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DYNAMICS ON (P,(X), H;) GENERATED BY A
FINITE FAMILY OF MULTI-VALUED
OPERATORS ON (X, d)

Adrian Petrusgel and Ioan A. Rus

Abstract. The main purpose of this paper is to give some partial
answers to the following problem: If F;, ¢ € {1,...,m} is a finite family
of weakly Picard multi-valued operators, is the operator Tr : P(X) —
P(X), Tr(Y):=UL, Fi(Y) a weakly Picard operator t00?

1. Introduction

Let (X, d) be a complete metric space and P(X) the space of all non-
empty subsets of X. Denote by P,(X) the space of all nonempty subsets of X
having the property (or properties) p (where p could be ¢p = compact, ¢l =
closed, b = bounded, etc.). If Hy is the Hausdorff-Pompeiu functional, it is
well known that (P, (X), Hy) is a complete metric space. If F : X — P(X)
is a multi-valued operator then z* € X is a fixed point for T if and only if
z* € F(z).

By definition (see [14]), the operator F' : X — P(X) is a multi-valued
weakly Picard operator (briefly m.w.P.o.) if and only if for each z € X
and each y € F(z) there exists a sequence (z,)nen such that:

Nxo=z, 1=y

ii) zp41 € F(zyn), forallm € N

iii) the sequence (zn)neN is convergent and its limit is a fixed point of
F.

Let F1,...,Fp 1 X — Pgp(X) be a finite family of u.s.c. multi-valued
operators. We define the following fractal operator(see [1], [6], [12]) generated
by F = (Fy,...,Fp):

(1) Tr: Pp(X) = Pp(X), Tr(Y) =] F(Y).
i=1
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Problem 1. (see [13]) If F;, i € {1,...,m} are m.w.P. operators, is Tr
a w.P. operator?
The following problems are in connection with Problem 1.

Problem l.a. If F;, i € {1,...,m} are generalized contractions, is Tr
a generalized contraction?

Problem 1.b. If F; : X — Py(X) are a-contractions, is T : P(X) —
P(X) an a-contraction?

Problem 1.c. Let (X,d) be a complete generalized metric space (in
Luxemburg-Jung’sense, i.e., d(z,y) € Ry U {+o0}). If F; : X — Py(X),
i € {1,...,m} are a-contractions, is Tr : P(X) — P(X) an a-contraction?

The purpose of this paper is to give some partial answers to these prob-
lems.

2. Main results

Let (X, d) be a metric space and P(X) be the space of all subsets of X.
Let us consider now some functionals on P(X) x P(X) (see for example [2],

(14]).
(i) the gap functional D defined by:

D:P(X)xP(X)— R4

D(A, B) = { inf{d(a,b)| a € 4, b€ B}, 1fA7éQ7éB
0, otherwise
(ii) the excess generalized functional p defined by:
p:P(X)xP(X)—- Ry U {400},
sup{D(a,B)|a € A}, ifA#Q+#B
p(4,B) =< 0, fA=10
+00, ifB=0+#A

(iil) the Hausdorff-Pompeiu generalized functional H defined by:
H:P(X)xP(X)— Ry U {+o0},

max{p(4, B), p(B, A)}, if A#0#B
H(A,B)=1{ 0, ifA=0=B
+00, ifA=0#Bor A#0=B.

The following lemma is an easy consequence of (iii).
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Lemma 1. Let (X,d) be a metric space and Ag, By € P(X) for k €
{1,2,...,m}. Then

H (U Ag, U Bk) < max{H(Ak,Bk)| ke {1, .. ,m}}

k=1 k=1

Definition 2. A function ¢ : Ry — Ry is said to be:

a) a comparison function iff ¢ is monotone increasing and (¢™(t))nen
converges to 0 for all £ > 0.

b) a strict comparison function iff ¢ is a continuous comparison function
and t — o(t) converges to +00, as t — +oo.

Let us recall now some contractivity type conditions for multi-valued

operators (see [3], [4], [8], [10], [13],[14]).

Definition 3. Let (X, d) be a metric space.
i) The multi-valued operator F' : X — P(X) is an a-contraction iff
a € [0,1] and

H(T(z),T(y)) < ad(z,y), for each z,y € X.

ii) The multi-valued operator F' : X — P(X) is a p-contraction iff ¢
is a comparison function and

H(T(z),T(y)) < p(d(z,y)), for each z,y € X.

iii) The multi-valued operator F': X — P(X) is a Meir-Keeler type
operator iff:

for each n > 0 there is § > 0 such that n < d(z,y) < n + J implies
H(F(z), F(y)) < 1.

iv) The multi-valued operator F' : X — P(X) is an e-locally Meir-
Keeler type operator (where € > 0) iff:

for each 7 €]0,¢[ there is § > 0 such that n < d(z,y) < 1+ & implies
H(F(z), F(y)) <n.

v) The multi-valued operator F': X — P(X) is contractive iff:

H(F(z), F(y)) < d(z,vy), foreach z,y € X,z # y.

