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ABSTRACT. There are many studies in the literature about both the
concept of a metric-preserving function and the fixed-circle problem.
In this paper, we obtain new fixed-circle theorems by using these two
concepts together. We support the theoretical results we obtained with
necessary examples. The importance of this study is that it contains the
first fixed-circle theorems obtained using the metric-preserving function
concept.

1. INTRODUCTION AND PRELIMINARIES

Let X be a nonempty set and the function d : X x X — [0,00) be a
function satisfying the followings:

(M1) d(z,y) =0<=x =y foral z,y € X,

(M2) d(z,y) =d(y,x) for all z,y € X,

(M3) d(z,y) <d(z,z)+d(zy) for all z,y,z € X.

Then the function d is a metric on X and the pair (X, d) is a metric space.

The concept of a metric space is one of the concepts that are funda-
mental to the study of different subjects in many areas of mathematics. It
has an important place in the examination of both topological studies and
application-oriented studies. Metric fixed-point theory is one of the most
common research topics on metric spaces.

So what is a fixed point?

Fized Point: Let X be a nonempty set and T': X — X be a self-mapping.
If Tx = x for some z € X, then z is a fixed point of T. The fixed-point set
of T is denoted by Fix(T).

It should be noted that the number of elements of the fixed point set of
a function may vary. For example, the function “sin” has three fixed points
and the function “cos” has a unique fixed point.
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After this example, when the number of elements in the fixed point set
of a given function is more than one, it is important to make a geometric
interpretation of this fixed point set. The fixed-circle problem began to be
studied under this perspective [18].

Let’s remember the definitions of circle and fixed circle in metric spaces,
which are necessary to study the fixed-circle problem.

Circle: Let (X, d) be a metric space. A circle C' (zg,r) of radius r centered
at xq is defined by

C(xog,r)={x € X :d(z,20) =71}.

Fized Clircle: Let (X,d) be a metric space and 7' : X — X be a self-
mapping. If Tz = x for © € C (xg,7), then C (z9,r) is a fixed circle of T
[18].

This problem continues to be studied from different perspectives. Let’s
give a few examples of these studies: In [6], the fixed-circle problem was
generalized the fixed-ellipse problem and some fixed-ellipse results were ob-
tained. In [8], new fixed-circle results were given with different auxiliary
functions. In [9] and [10], some fixed-circle theorems were proved in fuzzy
metric spaces and G-metric spaces, respectively. In |16] and [22|, some com-
mon fixed-circle theorems were presented in metric and S-metric spaces. In
[17], the discontinuity problem at fixed point and the fixed-circle problem
were combined to prove the new results. In [19], Ozgiir investigated some
fixed-disc results via simulation functions. In [21], Tas proved bilateral type
fixed-circle theorems with an application to the rectified linear unit activa-
tion functions.

Another important subject studied using the concept of metric space is
the concept of metric-preserving function as seen the following definition:

Metric-Preserving Function: Let (X, d) be a metric space and f : [0, 00) —
[0,00) be a function. Then f is called a metric-preserving function if f od
is a metric on X |[2].

Using the notion of metric-preserving functions, studies are ongoing: In
[5], some properties of metric-preserving functions were given. In |11] and
[12], the notion of a b-metric-preserving function was introduced and some
basic relations were given. In |13], some “Pasting Lemmas” were proved for
b-metric-preserving functions. In [14], the concept of an extended b-metric-
preserving function was given and some properties were obtained. In [20],
new fixed-point results were proved using the notion of a metric-preserving
function.

By the above motivation, in this paper, we introduce some new circle
notions using the concept of metric preserving functions with different ex-
amples. We prove new fixed-circle theorems using these new notions. We
support our results with necessary examples.
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2. THE NOTION OF A CIRCLE VIA METRIC-PRESERVING FUNCTIONS

In this section, we introduce the notions of some circles according to the
metric-preserving functions. To do this, let (X, d) be a metric space, C(xq, )
be a circle on X and f : [0,00) — [0, 00) be a metric-preserving function.

