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Abstract. The paper considers a special case of the operator D2 =
D2(h,H, q, α), h,H ∈ R, q(x) ∈ L2[0, π], operator D2

1 with boundary
conditions y(0) = 0, y′(π)+Hy(π) = 0, (h = ∞, H ∈ R\{0}). Presen-
tation of characteristic functions in two ways from the direct problem,
through transformations of multiple integral and the introduction of
transition functions, as well as the of characteristic functions via infi-
nite products according to Hadamard’s factorization theorem enabled
the calculation of the first regularized traces.

1. Introduction

The field of mathematical analysis that studies the spectrum, the set of
eigenvalues and corresponding eigenvectors of linear operators defined of in-
finite Hilbert spaces, is called spectral theory. It is effective in solving a very
broad class of problems in mathematics, physics, mechanics, electronics and
other natural sciences. The most intensive development of this mathemati-
cal discipline is represented by inverse spectral problems. Significant results
have been achieved in this area as evidenced by, numerous works published
on the subject. We mention some of them [1–8].

For the special case of the operator

D2 = D2(h,H, q, α), q(x) ∈ L2[0, π], α ∈ (0, 1),

the operator D2
1 (h = ∞, H ∈ R\{0}) characteristic functions are presented

in two ways: from the direct problem through transformations of multiple
integrals and by introducing transition functions, as well as representing
functions using infinite products according to Hadamard’s factorization the-
orem. This demonstrations that the asymptotics of obtained from infinite
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products are the same as those from the direct problem, which enables the
asymptotics of the eigenvalues of the operator. Based on the representation
of characteristic function in the two mentioned ways and detailed explana-
tions, the first regularized traces calculated.

2. The first regularized traces of the operator D2
1

2.1. Characteristic functions of the operator D2
1. For the observed

operator D2
1 defined by a differential equation

(1) −y′′(x) + q(x)y(αx) = λy(x), q(x) ∈ L2[0, π], α ∈ (0, 1)

and boundary conditions

(2) y(0) = 0,

(3) y′(π) +Hy(π) = 0, h = ∞, H ∈ R\{0},

characteristic functions were constructed, and by introducing transition func-
tions, asymptotic decomposition of zeros of characteristic functions and
eigenvalues of operator was enabled [2]. By applying the method of variation
of constants, the method of successive approximations and using the given
boundary conditions (2), (3) from equation (1), the characteristic function
of the operator D2

1 was obtained [1–5]

(4)

F (z) = z cosπz +H sinπz + acs(z) +
H

z
as2(z) +

1

z
acs2(z) +

+
H

z2
as3(z) +

1

z2
acs3(z) +

H

z3
as4(z) +

+
∞∑
k=4

1

zk−1
acsk(z) +

∞∑
k=4

H

zk
ask+1(z),

where

as2(z) =

∫ π

0
q(t1) sin z(π − t1) · sin zαt1 dt1,

acs(z) =

∫ π

0
q(t1) cos z(π − t1) · sin zαt1 dt1,

ask(z) =

∫ π

0
q(t1) sin z(π − t1) · ask−1(αt1, z) dt1, k = 3, 4, . . . ,

acsk(z) =

∫ π

0
q(t1) cos z(π − t1) · ask(αt1, z) dt1, k = 2, 3, . . . ,

where the labels were used

as2(z) = as2(π, z), acs(z) = acs(π, z),

ask(z) = ask(π, z), acsk(z) = acsk(π, z).
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By defining the so-called transition functions q̃1(θ), an additional transfor-
mation of the characteristic functions is enabled, opening the possibility of
obtaining a more complete asymptotic decomposition of function zeros

q̃1(θ) =


0, θ ∈

(
1+α
2 π, π

]
;

1
1+αq

(
2θ
1+α

)
, θ ∈

(
1−α
2 π, 1+α

2 π
]
;

1
1+αq

(
2θ
1+α

)
+ (−1)j 1

1−αq
(

2θ
1−α

)
, θ ∈

[
0, 1−α

2 π
]
.

