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ABsTRACT. The paper considers a special case of the operator D? =
D*(h,H,q,a), h, H € R, q(z) € L2[0, 7], operator D} with boundary
conditions y(0) = 0, y'(7) + Hy(w) = 0, (h = 0o, H € R\ {0}). Presen-
tation of characteristic functions in two ways from the direct problem,
through transformations of multiple integral and the introduction of
transition functions, as well as the of characteristic functions via infi-
nite products according to Hadamard’s factorization theorem enabled
the calculation of the first regularized traces.

1. INTRODUCTION

The field of mathematical analysis that studies the spectrum, the set of
eigenvalues and corresponding eigenvectors of linear operators defined of in-
finite Hilbert spaces, is called spectral theory. It is effective in solving a very
broad class of problems in mathematics, physics, mechanics, electronics and
other natural sciences. The most intensive development of this mathemati-
cal discipline is represented by inverse spectral problems. Significant results
have been achieved in this area as evidenced by, numerous works published
on the subject. We mention some of them [1-§].

For the special case of the operator
D? = D*(h,H,q,a), q(z) € Ls]0,7], a € (0,1),

the operator D? (h = oo, H € R\{0}) characteristic functions are presented
in two ways: from the direct problem through transformations of multiple
integrals and by introducing transition functions, as well as representing
functions using infinite products according to Hadamard’s factorization the-
orem. This demonstrations that the asymptotics of obtained from infinite
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products are the same as those from the direct problem, which enables the
asymptotics of the eigenvalues of the operator. Based on the representation
of characteristic function in the two mentioned ways and detailed explana-
tions, the first regularized traces calculated.

2. THE FIRST REGULARIZED TRACES OF THE OPERATOR D?

2.1. Characteristic functions of the operator D?. For the observed
operator D? defined by a differential equation

(1) —y"(z) + q(@)y(az) = My(z), q(z) € L0, 7], a € (0,1)
and boundary conditions

(2) y(0) =0,

3) y(m)+ Hy(r) =0, h=oo, HeR\{0},

characteristic functions were constructed, and by introducing transition func-
tions, asymptotic decomposition of zeros of characteristic functions and
eigenvalues of operator was enabled [2]|. By applying the method of variation
of constants, the method of successive approximations and using the given
boundary COIldlthIlE . from equation (] . the characteristic function
of the operator D} was obtalned [1-5]

H 1
F(z) =zcosmz+ Hsinmz + acs(z) + —a2(z) + —aq2(2) +
z z
H H
(4) + ;a&”( ) 053( ) + Zgas‘l(
oo
+5° ot + 3 o
k=4
where
™
az(z) = / q(t1) sin z(m — t1) - sin zaty diy,
0
™
acs(z) = / q(t1) cos z(m — t1) - sin zaty dty,
0
™
ag(z) = / q(t1)sinz(m —t1) - age—1(aty, z) dtr, k=3,4,...,
0
™
a.qx(2) = / q(t1) cosz(m —t1) - agr(aty, z) dt;, k=2,3,...,
0

where the labels were used
ap2(z) = age(m, 2), aes(2) = aes(m, 2),

agr(z) = ag(m, 2), Aok (2) = Qpgr (T, 2).
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By defining the so-called transition functions g;(#), an additional transfor-
mation of the characteristic functions is enabled, opening the possibility of
obtaining a more complete asymptotic decomposition of function zeros

0, 0 e (H’aw 77]
Q(0) = mad(ta), 0 (F5om, o);
tad(fa) + (1 ga(3), o€ [0, 5%,
By means of ¢1(0) it is obtained

aes(z) = — /07r G1(0) sin z(7 — 20) d = —bV(2),

ag(z) = / G1(0) cos z(m — 20) do = aV(2).
0
Using functions Q21(0, q(0)) € L2[0, 1], where

Qo1 (6,4(60)) = 5 (O (0.(0))+ G50, a(6)) — O (6.4(0) - G50, a(6)) ).

and

( 0, 0 e (H';‘ 7r,7r}7
O (0,q(0)) = { ST, alt)a (25 — 5an) . 0 € (Sgom al
| j}%;qwq(liz—i;; ) s 0 [0.5520);
0, 0 c (I‘%O‘w,ﬂ] ;
0P 0.q0) = | T o0 (1= 5 i o€ (S55m e

20

%ﬂ q(t1)q (t1 — %) 1dfrla7 0c {07 1—204271_] ;
0, NS (1_2a27r,7r} :
O 0.q(0)) = { oy alt)a (25 - 10) 5. 0€ (Pom gl
12; att)g (25 —t) £, o€ [0, 552);
> o€ (Sem )
09 (0, q(0)) = { 1oz alt)a th - %> e (Vptn, B
0




18 REGULARIZED TRACES OF D? TYPE STURM-LIOUVILLE OPERATORS. . .

functions are presented

acs2(2) = /0” Q21(0, q(0)) cos z(m — 20) d = a®Y(2),

ag(z) = /0 ' Q21(0,q(0)) sin z(7 — 20) df = b>V (2).

