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ON (n,m)-GROUPS

Janez USan

Abstract. The main result of the article is the following proposi-
tion. Let n > 2m and let (Q, 4) be an (n, m)-groupoid. Then, (Q, 4)
is an (n,m)—group iff the following stetements hold: (¢) (@, A4) is an
< l,n—m+1 > and < 1,2 >-associative (n,m)-groupoid for <
1,n—m-+1 >-and < n—m, n—m+1 >-associative (n, m)-groupoid /; and
(17) for every af € Q there is at least one z* € Q™ and at least one
y7* € Q™ such that the following equalities hold A(a7 ™™, 27*) = aj_,. 1
and A(y?",a7"™) =al_.41. [Forn=2and m =1 it is a well known
characterization of a group. See, also 3.2.]

1. Introduction

Definitions 1.1. Letn > m+1 (n,m € N) and (Q, A) be an (n, m)-gro-
upoid (A : Q™ — Q™). Then: (a) we say that (Q, A) is an (n,m)-semigroup
iff for every 4,5 € {1,...,n—m+1},1 < j, the following law holds

| itn—1y  2n— i—1 j+n—1 -
Alai™, A, ) = Al Al 2

[ <12,j >-associative law [; and (b) we say that (Q, A) is an (n,m)-group
iff (@, A) is an (n,m)-semigroup and for every a} € Q there is exactly one
sequence z7* over () and exactly one sequence y* over () such that the
following equalities hold

A(a]™™, 21") = af_yy and AQyT”,a77") = ap_pq- (See, also [6].)

Remark 1.2. A notion of an (n, m)-group was introduced by G. Cupona
in [5] as a generalization of the notion of a group (n-group — [1]). The pa-
per [6] is mainly a survey on the known results for vector valued groupoids,
semigroups and groups (to 1988). O

2. Auxiliary propositions
In this paper the following < 4,7 >-associative laws have the promi-
nence:
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(1) A(A(z1), iﬁ-lm)_ Alzy™™, Az in:nﬁl))
(IL) A(A(2}), 23™) = Alas, A(23™), 2745™), and
(IR) A} ™ A2 ), o) = A]™, AEZ5T)).

Proposition 2.1. [9]. Let n > 2m and let (Q, A) be an (n, m)-groupoid.
Further on, let the < 1,n—m+ 1 >-associative law [:(1)] holds in (@, A) and
let for every al € Q) there is at least one sequence z7* over () and at least
one sequence yi* over () such that the following equalities hold

A(a’Tll_m ) - an m+1 and A(yl @ n m) = az—m+l'
Then, there exists mapping ~! of the set Q" ™ into the set Q™ such that
the following laws hold in the algebra (@, {4,71})
(2L) A((a7 ™™ ) L et AR, of TP, 2T)) = 2T and
(2R) A(A(P, =", 57), a2, (a2, 57 1) = o
Proposition 2.2. [9]: Let n > m + 1 and let (Q,A) be an (n,m)-
groupoid. Also let
(a) the (1L) [(1R)] law holds in (Q, A); and
(b) for every z1*,y7*, a7 ™ € Q the following implication holds
Alel’ar™") = A(ylh el ™) = o = o7
[A(a™™ 331”) = A(a?™"y1") = =7 =y
Then, (@, A) is an (n,m)-semigroup.
Remark 2.3 For m = 1 propositions 2.1 and 2.2 is proved in [7].

3. Main result

Theorem 3.1. Let n > 2m and let (Q, A) be an (n,m)-groupoid. Then,
(@, A) is an (n,m)-group iff the following statements hold:
() the laws (1) and (1L) hold the (n,m)-groupoid (Q,A) [or the laws (1)
and (1R) hold in (Q, A)]; and
(7i) for every al € Q there is at least one z[* € Q™ and at least one
y* € Q™ such that the following equalities hold
Alay™™2T") = an_pmir and Ayl aT™™) = ag i
Proof. a) =: By the definition of an (n,m)-group, immediately we
conclude that the statements () and (é¢) hold.
b) <:
b1) For m=1 " <= is proved in [§].
bz) Let m > 1. Then the following statement holds:
I°(VmeN)(VneN)(m>1=(n>2m=n>m+1)).
Furthermore, the following statements hold:
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2° For every =%, yT%, a]” " € @ the following implication holds

A a™™) = A(yt, e ") = 2l =yt

[: (1) from 2, (1), 2.1-(2R)/; and

3° for every «T%,y7", a7™ "™ € @ the following implication holds

A(ay™™,2") = A(a] ™", 1") = 27" = o7

[ (1) from 2(-(2)), (43), 2.1-(2L)].

By 1°, 2°, (1L) /(1R)/ and 2.2, we conclude that the following statement
holds:

4° (Q, A) is an (n, m)-semigroup.

Finally, by (i7), 2°, 3°, 4° and 1.1, we conclude that (Q,A) is an
(n, m)-group.

The direction ” < ” holds therefore for m > 1 as well. O

Remarks 3.2. a) For m = 1 Theorem 2.1 is proved in [8]. &) The
following proposition has been proved in [3]: An n-semigroup (@, 4) is an n-
group iff for each aT € @) there exists at least one z € () and at least one y €
Q such that the following equalities hold A(a?™!,z) = a, and A(y,a}™!)
an. This assertion has been already formulated in [2], but the proof is missing
there. W.A.Dudek has pointed my attention to this fact.

4. Two propositions more

Proposition 4.1. Let n > 2m and let (Q, A) be an (n,m)-groupoid.
Then, (Q, A) is an (n,m)-group iff the following statements hold:
(1) the law (1L) from 2 hold in (Q, A); and
(I1) for every at € Q there is at least one z[* € Q™ and exactly one
Yy € @ such that the following equalities hold:

A(a’?_m7 I'{n) = a’:bl——m-{—l and A(yin, arlL—m) = a’z—m—l—l‘

Proof. a) =: By the definition of an (n,m)-group, immediately we
conclude that the statements (I) and (II) hold.

b) <:

by) For (n,m) = (2,1) (Q, A) is a group.

ba) Let (n,m) # (2,1). Then the following statement holds:

°1 (Ym € N)(¥n € N\{1})((n,m) # (2,1) = (n > 2m = n > m+1)).

Moreover, by (II), we conclude that the following statement holds:

°2 For every u*,v]*,a7™™ € @ the following implication holds
A", a7™™) = A(w a7T™™) = ot = o

By °1, °2, (I) and 2.2, we conclude that the following statement holds:
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°3 The law (1) from 2 holds in (@, 4).
Finally (I), °3, (II) and by 3.1, we conclude that (@, A) is an (n,m)-
group.
So, the direction ” <= ” holds also for (n,m) # (2,1). O
Similarly, it is possible to prove that the following proposition holds:
Proposition 4.2. Let n > 2m and let (Q, A) be an (n,m)-groupoid.
Then, (Q, A) is an (n,m)-group iff the following statements hold:
g) The law (1R) from 2 holds in (Q, A); and
(II) For every at € Q there is exactly one z7' € ™ and at least one
Yy € Q™ such that the following equalities hold:

n—m myN n m n—my ___ n
A(a1 yZ1 ) = Opme1 and A(yl y Ay )= Ap—m+1-

Remark: For m = 1 propositions 4.1 and 4.2 is proved in [4].
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