By means of q̃1(θ) it is obtained

acs(z) = −
∫ π

0
q̃1(θ) sin z(π − 2θ) dθ = −b̃(1)(z),

as2(z) =

∫ π

0
q̃1(θ) cos z(π − 2θ) dθ = ã(1)(z).

Using functions Q21(θ, q(θ)) ∈ L2[0, π], where

Q̃21(θ, q(θ)) =
1

2

(
Q̃

(1)
2 (θ, q(θ))+Q̃

(2)
2 (θ, q(θ))−Q̃(3)

2 (θ, q(θ))−Q̃(4)
2 (θ, q(θ))

)
,

and

Q̃
(1)
2 (θ, q(θ)) =


0, θ ∈

(
1+α2

2 π, π
]
;∫ π

2θ
1+α2

q(t1)q
(

2θ
1+α − 1−α

1+α t1

)
dt1
1+α , θ ∈

(
1−α
2 π, 1+α2

2 π
]
;∫ 2θ

1−α
2θ

1+α2

q(t1)q
(

2θ
1+α − 1−α

1+α t1

)
dt1
1+α , θ ∈

[
0, 1−α

2 π
]
;

Q̃
(2)
2 (θ, q(θ)) =



0, θ ∈
(
1+α
2 π, π

]
;∫ π

2θ
1+α

q(t1)q
(
t1 − 2θ

1+α

)
dt1
1+α , θ ∈

(
1−α2

2 π, 1+α
2 π

]
;

∫ 2θ
1−α2

2θ
1+α

q(t1)q
(
t1 − 2θ

1+α

)
dt1
1+α , θ ∈

[
0, 1−α2

2 π
]
;

Q̃
(3)
2 (θ, q(θ)) =


0, θ ∈

(
1−α2

2 π, π
]
;∫ π

2θ
1−α2

q(t1)q
(

2θ
1−α − t1

)
dt1
1−α , θ ∈

(
1−α
2 π, 1+α2

2 π
]
;∫ 2θ

1−α
2θ

1−α2

q(t1)q
(

2θ
1−α − t1

)
dt1
1−α , θ ∈

[
0, 1−α

2 π
]
;

Q̃
(4)
2 (θ, q(θ)) =



0, θ ∈
(
1+α
2 π, π

]
;∫ π

2θ
1+α

q(t1)q
(
1+α
1−α t1 −

2θ
1−α

)
dt1
1−α , θ ∈

(
1+α2

2 π, 1+α
2 π

]
;

∫ 2θ
1+α2

2θ
1+α

q(t1)q
(
1+α
1−α t1 −

2θ
1−α

)
dt1
1−α , θ ∈

[
0, 1+α2

2 π
]
;
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functions are presented

acs2(z) =

∫ π

0
Q̃21(θ, q(θ)) cos z(π − 2θ) dθ = a(2,1)(z),

as3(z) =

∫ π

0
Q̃21(θ, q(θ)) sin z(π − 2θ) dθ = b(2,1)(z).

Next, the functions

acs3(z) = −
∫ π

0
Q̃31(θ, q(θ)) sin z(π − 2θ) dθ = −b(3,1)(z),

as4(z) =

∫ π

0
Q̃31(θ, q(θ)) cos z(π − 2θ) dθ = a(3,1)(z),

were obtained using

Q̃31(θ, q(θ)) =
1

4

(
−Q̃(1)

3 (θ, q(θ))− Q̃
(2)
3 (θ, q(θ)) + Q̃

(3)
3 (θ, q(θ)) +

+ Q̃
(4)
3 (θ, q(θ))− Q̃

(5)
3 (θ, q(θ))− Q̃

(6)
3 (θ, q(θ)) +

+ Q̃
(7)
3 (θ, q(θ)) + Q̃

(8)
3 (θ, q(θ))

)
, Q̃31 ∈ L2[0, π].