Next, the functions

(pg3(2) = — /0 i Q31(0, q(0)) sin z(m — 20) df = —bBY(2),

o) = [ Qn0.0(0) cos =(x — 20) dp = o),
were obtained using
Qa1 (0,0(0)) = (- Q5. 4(0)) ~ O (0. a(0)) + O (6.4(0)) +
+ Q5" (0.9(0)) — Q5 (6, 4(0)) — QY (8, (9)) +
+0(0,00)) + @S (9,09))), Qa1 € La[0, 7.
We will give examples of functions Q{” (6, q(9)) and QLY (6, q()):

Q) (0,4(0)) =

0, 0 e [1Jr2a27r,7r];

3 2
f% H%Q(h)flzaa 1may, Q(tz)CI(Hatl +ig — 1+a) dtydty, 0 € [I52w, Hoo ),

I+a

260 1

a2 THa 'l

f 2, 1+aq(t1) 5 1:t q(t2)q(1Tt1 +to — T) dtadt+

: The—Tre 1-a._ 1-a3
= 0 [ 2 T ]’
o t

+f126 * at) S _1ma, a(t2)a (1+ ty +ta — ) dtadty,
1+O¢2 1+« I+a
20 2Ly

26{1 1+aq(t1) 119: hgt q(tQ)q(1+at1 +to — m) dtadti+

Jrfll+ =aty) flzaa 1y, Q(t2)q(1+at1 +i2 — m) dtadty,
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0, 0 e [1_2a37r77r];
_ A2 _ A3
JTes | ta(t) W, q(tg)q( —h —tz) dtydty, 0 e [ 15007],
—a l1—a +a
™ 9 —t1
flzi Lq(t1) 292_ “ Q(tQ)(I<f —t — t2) dtadti+
—a l—a 1+a 1— 1—a? .
— 2(92 . AS [Taﬂ-’ 2a 7T],
+f12—9a3 ﬁq(tl) szé iy q(tg)q( — 1t — tg) dtadty,
1—a 1-a2 1+a
2 2t
5 salty) [5 o, Q(tz)Q( -1 —tz) dtadt1+
-2 1—a2 T+at 1—a
2 t 0 € (0, 52].
+f1;9“3 Lq(t1) azérll " q(tg)q( — 1t — t2) dtadty,
l—a +a

Other functions
Q(6,9(0)), Q(6,4(6)), QL (6,4(6)),
QA 0,q(0), QL(0,9(0)), Q(6,q(6))

are obtained analogously |1}2].

Based on the above transformations, an asymptotic representation of the
characteristic functions was obtained |[2]

- H 1
F(z) = zcosmz 4+ Hsinmz — bV (2) + ;d(l)(fz) + >

H 2,1 1 3,1 G(S’l)(z)
+Z—zb( >(z)—;2b< (2)+ 0 —=22).

23

a®V(2) +
(5)

The zeros of the function have an asymptotic decomposition [2]

niy m 7T
L (1 @y  2Hzq) A w2 <> 2(1)
(6) +n%<ﬂ.b2n1 “‘ﬁbzm"'* ony by = 3 02m, Oamy | F
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and eigenvaules asymptotic |2]

2H 2
_ 2 (1)
)\nl =ni+ 7 — ;agm +
1 (2,2 i oL 2.0 g 4 ea ) B¢
(7) n1<7'('b2n1 + 71)2711 2n1 b2n1 72 2n b2n1
a(3 1) .
—|—O< ), n—o00, ng=n+ —.
nl 2
Here, the number sequences are given by
déifl Z/ q1(0) cos 2n10 do, in / Q31(0, q(8)) cos 2n16 db,
0
b = / G1(0) sin 2n16 do), by = / 0G1(0) sin 2110 df,
0 0

béif) / Q21(0,q(0)) sin 21,0 db.
0

2.2. Operator D? traces. The characteristic function F(z) represented by
the infinite product is given by the relation

—n}  zcosmz

F(z) = zcosmz + zcosmz - Z

_ .2
5 o ”1 z 2
oo 2 00 2
/\m — n% )\nl — n%
. <Z 77@_22 —Z 7n%—z2 + zcosmz - Y(2).
n=0 n=0

The analytical expression of the function ¥ is not given because it is negli-
gible compared to the sums before it in relation .