If Y is a nonempty set and f : Y — Y is an operator, then a fixed point
of f is an element z* € Y such that £* = f(z*). The set of all fixed points for
the operator f will be denoted by Fizf.

Remark 4. In[9] the notion of a-contraction is given for a multi-valued
operator F' : X — Py q(X). For ezample, F : Ry — Ry, F(z) =27z +
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R, is a multi-valued contraction in the sense of Definition 3., but is not a
multivalued contraction in Nadler’sense.
Our first result is:

Theorem 5. Let (X, d) be a metric space and Fi, ..., Fp, : X — P(X)
be a-contractions. Then the operator T : (P(X), H) — (P(X), H) defined by
(1) is an a-contraction.

Proof. Suppose that for each z,y € X
H(Fy(z), Fi(y)) £ ad(z,y), fori e {1,...,m},

(where a € [0,1[). Then for Y;,Y; € P(X) we deduce successively (see also
Lemma 1)

H(Tr(V1), Tr(Y2)) = (UF 1), UF Y2)>

< max(H(RL(YD), Fy(Ya)) . H(F (), Fn(¥3))} < aH(Y ). O

Remark 6. See [9] for the case F: X — By q(X). (see also [4])
An existence and data dependence theorem for T is the following:

Theorem 7. Let (X, d) be a complete metric space and F;,G; : X —
Pep(X), 1 € {1,...,m} be a-contractions. Then:
a) FizTrp = {A*} and FizTg = {B*}.
b) If H(Fi(z),Gi(z)) < for eachz € X andi € {1,...,m} then
n

* * <___.
H(A", B") < 17—

Proof. From Theorem 5 we have that Tr : (Pp(X ), H) — (Pep(X), H)
is an (single-valued) a-contraction. From Banach fixed point principles FizTp =
{A*}. An identical approach can be made for T¢ and hence FizTs = {B*}.

For the second part, we have successively:

H(A*, B*) = H(Tr(A"), Te(B")) < H(Tr(A"), Tp(B"))+
+H(Tr(B"), Te(B")) < aH (A", B*) + H(T#(B"), Te(B")).

On the other hand, if u € Tp(B*) there exist k € {1,...,m} and a € B*
such that u € Fi(a).

For this we can choose v € Gi(a) such that

d(u,v) < H(Fi(a), Gkla)) < 7.
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Hence for each u € Tr(B*) there is an element v € Tg(B*) such that
d(u,v) < 7. Interchanging the roles of Tr(B*) and T (B*) we obtain that for
each u € Tg(B*) there is v € Tr(B*) such that d(u,v) < 7.

n

It follows that H(Tr(B*), Te(B*)) < 1 and hence H(A*, B*) < ] .
—a

O

Remark 8. By definition, the set A* is called the attractor of the system
F = (F, F,,...,Fy). Hence, Theorem 7 is a data dependence result of an

attractor.(see also [6], [11])
By a similar way we have:

Theorem 9. Let (X, d) be a complete metric space and F;,G; : X —
Pep(X), 2 € {1,...,m} be @-contractions, where @ 1is a strict comparison
function. Let t, := sup{t|t — ¢(t) < n} Then:

a) FizTr = {A*} and FizTg = {B*}

b) If H(F;(z),Gi(z)) <7 for eachz € X andi€ {1,...,m} then

H(A*, B*) < t,.

Another fixed point principle for the operator T is:

Theorem 10. Let (X, d) be a complete metric space and Fy, ..., Fy, :
X — Py(X) be a-contractions such that for each nonempty closed set Y of
X, the set Fy(Y) € Py(X), for everyi € {1,...,m}.

Then: -

a) If there exists A € Py(X) such that H(A,Tr(A)) < oo, then the
operator Tr : Py(X) — Py(X), has fized point.

b) If H(A,Tr(A)) < oo, for all A € Py(X), then the operator Tp :
Py(X) — Py(X) is a m.w.P.o.