We will give examples of functions Q̃(2)
3 (θ, q(θ)) and Q̃(8)

3 (θ, q(θ)):

Q̃
(2)
3 (θ, q(θ)) =

=



0, θ ∈
[
1+α2

2 π, π
]
;

∫ π
2θ

1+α2

1
1+αq(t1)

∫ αt1
2θ

1+α
− 1−α

1+α
t1
q(t2)q

(
1−α
1+α t1 + t2 − 2θ

1+α

)
dt2dt1, θ ∈

[
1−α3

2 π, 1+α2

2 π
]
;

∫ π
2θ

1−α3

1
1+αq(t1)

∫ 2θ
1−α2−

1
1+α

t1
2θ

1+α
− 1−α

1+α
t1

q(t2)q
(
1−α
1+α t1 + t2 − 2θ

1+α

)
dt2dt1+

+
∫ 2θ

1−α3

2θ
1+α2

1
1+αq(t1)

∫ αt1
2θ

1+α
− 1−α

1+α
t1
q(t2)q

(
1−α
1+α t1 + t2 − 2θ

1+α

)
dt2dt1,

θ ∈
[
1−α
2 π, 1−α3

2 π
]
;

∫ 2θ
1−α
2θ

1−α3

1
1+αq(t1)

∫ 2θ
1−α2−

1
1+α

t1
2θ

1+α
− 1−α

1+α
t1

q(t2)q
(
1−α
1+α t1 + t2 − 2θ

1+α

)
dt2dt1+

+
∫ 2θ

1−α3

2θ
1+α2

1
1+αq(t1)

∫ αt1
2θ

1+α
− 1−α

1+α
t1
q(t2)q

(
1−α
1+α t1 + t2 − 2θ

1+α

)
dt2dt1,

θ ∈
(
0, 1−α

2 π
]
;
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Q̃
(8)
3 (θ, q(θ)) =

=



0, θ ∈
[
1−α3

2 π, π
]
;

∫ π
2θ

1−α3

1
1−αq(t1)

∫ αt1
2θ

1−α2−
1

1+α
t1
q(t2)q

(
2θ
1−α − t1 − t2

)
dt2dt1, θ ∈

[
1−α2

2 π, 1−α3

2 π
]
;

∫ π
2θ

1−α2

1
1−αq(t1)

∫ 2θ
1−α

−t1
2θ

1−α2−
1

1+α
t1
q(t2)q

(
2θ
1−α − t1 − t2

)
dt2dt1+

+
∫ 2θ

1−α2

2θ
1−α3

1
1−αq(t1)

∫ αt1
2θ

1−α2−
1

1+α
t1
q(t2)q

(
2θ
1−α − t1 − t2

)
dt2dt1,

θ ∈
[
1−α
2 π, 1−α2

2 π
]
;

∫ 2θ
1−α
2θ

1−α2

1
1−αq(t1)

∫ 2θ
1−α

−t1
2θ

1−α2−
1

1+α
t1
q(t2)q

(
2θ
1−α − t1 − t2

)
dt2dt1+

+
∫ 2θ

1−α2

2θ
1−α3

1
1−αq(t1)

∫ αt1
2θ

1−α2−
1

1+α
t1
q(t2)q

(
2θ
1−α − t1 − t2

)
dt2dt1,

θ ∈
(
0, 1−α

2 π
]
.

Other functions

Q̃
(1)
3 (θ, q(θ)), Q̃

(3)
3 (θ, q(θ)), Q̃

(4)
3 (θ, q(θ)),

Q̃
(5)
3 (θ, q(θ)), Q̃

(6)
3 (θ, q(θ)), Q̃

(7)
3 (θ, q(θ))

are obtained analogously [1, 2].

