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AN ESTIMATION OF APPROXIMATION FOR
THE SOLUTION OF ORDINARY
DIFFERENTIAL EQUATIONS

Tomica R. Divnié

Abstract. In this paper we give an estimation of the method for
finding approximative solution of ordinary differential equations of the
first order and these equations systems by use of operators whitch satisfy

condition
[(U@1)) (=) = (U®2)) (@) < Aoll$r — ¥2llc

Let Ph, = {(z1,22,...,2%) : 1 € [z0,%0 + h),z; € [zj — a,zj, +
al,zo,zj, € R, =2,3,... ,k,h,a > 0}. Denote by AN the class of func-
tions f(z1,x2,... ,zx) which continuous on P , and which satisfy Lipschitz’s
condition of the first order with constant A for variable zg4, s > 2:
|f(z1,Z2, ..., Tom1, Ty Tstly - Tk) — F{T1, T2, oo, Ts—1, Ty Totly- -+ » Th)|
9) < Alzg — 7.

Let (Un)nEN be the sequence of operators U, : Cm,mo+h} — Clzo,z0+h)»

Vn € N which satisfy condition:
(3A0 > O) (Vn € N) (leﬂﬂz S C[?v(i),zo—kh]) (Vx € [zo, zo + h])

(Un(¥1))(2) = (Un(¥2)) ()] < Aol — ¢2lic-
The base of the method of approximative solution of differential equa-
tions by use of linear operators was introduced by V.K.DZIADIK (see [1], [2]).
In this paper the linear condition of operator U, is changed by the condition
(10). In this respect estimations of approximations for the solutions of differ-
ential equations of the first order and their sistems are obtained in a simplier
form.
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Theorem 1. Let the differential equation be of the form

(11) y/ = f(l',y), y(xO) = Yo,
where f(z,y) € AN, and operator U, which satisfies the condition (10), and
let the operational equation

£
(12) In(2) = (Un(yo + / 1Tt n(8))dt)) (=)

has the solution on o, zo+ h|. Then the function §n(x), which is the solution
of that equation, approrimates on the segment [xo,zo + h] the solution y(z)
of the equation (11) and the inequality

ly(z) = Gn(@)llc < (1 + @) ly(z) — (Un(®)) (2)llc

is valid, where

1-m

d
. % gan <
00 ,n > 1. ]

Proof :
13
W(2) — (@)| = (@) — Unlyo + / fIt, Bn(9)d8)) ()|
= |[y(z) - yo+/ flt, y(8)ldt)) ()]
£ )
+ [(Unlyo + / £t y(®)dD) () — (Unlo + / 11t (®)]d8)) ()] |
13
< |y(=) — (U2 ) (@) + | Unlvo + / £lt,y(®)dt)) ()
5 0
— (Unlyo + / fIt Ga(®))dt)) ()]
< ||y(@) - Ua(®)) ()] + Ao / " flt ()t — / * Flt, G0
= [lv2) ~ @)@ + 4ol | [700000) = St (0] ]
< Jote)~ @)@ +do [ 1690 ~ 11650 o

< ||u(2) — (Un()) @)]| + ApA / " ) — at) |t

= |ly(z) = (Un()) (@)|| + Ao AR||y(z) — §n(z)|-
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The previous performations are valid for Vz € [zg, zg + h] and therefore
we also get that:

[y(2) = n(2)]| < [|y(2) = (Unly)) (@)]| + AoAR|y(z) — Gn(@)],

that is

9@ = @) < 747 Iv(2) — Wal)) @]

This proves the theorem. |

In the previous theorem there is still the question of the existence of
the solution of the operational equation (12). The answer to this question is
given in the following theorem.

Theorem 2. (About the existence of the solution) If in the conditions
of the Theorem 1 the number h satisfies inequality

1
AgA
than the operational equation (12) is solvable for every x € [xo,zo + h|, where

the solution ¥, (x) is unique and we get it by using successive approzimations.
We also get that for Vj € N

h <

159@) ~ in@lle < 7= = 500,

where y( ) (x) ~ is an arbitrary beginning approrimation of §n(x) (with value
in [yo — a,yo + a]) and for y(J)( ) — J the approzimation of §,(z) obtained
from:

79 () yo+/ft”(’ Dt ))(x . i=1,23,...