Proof. If it well known that (Py(X), H) is a complete generalized met-
ric space. The conclusions follow from Theorem 5 and Luxemburg-Jung fixed
point principle (see [7]). O

Some other results of this type are the following:

Theorem 11. Let (X,d) be a complete metric space and F; : X —
Py(X), i € {1,...,m} be a finite family of multi-valued Meir-Keeler type
operators. Then the operator Tr : Pop(X) — Pop(X) defined by (1) is a (sin-
glevalued) Meir-Keeler type operator an has a unique fized point.
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Proof. Let us suppose that for each n > 0 there exists § > 0 such that
n < d(z,y) < n+ 94 implies

(2) H(F(z), Fi(y)) <nforie{1,...,m}.
From (2), it follows that F; is contractive and hence F; is upper semi-
continuous, for ¢ € {1,...,m}. As consequence T : Pep(X) — Pep(X).

Let us consider n > 0 and Y1,Y2 € Pyp(X) such that n < H(Y1,Y2) <
7+ 8. We will prove that H(Tr(Y1), Tr(Y2)) < 7.

For this purpose, let u € Tr(Y}) be arbitrary. Then there exist k €
{1,...,m} and y; € Y1 such that u € Fi(Y7). For thisy; € Y7 thereisy; € Y3
such that d(y;,y2) < H(Y7,Y2) <n+4.

If d(y1, y2) > 7, then from (2) we get that H(Fik(y1), Fx(y2)) < n. It fol-
lows that there is v € Fi(y2) such that d(u,v) < n and hence D(u, Tr(Y3)) <
d(u,v) < 7.

On the other hand if 0 < d(y1,y2) <7 the from (2) we deduce that

H(Fy(y1), Fr(y2)) < d(y1,v2) <n

and as before D(u, Tr(Y2)) < 7.

Because Tr(Y1) is a compact set, we have that p(Tr(Y1), Tr(Y2)) < 7.
Interchanging the roles of Tr (Y1) and Tr(Y2) we obtain p(Tr(Y2), Tr(Y1)) <7
and the conclusion H(Tr(Yy), Tr(Y2)) < 1 follows.

So Tr : Pop(X) — Pp(X) is a Meir-Keeler type operator and by The-
orem in Meir-Keeler [8] has a unique fixed point, i.e. A* € Py, (X) such that
T(A*) = A*. DO

Corollary 12. Let (X,d) be a complete metric space and F; : X —
Pp(X), © € {1,...,m} be a finite family of multi-valued Meir-Keeler type
operators. Then the operator Tr : Ppp(X) — Pep(X) s a w.P.o.

Proof. The conclusion follows from Theorem 11 and the Theorem in
Meir-Keeler [8]. O

Recall that a metric space (X, d) is said to be e-chainable if for every
z,y € X there exists a finite set of elements z = zp, 21,...,Z, =y in X such
that d(zk—1,2x) <e for k € {1,...,n}.

Theorem 13. Let (X, d) be a complete e-chainable metric space (where
€>0)and F; : X — Pp(X), i € {1,...,m} be a finite family of multi-valued
e-locally Meir-Keeler type operators.

Then the operator T : Pep(X) — Pgp(X) given by (1) is an (singleval-
ued) e-locally Meir-Keeler type operator, having a fized point.



Dynamics on (P.p(X), Ha) generated by a finite family... 109

Proof. The proof runs exactly as in Theorem 11, but instead of using
Theorem in Meir-Keeler [8], the conclusion follows from Proposition 1 in M.K.
Xu [15]. O

Using an e-locally Boyd-Wong type condition (see [3] and [15]) one can
also prove:

Theorem 14. Let (X,d) be a complete e-chainable metric and let F; :
X — Pyp(X), i€ {1,...,m} be multi-valued operators such that
(3) H(Fi(z), Fi(y)) < k(d(z, y))d(z,y), for allz,y € X

with 0 < d(z,y) < €, where k : (0,00) — (0,1) is a real function with the
property:
(P) such that k(r) < s(t) provided t < r < t+ e(t).

Then, the operator Tp : Pgp(X) — Pgp(X) given by (1) satisfy the
condition:

{ For each 0 < t < ¢ there ezist e(t) > 0 and s(t) < 1

H(Tr(Y1),Tr(Y2)) < k(H(Y1, Y2))H(Y1, Y2),
for all Y1,Ys € Pop(X) with 0 < H(Y1,Y2) < € and has a fized point.

Proof. Let Y1,Y2 € Pp(X) such that 0 < H(Y1,Y3) < €. Then
H(TF(Yl),TF(YQ)) < ma.x{H(Fk(Yl), Fk(YQ))l ke {1, .. ,m}} <
< k(H(Y1,Y32))H(Y1, Ya).

The conclusion follows now from Theorem 2 in H.K. Xu [15]. (3
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