Assume that the metric function fod: X x X — [0,00) is denoted by
dy, that is,

Ja=fod
and the radius 7y is denoted by

ry=f(r).
Now we define the following definitions:

Definition 1. A circle C (xo,7f) of radius r¢ centered at x¢ in a metric
space (X, d) is the set of all points of X of equal to ry from zg, that is,

C(zo,rf) ={x € X : d(z,x0) =71} .

Definition 2. A circle Cf (g, ) of radius r centered at x( in a metric space
(X, dy) is the set of all points of X of equal to r from xg, that is,

Cr(vo,r) ={x € X :dy (x,20) =1} .

Definition 3. A circle C (f(z¢),r) of radius r centered at f (z¢) in a metric
space (X, d) is the set of all points of X of equal to r from f (x¢), that is,

C(f(xo),r) ={z € X 1 d(z, f(z0)) =1}

Definition 4. A circle C (f(xo),7¢) of radius r; centered at f(xo) in a
metric space (X, d) is the set of all points of X of equal to r¢ from f (z0),
that is,

C(f(xo),ry) = {z € X : d(x, f(z0)) = 7} -

Definition 5. A circle Cy(xo,ry) of radius ry centered at xo in a metric
space (X,dy) is the set of all points of X of equal to 7; from xg, that is,

Cr(xo,rf) ={x € X : dp(x,20) =74}
Some comparisons of these notations are give as follows:
o If zg € Fixz (f) then the circles C (zg,7¢) and C (f(xo),7¢) are co-
incide.
o If 9 € Fixz (f) then the circles C (xg,7) and C (f(x0),r) are coin-
cide.
o If r = 7 then the circles C (zg,r) and C (29, 7f) are coincide.

e If = ry then the circles Cy (xg,7) and Cf (xg,7f) are coincide.
e If the metric-preserving function f is defined as

f(x) = ax,
for all z € [0, 00) where a > 0, then he circles C (zo,r) and C (2o, 7f)
are coincide (as seen in the following examples).
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We give the following examples to show the difference of these circle no-
tions.

Example 1. Let (R,d) be a usual metric space with the metric d (z,y) =
|z —y| and Cp1 = {—1,1} be a unit circle. Let us define the metric-
preserving function f : [0,00) — [0,00) as
f(x) =2z,
for all € [0,00). Then we get
= 1) = £(1) =2
and
f(0) =0.
Hence using the above definitions, we obtain the following circles:
C(zory) = C(0,2)={zecR:d(z,0) =2}
= {zeR:|z—-0]=2}
= {zeR:|z|=2}
{-2,2},

Cf(x(),?“) = Cf(O, 1) = {LU eER: df(l‘,O) = 1}
= {zeR:2jz-0]=1}

1
= R: = -
{:L'G || 2}
_Jrl
- 22"

C(f(zo),r) = C(0,1)={x€R:d(z,0)=1}
= {zeR:|z-0/=1}
= {zeR:|z|=1}
= {_171}’

C(f(xo),ry) = C(0,2) ={xr€R:d(z,0) =2}
= {zeR:|jz—-0=2}

{r eR:|z| =2}

{_272}

and
Ce(zo,rp) = C5(0,2) ={z € R:df(x,0) =2}
= {zeR:2z—-0]=2}
= {zeR:|z|=1}
= {-1,1}.
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Graphical solution sets of [x| =c on R
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F1GURE 1. Graphical representation of the resulting circles
in Example 1]

Example 2. Let (R, d) be a usual metric space and
C(2,1)={zeR: |z -2/ =1} ={1,3}

be a circle. Let us define the metric-preserving function f : [0, 00) — [0, 00)
as

f@) =3,
for all x € [0,00). Then we get
1
=)= f0) =
and
2
f(2)= 3

Hence, using the above definitions, we obtain the following circles:

Clzory) = C’<2,;>={az€R:d(:ﬁ,2):;}

1
= R:|lz—-2|==
{xe |z — 2| 3}
_ 5T
N 3'3)°



AN INTRODUCTION TO THE FIXED-CIRCLE PROBLEM WITH METRIC-PRESERVING. . .

