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ABSTRACT. In this research, we establish new fixed-point theorems for
mappings that satisfy the paired contraction property in b-metric spaces.
Our results extend and generalize several well-known fixed-point theo-
rems in the literature.

1. INTRODUCTION AND PRELIMINARIES

The field of fixed point theory has experienced significant dynamism over
the past few decades, captivating researchers due to its inherent simplicity,
accessibility, and wide-ranging applications. This area of study holds par-
ticular interest for its relevance in diverse fields such as locating solutions
to integral equations, solving differential equations, optimization, numerical
analysis, as well as its applications in chemistry, physics, computer science,
and among others.

Numerous studies have explored fixed points and their wide-ranging appli-
cations across various fields of mathematics and science. To uncover new and
compelling results, researchers typically follow two main strategies. The first
approach involves altering the nature of the operators by either strengthen-
ing or relaxing certain constraints, leading to the development of interesting
operators that remain effective even in cases, where traditional contraction
principles fail to apply [12,20,/22,23,127]. The second strategy focuses on
changing the underlying abstract space or framework, encompassing struc-
tures such as metric spaces, symmetric and non-symmetric spaces, quasi-
metric spaces, S-metric spaces, G-metric spaces, and others [4}/6}8,24].

The concept of b-metric spaces, also known as metric-type spaces, was
initially introduced by I. A. Bakhtin in 1989 |2|, and further developed by
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S. Czerwik in 1993 [13]. In recent years, increasing attention has been de-
voted to fixed point results in generalized metric structures, including various
extensions of b-metric spaces. Several authors have investigated fixed point
theorems under different contractive conditions in such settings, aiming to
obtain more flexible and unifying results, we highlight a selection of them
for reference [1}5,/7,[15H19]. Motivated by the extensive developments in b-
metric spaces and their generalizations, it is natural to investigate fixed point
results under new contractive frameworks that can further relax classical as-
sumptions. In this direction, the paired contraction property provides an
effective tool for extending fixed point theory in b-metric spaces, as it allows
the treatment of a broader class of mappings beyond standard contraction
conditions. Consequently, the present work focuses on establishing new fixed
point theorems for mappings satisfying the paired contraction property in
the setting of b-metric spaces, thereby contributing to the ongoing develop-
ment of fixed point theory in generalized metric frameworks.

Definition 1 (|2,13]). Let X be a nonempty set, and s > 1 be a given real
number. A function d : X x X — [0, 400) is said to be b-metric if it satisfies
the following conditions for all z,y, 2z € X:

(a) d(z,y) = 0 if and only if z =y,
(b) d(x,y) - d(ya x)v
(c) d(z,2) < s(d(z,y) +d(y, 2))-

Then, (X,d) is called a b-metric space.

By definition, we note that every metric space is a b-metric space with s =
1, but the converse is not true in general, the following example illustrates
this.

Example 1 (|26]). Let X ={0,1,2}, defined: X x X — Ry by
d(0,0) =d(1,1) =d(2,2) =0,
d(1,0) =d(0,1) =d(2,1) =d(1,2) =1,
d(0,2) =d(2,0) = m,
where m is a given real number such that m > 2. It is easy to check that

for all x,y,z € X, we have
m

d(z,y) < 5 (d(z,2) +d(2,y)).

Therefore, (X,d) is a b-metric space with coefficient s = . The ordinary
triangle inequality does not hold if m > 2, and so (X,d) is not a metric
space.
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Definition 2 ([14]). Let (X, d) be a b-metric space and {z,} be a sequence
in X and z € X.

(1) {zy} is called convergent to a point x if and only if

lim d(z,,z) =0, as n — +o0,
n—oo

we can write lim, oo T, = T.
(2) {zn} is a Cauchy sequence if and only if

d(zp, xm) — 0, as n,m — 4o0.

(3) A b-metric space (X, d) is said to be complete if and only if
every Cauchy sequence in X is convergent.

Lemma 1 (|21]). Let (X, d) be a b-metric space with constant s > 1, suppose
that {xy} is a sequence in X. If there exists v € [0,1) satisfying

d(wnJrl) $n) < ’}/d(.ﬁn, xnfl)a
for every n € N, then {x,} a Cauchy sequence.

Lemma 2 (|25]). Let (X, d) is a b-metric space with parameter s > 1, if {zy}
and {yn} are two b-convergent sequences with the limit x and y respectively.
Then, we have

1
2d@,y) < liminfd(zn,y,) < limsupd(zn, ya) < s*d(z,y).

n—oo
In particular limits are same, i.e., © =y, then we have limy,_oo d(Tp, ypn) =
0. Moreover, for any z € X, we have
1
—d(z,z) <liminfd(z,,z) < limsupd(x,, z) < sd(z, z).
S i n—o00
On the other hand, in 2024, D. Chand and Y. Rohen. [9] established a

new type of contraction, known as paired contraction, to study fixed points
in metric spaces.