and
q = AoAh O

Proof: By the operational equation (12) we introduce operator

(40) = (valon + [ sleula)) @)

and the class of continuous functions on the segment [zg, zg + h]. Show that
A is the operator of contraction.
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Namely, for arbitrary continuous functions y(z),3(z) on [zg,zo + h]
(with values in [yo — a,yo + a]) we get

|(Aw) @) - (AD) @) = (v m+/ftthy>

m+/fnyw )) @)

gAﬂ/fmmmﬁ—/fhﬂmml

zo-+h
<o [ |o] - i 560

< AoAhlly(z) — 4(=)|.-
For AgAh < 1 operator A is the operator of contraction. From the theorem
of the fixed point it follows that the operational equation (12) is solvable
and that we get the approximate solution by use of succesive approximation
method. According to the same theorem we easily get that

. J
159 (z) - gule)|| < =[P - 49| , VieN.
1-g¢q

This proves the theorem. |
We consider now the approximation of the solution of system of ordinary
differential equations given in the form

(13) y§=fi($;yl>y2,--- ’yk)7 yi(:EO):yia t=1,2,... ,k
and let fi € AN fori=1,2,... , k. We transform system (13) in the integral
form

(14) y1 / fzt yl yZ() ’yk( )]d
Define functions g;(z) for i =1,2,... ,k
15 @) = (Ua(ui+ /'ﬁtm 2(0), - B1dE) ) ()

Now, we can formulate the following theorem.
Theorem 3. Let system of ordinary differential equations is in the
form
yz:fi(zaylay‘?a"' ;yk)a yi(xO):yia 7’:1a2a )ky
where f; € ANY,i=1,2,... |k, and operator Uy, which satisfies the condition

(10), and let the system of equations (7) has the solution on the segment
[0, Zo+h]. Then the functions ;(z), i=1,2,...,k, which are the solutions
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of that systems, approzimates on [xg,xo+ h] solutions y;(z), i=1,2,... k,
of the system of equations (14) and the inequality

Z lyi(z) = gi(2) | < (14 o) Z lye(z) — (Un(1)) (@)

1s valid, where

{L 0 % Aoan <1
o =

00 ,n>1. O

Proof:

li(e) — (@) = |vi(z) - (Un(yi))(x) + (Un(wi) () — ()]
< yi() — (Un( ')w)|+|( vi)) (x) — gi(z)]

— [s@) — (Un) (@) + | (Unlas + /flty1 a2(0), - wb]dt) ) @)
- (Un(yi " / 50,5200, . 3x(0)]dt) ) (@)

+ Ag (fz[t y1(t), y2(t), ... u(t)] — filt, 91(t), Ga(2), . .. 7§k(t)])dtH
= [|lvi(2) = (Un(va)) (@)]|
+ Ao / (Filty 1) p2(t), - s yk(@®)] = filts 1 (2), 92 (D), - -, yk(2)]
+f1[t y (t)>y2( )) )yk(t)] - fi[t)gl(t))gZ(t)’yS(t)"' ’yk(t)]
+ fZ[t U1 (t): 2( ) ( ) yk(t)] e fi[t)gl(t)ag2(t)’ v :gk—l(t)’yk(t)]
A FAOR ORI GO B AR ACRAC R AG)
< lwilz) — (Un(w)) H
xo+h
+A0 (\fzt y1(t), y2(t), -, uk(®)] — filt, 71(2), v2(8), - .., us(2)]]

+ lfi[t 71 ( t Yo (t), - s uk(®)] = filt, 1(8), G2(8), w3 () - - ., (B)]]
+ | filt, 7 (B), (t),ys(t)--- k(] = filt, 1(2), 52(8), B3 (8) - -, ww(®)]] + .-
[t,

AL T (0, 0200), - Tea 0,y ()] = St 520, Ba(), - Ge(e)] )
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zo+h K
< ||s(z) — (V@) @)|| + AoA / S s t) — 35 (8) 1t
j=1

= ||lvi(z) — (Un(w)) (=) + AoAhZ lvi(z) — g5 ()|
j=1
Since the deducing is valid for any z € [zg, zg + h] if follows that

k
lys(z) — G(@)l| < [Jvile) = Un(w)) (@)]| + AoAR D [ly;(z) — §5(=)|dt

j=1
Summing these inequalities for ¢ =1,...,k we obtain:
k k
D lyilz) — ga(=)l <Z () — Un(w)) @) + kA0 AR D llys(z) — §;(@)l|dt
i=1 j=1

hence
Z lys(z) — Fi(x)]| < m Z lyi(z) — (Un(i)) (2)]|- [ ]
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