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On weak orbitally and asymptotically
continuous mappings

BHARTI JOSHI 0000-0002-6209-0107
NAVEEN CHANDRA* 0000—0003—0501—5401

ABSTRACT. In this note, we show that the recent results due to Khan
and Oyetunbi [J. Fixed Point Theory Appl. 22:47, 2020|, Gornicki [J.
Fixed Point Theory Appl. 22:8, 2020], Bisht [J. Fixed Point Theory
Appl. 21:54, 2019] and Gornicki [J. Fixed Point Theory Appl. 21:29,
2019] are still valid if mappings are not necessarily orbitally continuous
or k-continuous on a complete metric space, but satisfy the weaker
version of orbital continuity and k-continuity.

1. INTRODUCTION AND PRELIMINARIES

We recall some weaker forms of continuity as follows:

Definition 1 ([2,3]). If T is a self-mapping of a metric space (X, d), then
the set O(T,z) ={T"x :n=0,1,2,...} is called the orbit of T" at x and T
is called orbitally continuous at z € X if for any sequence {z,} C O(T,x)

for some z € X, x,, — z implies Tz,, — Tz as n — oo, that is z = limT™x
3

implies Tz = lim TT™x.
(2

Definition 2 (|5]). Let (X,d) be a metric space and T : X — X. A

mapping f : X — R is said to be T-orbitally lower semi-continuous at a

point z € X if {z,} is a sequence in O(T, z) for some z € X, lim x, = 2
n—oo

implies f(z) < lirginff(xn).
Definition 3 (|9]). A self-mapping T of a metric space (X,d) is called k-

continuous, k = 1,2, 3,... if T*x, — Tt whenever {z,} is a sequence in X
such that TF 1z, — t.
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Remark 1. A continuous mapping is orbitally continuous but not conversely
(see |2,9]). Note that k-continuity of a mapping implies (k+1)-continuity for
k € N while converse is not true (see [2]). Clearly, 1-continuity is equivalent
to continuity.

Remark 2 (Proposition 1 and Example 1 of [8]). Let (X,d) be a metric
space, T : X — X and z € X. If T is orbitally continuous at z or T is
k-continuous at z for some k > 1, then the function x — f(x) := d(z,Tx)
is T-orbitally lower semi-continuous at z. However, the converse may not
be true. That is, T-orbital lower semi-continuity of z — d(z,Tx) is weaker
than both orbital continuity and k-continuity of T'.

Moreover, in 2019, Pant et al. |9] introduced the following notion of weak
orbitally continuous mappings.

Definition 4 (|9]). A self-mapping T of a metric space (X, d) is called weak
orbitally continuous if the set {y € X : lim; T™y = u = lim; TT™y = Tu}
is non-empty whenever the set {z € X : lim; 7™z = u} is non-empty.

The following example shows that there exists 7' : X — X such that

T is weak orbitally continuous but T is neither orbitally continuous nor
k-continuous.

Example 1 (]9]). Let X = [0, 2] equipped with the Euclidean metric. Define
T: X — X by

T(z) = 1+

ifr<1, T =0ifl<z<2,  T(2)=2

Here we observe that 70 — 1 and T(7™0) — 1 # T'1. Therefore T is not
orbitally continuous. However T is weak orbitally continuous. If we take
x =2 then T"2 — 2 and T(T™2) — 2 = T2 and, hence T is weak orbitally
continuous. Further, T is also not k-continuous. To see this, consider the
sequence {T"0} then for any integer k > 1, we have T*~1(T"0) — 1 and
TF(T"0) — 1 #£ T1.

Recently, Pant et al. [10] also introduced an another weaker version of
continuity named as the asymptotic continuity, which is the following.

Definition 5 ([10]). A function T': X — Y is said to be asymptotically con-

tinuous (or equivalently, asymptotically k-continuous) if klim T(T*x,) =
M—00

Tu whenever {x,} is a sequence in X such that lim 7%z, = u.
k,n—o0

However, we note that continuity = k-continuity = asymptotic
continuity but not conversely, for the sake of convenience one can see the
Example 1.8 given in [10]. Additionally, it is also interesting to note that
continuity has been observed an ideal property of a mapping but, in cer-
tain instances, it may not be continuous at some points of the domain of
definition.
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In fixed point theorems, the assumption of continuity of mappings play
a crucial role. However, there are several fixed point results which do not
require the mapping to be continuous in the entire domain but at the fixed
point the mappings are necessarily continuous, for instance, see [7] in de-
tails. Moreover, many researchers have studied diverse weaker assumptions
of the continuity. Recently, Bisht [1] has explored finely the comparison of
weaker forms of continuity in details and also categorize several contractive
definitions which ensure the existence of the fixed point, even though the
mappings may not be continuous at the fixed point with or without some
weaker forms of continuity.