Graphical solution sets of absolute value equations on R
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FIGURE 2. Graphical representation of the resulting circles
in Example [2]

Cf(l'o,’l") = Cf(Q, 1) = {LE eR: df(l‘,Q) = 1}

1
= {mER:3|$—2\:1}
= {zeR:|jz—2 =3}

{_1’ 5}7

Cliar) = i) =c(51)
1

C(f(xo),ry) = C(f(Q),rf)—C<73>
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and

Cr(wory) = Cj <2,;)={xeﬂ§:df(m):;}

e —2] 1
= eR: = -
{w 3 3

= {1,3}.

Example 3. Let X = R be a discrete metric space with the discrete metric
0 =v;
dA — Y x y7
L x#y;
for all z,y € R and C; 1 be a circle on (X,d4). Let us define the metric-
72
preserving function f : [0,00) — [0,00) as

ﬂ@z{%’x‘;

x,  otherwise;

for all x € [0,00). Then we get

and
Cr(0,1) =R — {0} .
We notice that although the circle C’O’ 1 is an empty set according to the

discrete metric da, the circle Cf (0,1) has infinite elements according to the
metric d4,. In this case, it is possible to obtain a circle with infinite elements
by using the concept of metric-preserving function.

3. SOME FIXED-CIRCLE THEOREMS

In this section, we prove some fixed-circle theorems related to metric-
preserving functions.

Theorem 1. Let (X, d) be a metric space, f be a metric-preserving function
and C(xg,r) be any circle on X. Let us define the mapping ¢ : X — [0,00)
as

(1) QOf(iU) = fod($,$0),

for all x € X. If there exists a self-mapping T : X — X satisfying
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(Cf1) fod(z,Tz) < pf(z) —pf(Tz),
(Cly) fod(Txz,zg) >,

for each x € Cy(xo,r), then C¢(xor) is a fized circle of T'.

Proof. Let € Cf(xo,7) be any point. Using the condition (Cf;) and the
definition of ¢, we get

(2)  fod(z,Tx) < fod(x,z9) — fod(Tx,x0) =1 — fod(Tx,xp),
Using the inequalities (Cfz) and (2)), it should be

fod(Tx,xy) =1
Then, we have

fod(zx,Tx) <0,
that is, since f o d is a metric function, we get

fod(zx,Tx)=0 =— x=Tu.

Consequently, Cr(xo,r) is a fixed circle of T'. O

Example 4. Let (X,d) be a metric space and f be a metric-preserving
function. Let us consider a circle Cf(xo,r) and define the self mapping
T: X — X as

x, x€Crlxg,7);
Tll' = f( 0 )
xg, otherwise;

for all z € X. Then the self-mapping 7" satisfies the conditions (Cf;), (Cfz)
and so T fixes the circle Cy(xo,r).

Example 5. Let (R, d) be a usual metric space and the function f : [0, 00) —
[0,00) be defined as
(3) fo=azx, a>1,

for all x € [0,00). Let us consider the unit circle C'(0,1) = {—1,1} and the
self-mapping T : R — R defined as

233‘—%, x:é;
Thr=4q —|z|, x=-—=;

0, otherwise;

for all z € R. Hence, T satisfies the conditions (Cf;) and (Cfz) for each
x € Cf(0,1). Indeed, we have the following two cases:

Case 1: Let x = é Then we have

11
T~ =~
o o
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(Cfy) For z = 1, we get

o’

fod(l,Tzl> - fod<1,1)=
[0 « a
1

(Cfp) For x = L, we get
1 1 1
fod(T2,0> = fod<,0 =f<)
o o e
1
= a- —=12>1
e
Case 2: Let x = —%. Then we have