Based on the above transformations, an asymptotic representation of the
characteristic functions was obtained [2]

(5)

F (z) = z cosπz +H sinπz − b̃(1)(z) +
H

z
ã(1)(z) +

1

z
a(2,1)(z) +

+
H

z2
b(2,1)(z)− 1

z2
b(3,1)(z) +O

(
a(3,1)(z)

z3

)
.

The zeros of the function (5) have an asymptotic decomposition [2]

(6)

zn1 = n1 +
1

n1

(
H

π
− 1

π
ã
(1)
2n1

)
+

+
1

n21

(
1

π
b
(2,1)
2n1

+
2H

π2
ˆ̃
b
(1)
2n1

+
1

π
ã
(1)
2n1

· b̃(1)2n1
− 2

π2
ã
(1)
2n1

· ˆ̃b(1)2n1

)
+

+O

(a(3,1)2n1

n31

)
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and eigenvaules asymptotic [2]

(7)

λn1 = n21 +
2H

π
− 2

π
ã
(1)
2n1

+

1

n1

(
2

π
b
(2,1)
2n1

+
4H

π2
ˆ̃
b
(1)
2n1

++
2

π
ã
(1)
2n1

· b̃(1)2n1
− 4

π2
ã
(1)
2n1

· ˆ̃b(1)2n1

)
+

+O

(a(3,1)2n1

n21

)
, n→ ∞, n1 = n+

1

2
.

Here, the number sequences are given by

ã
(1)
2n1

=

∫ π

0
q̃1(θ) cos 2n1θ dθ, a

(3,1)
2n1

=

∫ π

0
Q̃31(θ, q(θ)) cos 2n1θ dθ,

b̃
(1)
2n1

=

∫ π

0
q̃1(θ) sin 2n1θ dθ,

ˆ̃
b
(1)
2n1

=

∫ π

0
θq̃1(θ) sin 2n1θ dθ,

b̃
(2,1)
2n1

=

∫ π

0
Q̃21(θ, q(θ)) sin 2n1θ dθ.

2.2. Operator D2
1 traces. The characteristic function F (z) represented by

the infinite product is given by the relation

(8)

F (z) = z cosπz + z cosπz ·
∞∑
n=0

λn1 − n21
n21 − z2

+
z cosπz

2
·

·

( ∞∑
n=0

λn1 − n21
n21 − z2

)2

−
∞∑
n=0

(
λn1 − n21
n21 − z2

)2
+ z cosπz · ψ(z).

The analytical expression of the function ψ is not given because it is negli-
gible compared to the sums before it in relation (8).

The squares of the zeros of the entire function F (z) of exponential type
and unit degree of growth in z have asymptotics given by (7). We will
transform the characteristic function (8) represented by the infinite product.

In the following, we use functions

ã
(1)
0 =

∫ π

0
q̃1(θ) dθ, a

(2,1)
0 =

∫ π

0
Q̃21(θ, q(θ)) dθ,

â
(2,1)
0 =

∫ π

0
θQ̃2,1(θ, q(θ)) dθ,

ˆ̃a
(1)
c0 (z) =

∫ π

0
θq̃1(θ) cos 2zθ dθ, b̃

(1)
s0 (z) =

∫ π

0
q̃1(θ) sin 2zθ dθ,
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ˆ̃
b
(1)
s0 (z) =

∫ π

0
θq̃1(θ) sin 2zθ dθ, ã(1)(z) =

∫ π

0
q̃1(θ) cos z(π − 2θ) dθ,

b̃(1)(z) =

∫ π

0
q̃1(θ) sin z(π − 2θ) dθ,

ˆ̃
b(1)(z) =

∫ π

0
θq̃1(θ) sin z(π − 2θ) dθ,

ˆ̃a
(1)
0 =

∫ π

0
θq̃1(θ) dθ, b(2,1)(z) =

∫ π

0
Q̃21(θ, q(θ)) sin z(π − 2θ) dθ,

as well as sums
2

π

∞∑
n=0

1

n21 − z2
=

1

z
tanπz;(9)

