58un -

From continuity of S and because Su, — p when n — +o00, we get that for
every k € N follows:

(11) ng,Tkp(a’) > min {ng,Sp((p(a’))v ng,Sp((p(a))v ng,Tkp((p(a))v
Fsp1ip(9(a)) Fsp,5p(2(a)), Fsp1icp(0(@)) Fsp,sp(0(a) } = Fgy 1, (0(a)).
Because all of the functions in last inequality are nondecreasing we conclude
that for each m € N the inequality Fsp 1,p(a) > Fsp1,.p(¢™(a)) holds. When
m — +oo, for every a > 0, we obtain Fsp7,,(a) = 1. From this, for every
k € N we obtain (xx) S(p) = Tr(p). In following text we shall show that p is

a common fixed point for all of mappings T,.
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From inequality:
(12) Fgun,Tkp( )= FTnun 1,Tkp(a)
min {F,,_, sp(#(@) Féu, _, su, (2(a)), F3, 1,5 (2(a)),
Fsu,1,1p(#(0)) Fsp,su, (9(a)), Fsu, 1 1p(9(0)) Fsu 1,50, (9(a)

when n — 400, because (xx) holds, we conclude that:
(13) FpQ,Tkp(a) > min {FpQ,Tkp( ( ))7 Fpr( ( ))7 F’ZQ’kp,Tkp(QD(a))a

Fp,ﬂp(‘ﬁ(a))FTkp,p(‘P(a))a Fp,Tkp(SD(a))Fp,p(<P(a))}’
From last, we obtain that for each a > 0 holds the following:

(14) Fpip(a) 2 Fprp(e(a)).
Next, we obtain that for every m € N follows F}, 1,,(a) > Fp 1,p(¢™(a)), and
when m — +o00, we conclude that for every a > 0 the fact Fyrpla) =1
holds, and it implies that for each k € N we get p = Ti.p = Sp.

Let us prove uniqueness of common fixed point p. Suppose that there
is another common fixed point g # p. From

(15)  Fg(a) = Ffpre(a) > min {F3, g,(o(a)), ngp( (a )) ngq((p(a))v
Fapq(¢(a))Fsqp(p(a)), Fspq(e(a))Fspp(e } p,q

follows that for every a > 0 holds that F), 4(a) > vaq( (a)), and so, for every

m € N, we obtain that F,,(a) > F,q(¢™(a)), and when m — +o0, we

conclude that for every a > 0 holds the fact F}, ;(a) = 1. From conditions for
distribution functions we get that p = ¢. This completes the proof.

3. Consequences and comments
The next theorem is consequence of Theorem 1, for S = id.

Theorem 3. Let (X, F,p) be a complete lower transversal probabilistic
space where the lower probabilistic transversal is defined with p(u,v) = F,,
and the lower bisection function d : [0,1] x [0,1] — [0, 1] is nondecreasing such
that d(t,t) >t for everyt > 0. Let (T},), for n € N be a sequence of mappings
from X into itself. Let exists a nondecreasing function ¢ : [0, 4+00) — [0, +00),
such that condition (As) holds. If for all points u,v € X and all mappings T;
and T} the inequality

(PCdl) F%iu,ij(x) > min {Fg,v((p(x))v Fg,TZu(QO(x)L FUZ,ij(()O(x))v
Fu,ij(‘P(x))Fv,Tiu(SO(x))u Fu,ij(SO(x))Fu,TW(SO(x))}u

holds for every x > 0, then there is a unique common fixed point p € X for
all of mappings T,,.
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C. Bylka (see [1]) has proven the next theorem for mapping defined on
Menger’s space.

Theorem 4. Let (X,F,t) be a complete probabilistic Menger space,
where t is a continuous t-norm satisfying t(z,x) > x for each x € [0,1],
and T a mapping of X into itself. Let exists a nondecreasing function ¢ :
[0, +00) — [0,400), such that condition (As) holds. If for all points u,v € X
and every x > 0 the condition:

(% %) Fromo(r) 2 Fup(o(z))
holds, then T has a unique fixed point p € X.
Proof. It is easy to prove that every Menger space is a lower proba-

bilistic transversal space (see [3]). Chosen us T' = T; = T and d = t. From
(* * ) follows condition (Pcdl):

Fryro(®) > Foy(p(@) > min {F} ,(¢(2)), Ff 1 (0(2)), Fyry (9(2)),
Furo(p(2)) Foru(@()), Furo (‘P(x))Fu,Tu(SO(x))}
Theorem 4. follows from Theorem 3.

Comment. It is easy to prove that mappings from Theorem 3 are
probabilistic contractions. For T" = T; = T}, because for all a,b,c > 0 the
inequality min{ab, ac} > min{a?,b?, ¢?} holds, then from (Pcd1) follows:

Ffy (@) 2 min { 7 (0(2)), Ff 1o (9(2), Fory (p()),
Fyro(0(@)Foru(@(2)), Furo (‘P(x))Fu,Tu(SO(x))} 2
min {inv(@(x)), inTu(QO(x)L FUZ,Tv(QO(x))

Fi o (9()), Fi o (9(2)) }-
From last inequality follows (Pc). Hence, Theorem 2 and Theorem 3, are
common fixed point theorem for probabilistic contraction mappings.
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