In 2019, Gornicki 4] obtained the fixed point result for asymptotically
regular continuous mapping.

Theorem 1. If (X,d) is a complete metric space and f : X — X is a
continuous asymptotically reqular mapping and if there exist 0 < M < 1 and
0 < K < 400 satisfying

(1) d(fz, fy) < M d(xz,y) + K{d(z, fr) + d(y, fy)}

for all x,y € X, then f has a unique fized point p € X and f"x — p for
each z € X.

Further, Bisht [2] showed that the assumption of continuity considered in
Theorem 2.6 of [4] can be relaxed to some weaker notions of continuity, viz.
orbital continuity or k-continuity, which extends the scope of the study of
fixed point theorems from the class of continuous mappings to a wider class
of discontinuous mappings. The theorem due to Bisht [2] is as follows:

Theorem 2 (|2]). If (X,d) is a complete metric space and T : X — X
is an asymptotically regular mapping and if there exists 0 < M < 1 and
0 < K < oo satisfying

(2) d(Tz,Ty) < Md(z,y) + K{d(z,Tx) + d(y, Ty)}

for all x,y € X, then T has a unique fized point p € X provided T is either
k-continuous for k > 1 or orbitally continuous.

Let S denote the class of functions « : [0,00) — [0,1) satisfying the
condition:

lim a(t,) =0= lim ¢, =0.

n—oo n—oo
Let U denote the class of functions ¢ : [0,00) — [0, 00) satisfying:
(i) ¢(t) <t forall t > 0.
(ii) ¢ is upper semi-continuous, i.e.,
if t,, — t >0, then limsup,,_, . ¢(tn) > @(t).
Using the above class of functions, Gornicki [3] obtained the following results
for orbitally continuous or k-continuous mappings.
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Theorem 3 (Theorem 2.1 of Gornicki [3]). Let (X, d) be a complete metric
space and T : X — X an asymptotically regular mapping. Suppose there
erists a € §,0 < K < 00, such that for each x,y € X,

(3) d(Tz, Ty) < a(d(z,y))d(z,y) + K{d(z, Tx) 4+ d(y, Ty)}.

If T is k-continuous for some k > 1 or T is orbitally continuous, then T has
a unique fized point z € X and for each x € X, T"x — z as n — oo.

Theorem 4 (Theorem 2.2 of Gornicki [3]). Let (X,d) be a complete metric
space and T : X — X an asymptotically regular mapping. Suppose there
exists p € U,0 < K < 00, such that for each x,y € X,

(4) d(Tz,Ty) < p(d(z,y)) + K {d(z, Tx) +d(y, Ty)}.

If T is k-continuous for some k > 1 or T is orbitally continuous, then T has
a unique fized point z € X and for each x € X, T"x — z as n — 0.

Remark 3. Theorem [3]is a particular case of Theorem [4

Khan and Oyetunbi [6] extended Theorem (1| for a pair of asymptotically
regular self-mappings.

Theorem 5 (|6]). Suppose that (X,d) is a complete metric space, T and S
are asymptotically reqular self-mappings on X satisfying the following

(5)  d(Tw,Sy) < Md(z,y) + K{d(z,Tx) + d(y,Sy)} for all z,y € X,

where 0 < M <1 and 0 < K < co. Suppose further that T and S are either
k-continuous for some k > 1 or orbitally continuous. Then, T and S have a
unique fized point p. Additionally, lim, o Tz = p = lim, oo Sz for any
reX.

Thereafter, Nguyen [§] established the following result for T-orbitally
lower semi-continuous.

Theorem 6 (Corollary 1 of [8]). Let (X,d) be a complete metric space and
T:X — X. Assume that there exists o € X such that T is asymptotically
regqular at xo and there exist p € U, K >0, l1,lo > 0 such that

(6)  d(T2,Ty) < pld(z,y) + K {[de, To)" + [d(y. Ty) }

forallxz,y € X. If © — d(x,Tx) is T-orbitally lower semi-continuous then
T has a unique fized point z € X and li_>m Tz = z for all x € O(T, xg).
n—oo

Now it is worthwhile to consider the notion of weakly orbital continuity
or asymptotic continuity which are to be employed on some recent theorems
established by Khan and Oyetunbi [6], Gornicki [3}/4], Bisht |2] and Nguyen
[8]. Even though the mappings are not necessarily orbital continuous or
k-continuous.
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2. MAIN RESULTS

Theorem 7. Theorem[9 holds provided T is either weak orbitally continuous
or asymptotically continuous.