«

1 1
T2 <_) B a’
e a
(Cfy) For x = —é, we get

e(3n() - ool
(] (0% « «

(Cfy) For z = —1, we get

ol (2)) s ) or (D)o (2)

Consequently, Cf(0, 1) is fixed circle of T5. Notice that T5 fixes the circle
Cf(0,1). But T3 does not fix the unit circle C(0,1). Also any self-mapping
T does not have to fix the center of circle. For example, let us define the
self-mapping 75 : X — X as

Tyr = {:v, x € Cr(xg,r);

¥, otherwise;

for all x € R, where
fod(z",xg) > .
Then T3 fixed the circle C¢(xg,r) but T3 does not fix the centre of circle.
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Theorem 2. Let (X, d) be a metric-space, f be an increasing metric-preserving
function and C(xg,7) be any circle on X. Let the mapping ¢y be defined as
mn . If there exists a self-mapping T : X — X a satisfying

(Cfli) d(z,Tz) < of(x) — pf(Tx),

(Cfy) d(Tx,x0) > 1y,
for each x € C(xo,ryf), then the circle C(xo,7y) is a fived circle of T'.

Proof. Let C(zo,7¢) be any point. Using the condition (Cf{) and the defi-
nition of ¢, we get
d(z,Tz) < ¢p(z) = of(Tx)
fod(x,zg) — fod(Tx,x)
flry) = f(d(Tw,x0)).

By (Cf,), it should be
d(Tx,x0) =1y
and so we obtain
dz,Tz) =0 = Tz=ux.
Consequently, C(xg,7y) is a fixed circle of T'. O

Example 6. Let (R, d) be a usual metric space and the function f : [0, 00) —
[0,00) be defined as in (3)). Let us consider the circle

C(Oa 2) = {_27 2}
and the self-mapping T4 : R — R defined as
3 —4da, T =2
Tyx = T, z € {—2a,0};

a, otherwise;

for all z € R. Hence, T} satisfies the conditions (Cf;) and (Cf,) for each
z € C(0,2a) = {—2a, 2a}. Indeed, we have the following two cases:

Case 1: Let x = 2a. Then we have

T4(200) = 2ar.

(Cf,) For z = 2a, we get

d(20, Ty(2a)) < ¢f(200) — 5 (Tu(20))
= fod(2a,0) — fod(Ty(2a),0) = 0.

(Cf,) For & = 2, we get
d(T4(20),0) = d(2cr,0) = 2a = 7.
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Case 2: Let x = —2a. Then we have
Ty(—2a) = —2a.

(Cf,) For z = —2a, we get

d(—20, Ty(—2a)) < pp(—20) — @p(Tu(—2a))
= fod(—2a,0) — f od(Ty(—2c),0) = 0.

(Cf,) For z = —2a, we get
d(Ty(—20),0) = d(—2c,0) = 20 = 7ry.
Consequently, C(0,2«) is a fixed circle of Tj.

Theorem 3. Let (X, d)be a metric space, f be a metric-preserving function
and C(xo,r) be any circle on X. Let us define the mapping ¢y be defined as
. If there exists a self-mapping T : X — X satisfying

(Cfy) d(z,Tz) < ¢f(x) — ¢f (Tx),

(Cfy) fod(Tx,x0) > 1y,
for each x € C¢(xo,7y), then the circle Cg(xo,ry) is a fized circle of T

Proof. Let x € Cf(xo,7¢) be any point. Using the condition (Cf;') and the
definition of ¢y, we get
fod(w,xo) =7y = f(r)
and
d(z,Tz) < ¢p(x) —¢p(Tx)
= fod(z,xg)— fod(Tx — xp)
= ry— fod(Tx,xp).
By (Cfy ), it should be
fodTz,xg) =1f
and so we obtain
dz,Tz) =0 = Tzx=u.
Consequently, C¢(xo,rs) is a fixed circle of T'. O