− 2

π

∞∑
n=0

ã
(1)
2n1

n21 − z2
= − 1

z cosπz
b̃(1)(z);(10)

2

π

∞∑
n=0

b
(2,1)
2n1

n1(n21 − z2)
=

1

z2 cosπz
a(2,1)(z)− 1

z2
a
(2,1)
0 ;(11)

2

π

∞∑
n=0

b̃
(1)
2n1

n1(n21 − z2)
=

1

z2 cosπz
ã(1) − 1

z2
ã
(1)
0 ;(12)

4

π2

∞∑
n=0

ˆ̃
b
(1)
2n

n1(n21 − z2)
=

2

πz2 cosπz
ˆ̃a(1) − 2

πz2
ˆ̃a
(1)
0 ;(13)

2

π

∞∑
n=0

ã
(1)
2n1
b̃
(1)
2n1

n1(n21 − z2)
=
ã
(1)
c0 (z)ã

(1)(z)

z2 cosπz
− 1

z2
(ã

(1)
0 )2;(14)

− 4

π2

∞∑
n=0

ã
(1)
2n1

ˆ̃
b
(1)
2n

n1(n21 − z2)
= − 2

πz2

( 1

cosπz
ã
(1)
c0 (z)

ˆ̃a(1)(z)− ã(1)ˆ̃a
(1)
0

)
;(15)

4

π2

∞∑
n=0

1

(n21 − z2)2
= − 1

πz3
tanπz +

1

z2
· 1

cos2 πz
;(16)

(17)

4

π2

∞∑
n=0

(ã
(1)
2n1

)2

(n21 − z2)2
= − 16

πz3 cosπz
b̃(1)(z)b̃

(1)
c0 (z) +

16

z2 cosπz
ã(1)(z)ã

(1)
c0 (z) −

− 32

πz2 cosπz
ˆ̃a(1)(z)ã

(1)
c0 (z)−

32

πz2 cosπz
b̃(1)(z)

ˆ̃
b
(1)
s0 (z) +

+
16 sinπz

z2 cosπz
b̃(1)(z)ã

(1)
c0 (z);

(18)
− 8

π2

∞∑
n=0

ã
(1)
2n1

(n21 − z2)2
= − 2

πz3 cosπz
b̃(1)(z) +

2

z2 cos2 πz
b̃(1)(z) −

− 2

z2 cosπz
ã(1)(z) +

4

πz2 cosπz
ˆ̃a(1)(z).
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By analogy with Levitan
∑∞

n=0
λn1−n2

1

n2
1−z2

can be transformed as

(19)

∞∑
n=0

λn1 − n21
n21 − z2

=
∞∑
n=0

∆λn1

n21 − z2
+

2H

π

∞∑
n=0

1

n21 − z2
−

− 2

π

∞∑
n=0

ã
(1)
2n1

n21 − z2
+

2

π

∞∑
n=0

b
(1)
2n1

n1(n21 − z2)
+

+
4H

π2

∞∑
n=0

ˆ̃
b
(1)
2n1

n1(n21 − z2)
+

2

π

∞∑
n=0

ã
(1)
2n1
b̃
(1)
2n1

n1(n21 − z2)
−

− 4

π2

∞∑
n=0

ã
(1)
2n1

ˆ̃
b
(1)
2n1

n1(n21 − z2)
, n1 = n+

1

2
, n→ ∞,

where

(20)
∆λn1 = λn1 − n21 −

2H

π
+

2

π
ã
(1)
2n1

−− 1

n1

(
2

π
b
(2,1)
2n1

+
4H

π2
ˆ̃
b
(1)
2n1

+

+
2

π
ã
(1)
2n1
b̃
(1)
2n1

− 4

π2
ã
(1)
2n1

ˆ̃
b
(1)
2n1

)
= O

(
a
(3,1)
2n

n21

)
, n→ ∞,

(21)
∞∑
n=0

∆λn1

n21 − z2
= − 1

z2
S∗
1 +

1

z2

∞∑
n=0

n21∆λn1

n21 − z2
= − 1

z2
S∗
1 + o

(
1

z2

)
.