Proof. Let g € X. Define a sequence {x,} in X given by the rule x,; =
Tz, = T"xzo. Then following the proof of Theorem 2.1 in [2|, we conclude
that {z,} is a Cauchy sequence. Since X is complete, there exists a point

z € X such that lim z, = z, and so lim Tz, = z. Furthermore, for each
n—oo n—ro0

k > 1 we have hrn Tk, = 2.

Now let us suppose that T is weak orbitally continuous. Then there
exists yg € X such that lim T"yy = z and lim 7"t 'yy = Tz. This implies
n—oo n—oo

z =Tz. Hence z is a fixed point of T'.

Finally, suppose that T' is asymptotically continuous. Since lim z, = z
n—o0

and li_>m Tkz, = z for each k > 1, asymptotic continuity implies that
n o

lim T(T*z,) = Tz. This yields Tz = z because the following holds:

k,n—o00

lim T(T*z,)= lim Tz, =z

k,n—o00 k,n—o00

Hence z is a fixed point of 7. O

Remark 4. Theorem [7] also a generalization of the result due to Gornicki
14]-

Next we show that Theorem 2.1 and Theorem 2.2 of Gornicki 3] also hold
for weak orbitally continuous mappings.

Theorem 8. Theorems|[3, [f] and [0 hold provided T is either weak orbitally
continuous or asymptotically continuous.

Proof. Let g € X. Define a sequence {z,,} in X given by the rule x,+; =
Tx, = T"xo. Then following Theorems 2.1-2.2 in Gornicki [3] and Theorem
3 in Nguyen [8], we have {x,} is a Cauchy sequence. Since X is complete,

there exists a point z € X such that lim z, = z, and so lim Tx, = z.
n—o0 n—oo

Furthermore, for each k£ > 1 we have lim Tz, = z.
n—o0

Now suppose that T is weak orbitally continuous, then there exists yg € X
such that T"yg — z and T"'yy — Tz. This implies z = Tz. Hence z is a
fixed point of T'.

Furthermore, suppose that T is asymptotically continuous. Since nh_}ngo Ty =

z and lim T*z, = z for each k > 1, asymptotic continuity implies that
n—oo

lim T(T*z,) = Tz. This yields Tz = z because the following holds:

k,n—o00

lim T(T*z,) = lim Tz, =z
k,n—o00 k,n—o00

Hence z is a fixed point of T O
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Theorem 9. Theorem [5 holds if T and S are either weak orbitally contin-
wous or asymptotically continuous.

Proof. The proof of first two steps (Step 1 and Step 2) is similar to that of
Theorem 2.2 in [6]. The next step is the following:

Step 3. Suppose that T"is weak orbitally continuous. Since {T"x(} converges
to p for each xp in X, weakly orbital continuity implies that there
exists yg in X such that hm T™yy = p and hm T lyg = T'p. This

implies p = Tp, that is, p 1s a fixed point of T Similarly, suppose
that S is weak orbitally continuous. Since {S™zp} converges to p for
each xg in X, weakly orbital continuity implies that there exists zg
in X such that hm S"zy = p and hm S"tlzy = Sp. This implies

p = Sp, that is, p 1s a fixed point of S Hence p is a common fixed
point of T and S.

Finally, we suppose that T is asymptotically continuous. Let x, = T™x( for
any xg in X. Then, by Step 3, we get hm &p =pand so lim Tz, = p for

n—oo

each k > 1. Therefore, asymptotic cont1nu1ty implies that lim T(T*xz,) =

k,n—o0

T'p. This yields T'p = p because the following holds:
lim T(T*z,) = lim T* 'z, =p.

k,n—o00 k,n—o00
Hence p is a fixed point of T
Similarly, we can show that p is a fixed point of S whenever we suppose
the mapping S is asymptotically continuous. So p is a common fixed point
of T' and S. Furthermore, the uniqueness of common fixed point is similar
to that of [6]. O

The following examples illustrate our results.