Example 7. Let (R,d4) be a discrete metric space with the metric function
defined as
0, z=y;

da(z,y) =
Aey) {1, T #Y;
for all ,y € R and the function f : [0,00) — [0, 00) be defined as

o= fom ==

x, otherwise;
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for all x € [0,00) where aw € {n : 2 <n < 100}. Let us consider the circle

c(o,é) :{xER:dA(x,O):;}:Q)

and the self mapping 75 : R — R defined as

R —{0};
T5l‘:{x7 ve {}’
a, = =0;

for all x € R. Notice that the function f is not a one to one function. Indeed,
forz =1,y =1, wehave z # y and f(z) =1 = f(y). Also, we get

0, z=uy;

foda(z,y) = {1 .

and
Cr(0,1) ={x e R: foda(zr,0) =1} =R - {0}.
It can be easily seen that the self-mapping T} satisfies the conditions (Cf;’)

and (Cfy ) for each z € C4(0,1). Consequently, C;(0,1) is a fixed circle of
T5s.

Theorem 4. Let (X, d) be a metric space, f be a metric-preserving function
and C(xo,7) be a any circle on X. Let us define the mapping <p} X =
[0,00) as

(4) ¢f(x) = d(z, f(x0)).

If there exists a self mapping T : X — X satisfying

(Ch") d(z, Tx) < ¢}(x) — ¢}(Tx),

(CfQ ) d(T$,f($0)) > r,
for each x € C(f(x0),r), then the circle C(f(xo),r) is a fived circle of T

Proof. Let € C(f(x0),r) be any point. Using the condition (Cf,") and the
definition of <p32, we get
d(x, f(xo)) =7
and
d(z, Tx) < ¢p(r) —¢p(T)

= d(z, f(z0)) — d(Tz, f(20))

= r—d(Tz, f(xp))-
By (Cf,"), it should be

d(T, f(x0)) =7y
and so we obtain

dlz,Tx) =0 — Tzx=u=x.
Consequently, C'(f(zo),r) is a fixed circle of T'. O



N. Tas, A. SEN 13

Example 8. Let (R, d) be a usual metric space and the function f : [0,00) —
[0,00) be defined as

f(z) =2z,
for all € [0,00). Let us consider the circle
C(1,1) ={0,2}

and the self-mapping Ty : R — R defined as

Ty (z) = {x, x € {1,3};

2, otherwise;

for all € R. Hence, it is clear that Tg satisfies the conditions (Cf,") and
(Cf,") for each = € C(2,1) = {1,3}.

Theorem 5. Let (X, d) be a metric space, f be a metric-preserving function
and C(zg,7) be a any circle on X. Let us define the mapping <p} X =
[0,00) be defined as in , If there exists a self mapping T : X — X
satisfying

(Cfy") d(z,Tz) < ¢}(x) — j(Ta),

(CE) d(Tw, f(ag)) > 7y,

for each x € C(f(xo),7yf), then the circle C(f(xo),rf) is a fized circle of T

Proof. Let € C(f(xo),r¢) be any point. Using the condition (Cflw) and
the definition of 9032, we get
d(z, f(xo)) =1y
and
i@, Te) < @) - o} (Ta)
d(l‘, f(l’o)) - d(TIE, f(ZE()))
= ry—d(Tz, f(xo)).

By (Cf,"), it should be
d(Tz, f(xo)) =1y
and so we obtain
dz,Tz) =0 = Tzx=u.
Consequently, C(f(zo),7¢) is a fixed circle of T O
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Example 9. Let (R, d) be a usual metric space and the function f : [0, 00) —
[0,00) be defined as

f(x) = bz,
for all z € [0,00). Let us consider the circle
C(la 2) = {_17 3}

and the self-mapping 77 : R — R defined as
r, x€{-9515};
Tr (x) = { ¢ J

5, otherwise;

for all x € R. Hence, it is obvious that 7% satisfies the conditions (C'f;")
and (Cfy") for each x € C(5,10) = {5, 15}.