The squares of the zeros of the entire function F'(z) of exponential type
and unit degree of growth in z have asymptotics given by . We will
transform the characteristic function represented by the infinite product.

In the following, we use functions

alh = / Q6)do, V) = / Q21(0.9(0)) do
0 0

a5 = / 0Q2,1(0,4(0)) df,
0

iy (2) = / 0q1(0) cos 226 db, b0 (z) = / G1(0) sin 220 db,
0 0
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A~

Bg(l))(z) —/0 0¢1(0) sin 220 db,

BV (2) = / G1(0) sin 2(x — 20) do, HD (=
0

il = / 0G.(0) do, bV (z
0

as well as sums

a0 () = / G1.(0) cos =(r — 20) db,
0
/ 0¢1(0) sin z(m — 20) db,

):/0 Q21(0, q(0)) sin z(m — 26) d6,

2o 1 1
(9) p Z 7712 T Rl tan mz;
n=0
o ~(1)
Aon 1 -
10 - T 0 (2);
(10) Zn 2 _ 52 ZCOSTZ (2);
n=0
9 ng 1) 1 1 (o
11 - nl — (2,1 _ (@21,
(11) T Z (n? — 22) 2cosmz (2) 2% 5
2 o ~2n)1 L oo 1.
(12) £ (n? —22) Peosnz | 2000
4 & 13(1) 2 . "
13 2n — 2(1) 4 2(1),
(13) 2 E:O ni(n? —22)  mz%cos w2 7722 G
~(1) 7(1) ~(1 -
(14) 2 > a2n1b2n1 — a’((jo)(z)a(l)(z) o 7((—]«1(1))2
™ Onl(n% —22) z2cosTz 230 /0
~(1) 7(1)
4 Gy by 2 Ly, 2 2 (1
15 AN %emP%n _7( ~(1) 21,y _ =(1)2( )).
(15) 72 nz;) ni(n? — 22) w22 \cosmz @ (2)a(z) —aay” );
4 & 1 1
16 = —— .
(16) w2 L (nf — 22)? LA v gt
) ~(1) \2
4 (G3,,)° 16 -y, 7)) 16 1) ,\50
ﬁg (n2 —22)2 73 coswzb (2)bq (2) + 2cosma (2)a (2) =
17 32 cyaWy - B2 )50
(7 T22 cos 7TZa (2)aeg (2) 722 cos 7rzb (2)bsg (2) +
16sinmz ~
M (1)
22 cosTz (2)aco (2);
_(1
_8 S aén)l - _ 2 b (z) + #Yl)(z) _
(18) m2 £ (nf — 22)? 723 cosmz 22 cos? Tz
2 4 A
1 ¢ ) -1 ¢
ZZcosnz (2 P (2).
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2
By analogy with Levitan y 2 /\;21_:21 can be transformed as
1

vt n? — 22 non%—ZQ 7Tn:0n%—z2
1
4 Z a2m 2 Z b;n)l n
‘i — 27 — n1(nf — 22)
(19) ~
+4H§:b§2+2§: s by
2 ot n(nf—22) vt ni(n? — 22)
gl) 351) 1
n1”2n1
= o) — 9
Qannl—z2 ny n+2 n — 00
where
2H 2 _( 2,1 1
My =yt =2 2a) L (20 2
. 2.0 50 _ 4.0 agy
+ 7a2nlb2n1 - 7_[.2a2n162n1> = O< 7;% )7 n — o9,

= AN, 1., 1 &niA), 1, 1
(21) Z 2 12 = _751 +;Z 2 L = _27251 +O<Z2>

nonl_z 22 n70n1_22
From . .7 as well as the sum .’ we have
o
N, —n? I )
Z 71217721 5’1 tan Ty — b(1>(z) N
= M7 ZCOSTZ
n=0
! 1 oOH .
I 5 ) VIR ¢ ) R - ST §) B
2cosma (2) i (2)
(22)
~(1 5
7722 0 22 cosTz 22
2 1 _a 21 a1
- @(cosmaﬁo)(z)a( )(2) — aWa ))’
LI\ Any — n% 2 H? 2 1 -
2 o) T2  (BW))2 -
2 (Z n% ) 9,2 ang-mz + T ﬂz( ()
(23) n=0