Example 2 (see also [8]). Let X = {0,1}U{55 :n=1,2,.. JU{l+5 :n =
1,2,...} be the metric space with usual metric. Then (X, d) is a complete
metric space. Let T': X — X be defined by

0, if z = 0;
T 3, if v =1;
Xr = .
1+2n%, 1f$:2%,n:1,2,...;
> fr=1+4,n=12,...

Then T is neither orbitally continuous nor k-continuous for any k. To
see, take a sequence {x,} defined by z, = 2% Then we get z, — 0 as
n — oo and Tz, = 1+ 271% — 1 # T0. Therefore T is not orbitally

continuous. Let {a,} be a sequence in X with a, = z for n > 1. For
i=1,2,... we have lim 7% 'q, =1 and lim T%a, = 0 # % =1T1, and

n—o0 n—00
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lim T%*lq, = 1 # T0. That is, T is neither 2i-continuous nor (2i + 1)-

n—oo
continuous. Thus 7' is not k-continuous for any k£ > 1. Moreover,

(i) T is asymptotically regular at 0.

(73) If we take x, = 0 then T'z,, — 0 = T'0 and hence, T is weak orbitally
continuous.

(731) Conditions and (2) are satisfied with M = % and K = 10;
condition is satisfied with ¢(t) = £ € U, K = 10. We have
d(Tz,Ty) < % for all z,y € X. For v = y, conditions , and
are obvious. For z,y # 0 and = # y, we have

3
d(Tz,Ty) < 5 < 5 < 10[d(z, Tx) + d(y, Ty)]

that is, conditions , , and @ hold.
Thus all the hypothesis of Theorem [7] and [§] are satisfied and T" has a unique
fixed point 0. However, Theorem [l (Theorem 2.6 of |4]), Theorem [2| (The-
orem 2.1 of |2]), Theorems |3| and [4| (Theorems 2.1 and 2.2 of |3]) are not
satisfied because T' is not orbitally or k-continuous. Although Theorem
(Theorem 2.2 of [6]) is not satisfied even for S =T.

Example 3. Let X = [0,00) be equipped with Euclidean metric. Let
T : X — X be defined by

L if0<z<1;

, ifzx=1;

, ifax>1.

Txr =

wlg N~ O

Then T is neither k-continuous nor f¥-continuous for any k. To see, con-
sider a sequence {x,} in X defined by z,, = 3*~1 + ?%n where k is a natural

number greater than 1. Then we get lim 7% 'z, = lim (1 + 3]%) =1
n—00 n—00 n

and lim T*z, = (% + ﬁ) = % # T'1, hence T is not k-continuous.

Also we have lim x, = 37! and lim T*z, = 1 # T*(3"7!), this shows

n—oo n—oo
that T is not T*-continuous. Indeed, T is asymptotically continuous be-

cause lim Tz = 0 for each z € X, and so we have lim 7%z, = 0 and
k—o0 k,n—o00

lim T(T*z,) = 0= T0. However, we have the following:

k,n—o00

(i) T is asymptotically regular.

(7i) Conditions 1) and 1' are satisfied with M = % and K = 4, and
conditions 1} and l@ are also satisfied with I; =1y =1, ¢(t) = % €

Hence all the hypothesis of Theorem [7] and [§] are satisfied and T has a
unique fixed point 0. Although, Theorem [1| (Theorem 2.6 of |4]), Theorem
(Theorem 2.1 of |2]|), Theorems |3| and 4| (Theorems 2.1-2.2 of [3]) are not
satisfied because 7' is k-continuous.
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Example 4. Let X = {0,1}U{5k :n=1,2,.. JU{l+ 5 :n=1,2,...} be
the metric space with usual metric. Then (X, d) is a complete metric space.
Let 7,5 : X — X be defined by

0, if x =0; 0, if x =0;
2 if v = 1; 2 if v =1
Tx = v l . ! and Tz = 87 l o !
1+ 5oprs 1f$:2—n; 1+ o 1fx:2—n;
> if z =1+ 5, 3 ifz =1+ 5,

where n =1,2,3,...

Following the analogous steps of Example 2] we have T' and S are neither

orbitally continuous nor k-continuous for any k. Moreover,
(1) T and S are asymptotically regular at 0.

(74) T and S are weak orbitally continuous.

(#ii) Condition (5)) is satisfied with M = 1 and K = 10.
Hence all the hypothesis of Theorem [J] are satisfied and T' and S have a
unique common fixed point 0. However, Theorem |5 (Theorem 2.2 of [6]) is
not satisfied because T and S are not orbitally or k-continuous.
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