Consequently, the significance of this study can be summarized as follows:

The fixed-circle problem has emerged as a geometric counterpart of fixed
point theory, and several existing works obtain fixed-circle results by adapt-
ing classical contraction-type assumptions (e.g., Banach-type [1|, Kannan-
type |7], Chatterjea-type |3|, Ciric-type |4], Meir-Keeler-type [15], and var-
ious interpolative or rational contractions) to the circle setting. In most
of these contributions, the circle is characterized through a specific “radius
function” (often a distance from a prescribed center) and the fixed-circle
conclusions are derived from contractive inequalities imposed directly on
the underlying metric d and the self-mapping 7. Hence, the novelty in
many earlier studies lies primarily in the type of contraction used, while the
geometric structure (how the circle condition is encoded) typically remains
tied to the original metric.

In contrast, the main contribution of the present paper is to shift the fo-
cus from the contraction family alone to the metric transformation layer by
incorporating metric-preserving functions. Rather than working only with
d, we construct new circle notions by applying metric-preserving functions
to the metric and by combining these transformations with circle-defining
expressions. This viewpoint yields circle concepts that are not immedi-
ate reformulations of the classical circle condition, and it allows the fixed-
circle problem to be studied under a broader class of “metric-compatible”
deformations. Consequently, our fixed-circle theorems are obtained through
hypotheses formulated in terms of these new notions, which can recover
standard fixed-circle statements as special cases when the metric-preserving
function reduces to the identity, while also generating genuinely different
scenarios when nontrivial metric-preserving functions are employed.

Another difference from earlier works is methodological: many existing
results rely on a single geometric descriptor of a circle (e.g., a fixed center
and radius measured by d), whereas our approach produces multiple cir-
cle notions stemming from different metric-preserving transformations and
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their interaction with the map 7. This provides additional flexibility in
constructing examples and in modeling situations where distances are al-
tered through admissible transformations without losing metric structure.
Finally, the paper emphasizes illustrative examples tailored to demonstrate
that these notions are not merely cosmetic generalizations; they enlarge the
scope of fixed-circle applicability and show how distinct metric-preserving
functions lead to different fixed-circle behaviors even for maps acting on the
same underlying set.

4. CONCLUSION AND FUTURE WORKS

In this study, we have investigated the fixed-circle problem through the
lens of metric-preserving functions and established several new fixed-circle
theorems under appropriate conditions. By combining these two well-studied
concepts, we have introduced a novel methodological framework that broad-
ens the scope of fixed-circle theory. The validity and applicability of the
obtained results have been reinforced by illustrative examples, which demon-
strate the effectiveness of the proposed approach.

The main significance of this work lies in the fact that it presents the
first fixed-circle results derived by employing metric-preserving functions.
This contribution not only enriches the existing literature on fixed-circle
problems but also highlights the potential of metric-preserving functions
as a powerful tool in geometric fixed point theory. We believe that the
results obtained herein will stimulate further research in this direction and
inspire new investigations into fixed geometric structures under alternative
contraction-type conditions.

The results presented in this paper open several promising directions for
future research. One natural extension of this study is to investigate fixed-
circle problems under different types of metric-preserving functions and to
explore whether similar results can be obtained in more general metric-like
structures, such as partial metric spaces, b-metric spaces, or G-metric spaces.

Another potential research direction is the formulation of fixed-circle theo-
rems by employing alternative contraction conditions combined with metric-
preserving functions. In particular, studying interpolative, rational, or mul-
tivalued contractions within this framework may lead to new and meaningful
generalizations.

Furthermore, extending the current approach to higher-dimensional geo-
metric fixed structures, such as fixed spheres or fixed sets, could provide a
deeper geometric understanding of fixed point theory. Finally, the appli-
cability of the developed results to applied problems in nonlinear analysis
and related fields may also be explored, thereby enhancing the practical
relevance of the theoretical findings presented in this work.
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