Definition 3 ([9]). If (X, d) is a metric space with a cardinality
|X| > 3. The self-mapping T:X — X is referred to as a Paired contraction
mapping if there is a constant A € [0, 1) so that the inequality

d(Tz, Ty) + d(Ty,Tz) < A(d(z,y) + d(y, 2))
holds for all pairwise distinct z,y, 2z € X.

Theorem 1 (|9]). Let (X,d) be a complete metric space with a cardinality
| X | > 3, and consider the mapping T : X — X satisfying the following two
conditions

(a) T is a Paired Contraction mapping.

(b) There are no periodic elements of prime period two for T

Then, T has at least one fixed point. The number of fized points is at most
two.
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Where it is important that the distinct points z, y, z are pairwise distinct.
Failure of this condition leads to the definition of Banach’s contraction map-
ping [3]. This was followed by generalizations of this new type of contraction
[10,/11].

It is our purpose in this paper to prove fixed-point theorems for mappings
that possess the paired contraction property in b-metric spaces. Examples
are furnished to illustrate the validity of our results.

2. MAIN RESULTS

In this section, we define the paired contraction condition in the setting
of a b-metric space and establish a corresponding fixed point result. This
generalizes the existing results by relaxing the standard triangle inequality,
making the theorem applicable to a wider range of mappings and spaces
where traditional methods may fail.

Definition 4. Let (X,d) be a b-metric space with a cardinality |X| > 3.
The self-mapping T:X — X is referred to as a Paired contraction mapping
in b-metric space if there is a constant A € [0, %) so that the inequality

(1) d(Tx,Ty) + d(Ty,Tz) < A(d(x,y) + d(y, 2)) ,
holds for all pairwise distinct z,y, 2z € X.

Theorem 2. Let (X, d) be a complete b-metric space with a cardinality | X| >
3, and consider the mapping T : X — X satisfy the following two conditions

(a) T is a Paired Contraction mapping in b-metric space.
(b) There are no periodic elements of prime period 2 for T.

Then, T has a fized point. The number of fixed points is not more than two.

Proof. Let T be a mapping with no periodic elements of prime period two.
Consider xg be an initial point in X such that Txg = x1,Tx1 = x2,...,Tx, =
Znt1. The sequence is formed zg = x, 1 = Txg and z, = Txp,—1 = T"xy.

Now, in order to prove that all points of x,, are distinct, we assume that
none of the points x,, are fixed points of the mapping T for alln = 0,1,2, ...,
we can deduce that x,, # T, = xn4+1. Since, T had no periodic point with
prime period two implies z,+1 = T(T(zp—1)) # Xn—1. Therefore, x,_1,z,
and xz,41 are pairwise distinct. Taking x = x,—1, y = x5, and 2z = x,41 in
, we get,

d(Txn—1,Txy) +d(Txn, Trpt1) < MNd(xn—1,2n) + d(2n, Tni1))

S A2<d(l‘n—27 xn—l) + d(iUn_l, .’L‘n))

< AN'(d(wo, z1) + d(x1,22)).
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Further, we set dy = d(xg,x1) + d(z1,22), di = d(x1,22) + d(z2,23), ...,
dp = d(ﬂ?n, $n+1) + d(zn—‘rla xn+2)a then
(2) dn < Adpo1 < Ndpoy < --- < Xdp.

Assume that there is a smallest natural number j > 3 for x; = x; with 7
satisfying 0 < 7 < j — 2. In this situation, we find that z;;1 = ;41 and
Tj42 = Tj42- Then,
di = d(zs, zit1) + d(Tip1, Tig2)

= d(j,zj+1) + d(@jt1, Tjt2)

= d;,
which contradicts to equation . Then, no such values of ¢ and j can be
found.

Now we shall show that {z,,} is a Cauchy sequence. From the preceding
arguments, it is evident that

(3) d(Tp, Tpy1) < d(Tn, Tng1) + d(Tns1, Tny2) = dn < Adp.

Let p € N, p > 2, applying the triangle inequality repeatedly and considering
equation , we can write the following

d(@n; Tnyp) < $(d(Tn, Tnt1) + d(@nt1, Tnip))

< Sd(xru mn—l—l) + 32(d(mn+17 xn+2) + d(xn—&-% xn-{—p))

IN

Sd(.ﬁlfn, xn—i—l) + Szd($n+17 xn+2) + -+ Spd($n+p—1a xn—s—p)
SAdo + s2N"rdy + - -+ SPATTPT g,
= sA"(1+ A+ -+ sP7 1A Hq

1
=s\" do.
° <1—s/\> 0

Previously we have that A € [0, %) Thus, as we let n — oo, we find that

d(xy, Tnyp) — 0 for every p > 0. It follows, sequence is a Cauchy sequence.
As well as that (X,d) is complete, we can conclude that {z,} has a limit
e X.