Hsinrmz 13(1)(2) N O(ag(l))(z)a(l)(z))

22 cos?z 22 cosmz
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,Z nl_nl 2_ H2 tan?TZ—FHiZ—F
n? — 22 2723 222 cos? Tz

0@ ) - (a8 () +
(%> + e (VA6 + BN ) -
- ST S0 (alf(e) - B0 (z) -
~ e O o) (e

From , , and we get

F(z) :ZCOSﬂ'Z—f—HSiD?TZ—i)(l)(Z)+£a( )( )+ 1a(2 1)(2) I
z

O (1) 212
25) | cosmz ( St — o) _ (a2 7&5 )4 ~<1>&<1>> n

0 ;ao 0
~(1) ¢ _\~(1)
g (2)a'(2)
+O<0 > >

If we equate the coefficients with <™= in relations and , we obtain
that the first regularized trace of the operator is

2H . 2 A
85 =~ — @) - 250 1 2a0,

This proves the basic result of the paper.
Theorem 1. The first reqularized trace of the operator D? is

2H - )
57 = —a2) - @) - 20 +7a(<)1>a(<)1>7

where are functions
&l — / () do, a®V / Go1 (0.9(0)) do, &8 = / 0, (6) db
0 0

3. CONCLUSION

The first regularized traces were obtained based on the representation of
characteristic functions in two ways, directly from the operator and via the
infinite product. The paper represents a contribution to the spectral theory
of operators.



24

REGULARIZED TRACES OF D? TYPE STURM-LIOUVILLE OPERATORS. . .

(1]

2]

3l

4]

5]

[6]

(7]

(8]

REFERENCES

D. Nedi¢, E. éa‘crnja7 Spectral properties of some differential operators of Sturm-
Liouville type with homogeneous delay, Hacettepe Journal of Mathematics and Sta-
tistics, 51 (3) (2022), 658-665.

D. Nedi¢, M. Pikula, Karakteristicne funkcije i asimptotika sopstvenih vrijednost
operatora D3 i D3 tipa Sturm-Liuvila sa homogenim kasnjenjem, Savremeni matem-
ati¢ki problemi, 55 (2) (2018), 301-308.

M. Pikula, V. Vladi¢i¢, D. Nedi¢, Inverse Sturm-Liouville problems with homogeneous
delay, Siberian Mathematical Journal, 55 (2) (2014), 301-308.

M. Pikula, E. éatrnja, 1. Kalco, Spectral problems for operators with deviating argu-
ments, Hacettepe Journal of Mathematics and Statistics, 47 (5) (2018), 1172-1183.

M. Pikula, D. Nedi¢, E. éatrnja, Partial invese spectral problems for the Sturm-
Liouville operator with delay, Sarajevo Journal of Mathematics, 16 (1) (2020), 41-54.

V. Vladi¢i¢, M. Pikula, An inverse problems for Sturm-Liouville type differential
equation with a constant delay, Sarajevo Journal of Mathematics, 12 (1) (2016), 83-
88.

B. Vojvodié, N. Pavlovi¢ Komazec, F.A. Cetinkaya, Recovering differential operators
with two retarded arguments, Boletin de la Sociedad Matematica Mexicana, 28 (2022),
Article ID: 68, 1-21.

I. Kal¢o, F. Destovi¢, D. Nedi¢, Bilinear Delay, International Journal of Recent
Engineering Research and Development (IJRERD), 06 (09) (2021), 1-4.

DrAaGANA NEDIC

UNIVERSITY OF EAST SARAJEVO,

FacuLTy OF TRANSPORT AND TRAFFIC ENGINEERING
VoJVODE MISICA 52

74000 DoBoJ

BosNiA AND HERZEGOVINA

E-mail address: dragana.nedic@sf.ues.rs.ba

IsmET KALCO

UNIVERSITY OF ZENICA

FacuLrty OF PHILOSOPHY

ZMAJA OD BOSNE 56

72000 ZENICA

BosNiA AND HERZEGOVINA

E-mail address: ismet.kalco@unze.ba

GORAN CVJETKOVIC

GymNasiuM JovaN Ducic,

HILANDARSKA 2

74000 DoBoJ

BosNiA AND HERZEGOVINA

E-mail address: cvjetkovicgoran128Q@gmail.com



	1. Introduction
	2. The first regularized traces of the operator D12
	2.1. Characteristic functions of the operator D12
	2.2. Operator D21 traces

	3. Conclusion
	References