From (19), (20), (21), as well as the sum (10)–(18), we have

(22)

∞∑
n=0

λn1 − n21
n21 − z2

= − 1

z2
S∗
1 +

H

z
tanπz − 1

z cosπz
b̃(1)(z) +

+
1

z2 cosπz
a(2,1)(z)− 1

z2
a
(2,1)
0 +

2H

πz2 cosπz
ˆ̃a(1)(z) −

− 2H

πz2
ˆ̃a
(1)
0 +

ã
(1)
c0 (z)ã

(1)(z)

z2 cosπz
− 1

z2
(ã

(1)
0 )2 −

− 2

πz2

( 1

cosπz
ã
(1)
c0 (z)

ˆ̃a(1)(z)− ã(1)ˆ̃a
(1)
0

)
,

(23)

1

2

( ∞∑
n=0

λn1 − n21
n21 − z2

)2

=
H2

2z2
tan g2πz +

1

2z2 cos2 πz
(b̃(1)(z))2 −

− H sinπz

z2 cos2 πz
b̃(1)(z) + o

(
ã
(1)
c0 (z)ã

(1)(z)

z2 cosπz

)
,
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(24)

− 1

2

∞∑
n=0

(
λn1 − n21
n21 − z2

)2

=
H2

2πz3
tanπz +

H2

2z2 cos2 πz
+

+
8

πz3 cosπz
b̃(1)(z)ã

(1)
c0 (z)−

8

z2 cosπz
ã(1)(z)ã

(1)
c0 (z) +

+
16

πz2 cosπz

(
â(1)(z)ã

(1)
c0 (z) + b̃(1)(z)

ˆ̃
b
(1)
s0 (z)

)
−

− 8 sinπz

z2 cosπz
b̃(1)(z)ã

(1)
c0 (z)−

H

πz3 cosπz
b̃(1)(z) −

− H

z2 cos2 πz
b̃(1)(z) +

H

z2 cosπz
ã(1)(z)− 2H

πz2 cosπz
ˆ̃a(1)(z).

From (8), (22), (23) and (24) we get

(25)

F (z) = z cosπz +H sinπz − b̃(1)(z) +
H

z
ã(1)(z) +

1

z
a(2,1)(z) +

+
cosπz

z

(
− S∗

1 − a
(2,1)
0 −

(
ã
(1)
0

)2 − 2H

π
ˆ̃a
(1)
0 +

2

π
ã
(1)
0

ˆ̃a
(1)
0

)
+

+O

(
ã
(1)
c0 (z)ã

(1)(z)

z2

)
.

If we equate the coefficients with cosπz
z in relations (5) and (25), we obtain

that the first regularized trace of the operator is

S∗
1 = −a(2,1)0 −

(
ã
(1)
0

)2 − 2H

π
ˆ̃a
(1)
0 +

2

π
ã
(1)
0

ˆ̃a
(1)
0 .

This proves the basic result of the paper.

Theorem 1. The first regularized trace of the operator D2
1 is

S∗
1 = −a(2,1)0 − (ã

(1)
0 )2 − 2H

π
ˆ̃a
(1)
0 +

2

π
ã
(1)
0

ˆ̃a
(1)
0 ,

where are functions

ã
(1)
0 =

∫ π

0
q̃1(θ) dθ, a

(2,1)
0 =

∫ π

0
Q̃21

(
θ, q(θ)

)
dθ, ˆ̃a

(1)
0 =

∫ π

0
θq̃1(θ) dθ.

3. Conclusion

The first regularized traces were obtained based on the representation of
characteristic functions in two ways, directly from the operator and via the
infinite product. The paper represents a contribution to the spectral theory
of operators.
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