From the above we know that every three consecutive elements of {x,}
consist of pairwise distinct elements. If * # z; for any ¢ € {1,2,3,...}, this
implies that the inequality is satisfied for any three elements z*, x,,_1 and
Zn. Now, for the smallest possible index ¢ € {1,2,3,...} such that 2* = x;.
Let m > i be such that 2* = x,,, which means that the sequence {z,} is
cyclic starting from ¢ and making it non-Cauchy. Then, for n — 1 > i, the
points x*, x,,_1 and x, are pairwise distinct.

Next, we show that z* is a fixed point of T'. If there is x; = z* for all
i € {1,2,3,...}, then for n — 1 > k and by the triangle inequality with

IN
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inequality , this yields
d(x*, Tz*) < s(d(x*, ) + d(xn, Tx"))
= s(d(z*, zp) + d(Txp_1,Tx"))
sd(z*,xp) + s(d(Txp—1,Tz") + d(Tz*, Txy))
sd(z*, xp) + sA\(d(zp—_1,2%) + d(z*, ).
Taking the limit as n — co we obtain

d(z*,Tx*) <0,

IAIA

then x* is a fixed point of 7'

Suppose that there is a minimum of three distinct fixed points of T', x*, y*
and z*, we can write Ta* = z*, Ty* = y* and Tz* = z*. Applying (1) we
have

d(Tz*, Ty*) +d(Ty*, T=z") < X(d(z*,y") + d(y*, 2")),
which gives

(1 =X (d(z",y") +d(y", 2")) <0,

which is a contradiction. Therefore, T" has at most two fixed points. O

Definition 5. Let (X, d) be a b-metric space with a cardinality |X| > 3.
The self-mapping T:X — X is referred to as a Paired-Kannan contraction
mapping in b-metric space if there is a constant A € [0,3), so that the
inequality

4)  d(T2,Ty)+d(Ty,Tz) < A(d(z,Tx) +d(y, Ty) + d(2,T%)),
holds for all pairwise distinct z,y, 2z € X.

Example 2. Let X = {0,%,2,1} and d: X x X — R" defined by:

v 30 9
0, if x =y;

d(z.y) = e —yl+1, ifz ye{0,4,2
3, if z,y € {0,1};
9, Otherwise.

Then (X, d) is a complete b-metric space with s = f% but it is not a metric
space, since

5=d(1,%) > d(1,0) + d(0,}) = —.
Define T': X — X by
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To shorten, we take
L(z,y,z) = d(Tz, Ty) + d(Ty, T2),
R(z,y,z) = d(z,y) + d(y, 2).

TABLE 1. The values of L(x,y, z) and R(z,y, z).

(z,y,2) | L(z,y,2) | R(z,y,2)
0,3, 7) 0 1
(3,0,7) 0 1
(0,7 3) 0 3
(0,3,1) 3 5
(3,0,1) 3 3
(0, 3,1) 3 T
(1:0,1) 3 7z
(1,3 1) 3 2
(31 1) 3 5
3,1,1) 6 10
(0,1,1) 6 8
(0,1, 6 8

Then, from the Table [I} we notice that in all cases the inequality
satisfying

6
L(l’,y, Z) é gR(xvya Z)

for all three distinct points z,y, z € X, so both the conditions of Theorem
is satisfied and we can say that the inequality holds for any g <AL %—(7).
Hence, T has two fixed points.

Theorem 3. Let (X, d) be a complete b-metric space with a cardinality | X| >
3, and consider the mapping T : X — X satisfy the following two conditions

(a) T is a Paired-Kannan Contraction mapping in b-metric space.
(b) There are no periodic elements of prime period 2 for T.

Then T has a fixed point. The number of fixed points is not more than two.
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Proof. Consider xy be an initial point in X and set the sequence {x,} such
that xo =z, x1 = Txg and x,, = Txp_1 = T xy.
Same as we did in Theorem [2] assuming that none of the points z,, are

fixed points of the mapping T for all n = 0,1,2,..., we can deduce that
Tn # Txy = Tpy1. Since, T had no periodic point with prime period two
implies zp+1 = T(T(zp—1)) # xp—1. Therefore, x,,_1,2, and z,4; are

pairwise distinct. Taking x = 1, y = x, and z = 41 in , we get
d(Txp—1,Txy) + d(Txn, Trpi1)

< )\(d(azn_l, Txp—1)+ d(zy, Tzy) + d(xny1, Tﬂ;n+1)).

That implies
d(Tn, Tnt1) + d(Tpi1, Tny2)
< MNd(zp—1,n) + d(xn, Tpi1) + d(Tpt1, Tni2)),

which yields

(1 = N[d(wn, Tpi1) + d(Tnt1, Tnr2)] < Ad(Tn-1,2n).
On the other hand, we have

(1= Nd(@n, 2nt1) < (1 = N)[d(@n; Tns1) + d(Tnt1, Tns2)],

which gives

(1 = Nd(xp, Tnt1) < Md(zp—1,Tp).

Let 6 = (1i>\). As we know that A € [0, 1), we obtain 6 € [0,1). Hence,

d(.%'n, xn-{—l) < 0d($n_1, xn)

Applying Lemmall] it follows that {z,} is a b-Cauchy sequence. As well as
that (X, d) is complete, we can conclude that {z,} has a limit 2* € X,

Note that every three consecutive elements of {z,} consist of pairwise
distinct elements. If z* # x; for any i € {1,2,3,...}, this implies that the
inequality is satisfied for any three elements x*,x,_1 and x,. For the
smallest possible index ¢ € {1,2,3,...} such that * = x;. Let m > i be
such that x* = z,,,, which means that the sequence {x,} is cyclic starting
from 7 and making it non-Cauchy. Then, for n — 1 > ¢, the points x*, x,_1
and x,, are pairwise distinct.

Next, we show that z* is a fixed point of T'. If there is x; = z* for all
i € {1,2,3,...}, then for n — 1 > k and by the triangle inequality with
inequality , yields

d(z*, Tx*) < s[d(z*, x,) + d(xp, Tx")]
= sld(z*, zp) + d(Txp—1,Tz")]
d(x*,xy) + s[d(Txp—1,Tx*) + d(Tz*, Txy,)]

<s
< sd(x*,xp) + sAd(xp—1,Txn_1) + d(z*, Tx*) + d(xp, Txy))



Z. 1. BoukEeR, T. HamA1ZIA, D. CHAND, Y. ROHEN 27

= (1 =sNd(z",Tz") < sd(z”, zp) + sA\[d(xp—1,Txp—1) + d(xp, Txy)]
sd(x*, xn) + sA[d(zp—1, Txp_1) + d(zyn, Txy))
(1 —sA)

= dx",Tz") <

Taking the limit as n — oo we obtain
d(z*, Tz") <0,

then z* is a fixed point of T.

Suppose that there is a minimum of three distinct fixed points of T', z*, y*
and z*, we can write Tax* = «*, Ty* = y* and Tz* = z*. Applying , we
have

d(Tz*, Ty*) + d(Ty*, Tz") < Nd(z*, Tx™) + d(y*, Ty") + d(z*, T=")],
which gives
d(z*,y*) +d(y*", z") <0,

which is a contradiction. Therefore, T has at most two fixed points. O

Example 3. Let X = {0, %, 1}, equipped with the distance function d
defined by

d(0,0) = d(3

3. 3)=4d(1,1)=0, d(0,1) =1, d(3,1) =3, d(0,3) =6.

Then (X, d) is a complete b-metric space with s = 3, but it is not a metric
space, since

d(0,3) =6 >4=4d(0,1) +d(1, 3).
Define T': X — X by

. 1 .
T 0, %fme {0,%};
1, ifzx=1.
As in previous example, we find that the left side
L(z,y,z) =1 or L(z,y,z)=2,

but the right side in all cases we find R(x,y, z) = 6 of the inequality . It
can be noted in all cases that

L(z,y,z) < s R(z,y,2).

Wl

So, the two conditions of Theorem [3| is satisfied and we can say that the
inequality holds for any % <A< % Hence, T has two fixed points.
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Remark 1. If we put s = 1 in Theorem [3] then we get Theorem 3.2 of
D. Chand [10].

3. CONCLUSION

In this paper, we have reiterated the definition and properties of b-metric
spaces. We then established several fixed point theorems for mappings sat-
isfying the paired contraction condition in the setting of b-metric spaces.
The proofs were presented in a direct and systematic manner, relying on the
structure of the underlying space. Furthermore, several illustrative exam-
ples illustrate the viability and usefulness of our results. Our results on fixed
point conditions add further insight into fixed point theory and contractive
principles regarding generalized metric spaces. Future work could be un-
dertaken to broaden this concept into other classes of generalized spaces,
or to explore other types of contractive principles within generalized metric
spaces.
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