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A COMMENT OF POWER IN n-GROUP

Janez UsSan

Abstract. Let n > 2, let (Q, A) be an n—group, e its {1,n}—neu-
tral operation [ [6];1.3/, and ~! its inversing operation [ [7];1.3]. Let
also Z be an set of all integers. Then, in this paper, we say that ™ (m €

€ Z) is an m—th power of the element a in (@, 4) iff: (1) aldéfa; (2)

n—

1% Ak "3 a) k> 15 (3) a0 e("a”) and (4) a* (737, ak) 1,
k > 1 [2.3]. Furthermore, for all a € @ and for all s € Z the follow-
ing equality holds: a<*> = a**!, where «<*> well-known is the s—th
n—adic power of the element a in (@, A) (2.5], < s >=s(n — 1) + 1.
Among others, in the paper is proved the following proposition. For every

0, 0,...,an € Z (n > 3) the following equalities hold:
n—2
- ¥ aj+n-2
e(a®,...,a%2)=qa = ,
n—2
—a——Q(.E a;—n+2>
(aal, 7aan—2’aa)—1 =q i=1 and

(—n+2
A(a™,...,a") =a'=1 " [2.7,2.8, footnote 4) |

1. Preliminaries

1.1. Definition: Let n > 2 and let (Q, A) be an n—groupoid. We say
that (Q, A) is a Dérnte n—group [briefly: n—group/ iff is an n—semigroup and
an n—quasigroup as well.!

1.2. Proposition [10]: Let n > 2 and let (Q,A) be an n—groupoid.
Then the following statements are equivalent: (1) (Q, A) is an n—group; (i7)
there are mappings ~* and e respectively of the sets Q"' and Q"2 into the
set QQ such that the following laws hold in the algebra (Q,{A,™1,e}) [of the
type <m,n—1,n—2>]
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A notion of an n—group was introduced by W. Dérnte in [1] as a generalization of the
notion of a group.
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() A(a7™% A7), 22n-1) = A}, Al ),
(b) Ale(e}),a}"%,2) = 7 and
( ) (( aa‘) 170‘?_2, )_ e(a‘? 2); and
(i11) there are mappings ~! and e respectively of the sets Q"1 and Q"2 into
the set Q such that the following laws hold in the algebra (Q,{A,~',e}) [of
the type < n,n—1,n—2>]

(@) A(A(ml)a apit) = Az, A(zy ™), 2205,

() A(z,a?™% e(a}™) =z and

() A(a,a77%,(a77%,0)71) = e(a]?).

1.3. Remarks: e is an {1, n}—neutral operation of n—grupoid (Q, A)
iff algebra (Q, {A,e}) of type < n,n — 2 > satisfies the laws (b) and (b) from
1.2 [[6]/. The notion of {i,j}—neutral operation (3,7 € {1,...,n},i < j) of
an n—groupoid is defined in a similar way /[6]/. Every n—groupoid there is at
most one {i,j}-neutral operations [:[6]]. In every n—group, n > 2, there is
a {1,n}—neutral operation /:[6]/. There are n—groups without {7, j}—neutral
operations with {z,7} # {1,n}[:[8]]. In [8], n—groups with {,j}—neutral
operations, for {i,5} # {1,n} are described. Operation ~! from 1.2 [(c), (¢)]
is a generalization of the inversing operation in a group. In fact, if (Q, A) is
an n—group, n > 2, then for every a € @) and for every sequence a’f‘Q over ()
is

(@7%0) " E 0,07 2),

2
where E is an {1, 2n — 1} —neutral operation of the (2n — 1)—group (Q, A);

A( n—- l)glefA(A(zl),xfl’:q1 ) [[7]). (For n =2, a~! = E(a); a™! is the inverse
element of the element a with respect to the neutral element e(() of the group

(@, 4).)

1.4. Proposition (Hosszi-Gluskin Theorem) [2-3]: For every n—group
(Q,A), n > 3, there is an algebra (Q, {-, p,b}) such that the following state-
ments hold: 1° (Q,-) is a group; 2° ¢ € Aut(Q,-); 3° ¢(b) = b, 4° for
every x € Q, " Hz)-b = b-z; and 5° for every 7 € Q, A(z}) =
=z, -p(xzg) - Q" 1(In) b.

1.5. Definition [9]: We say that an algebra (Q,{-, ©,b}) is a Hosszi-
Gluskin algebra of order n(n > 3) [briefly: nHG-algebra] iff 1° — 4° from 1.4
hold. In addition, we say that an nHG- algebra (Q,{-,¢,b})) is associated
to the n—group (Q, A) iff 5° from 1.4 holds.
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1.6. Proposition [9]: Let n > 3, let (Q, A) be an n—group, and e its
{1,n}— neutral operation. Further on, let c’f"z be an arbitrary sequence over
Q and let for every x,y € Q

d -
B(C?—z)(:l:,’y) éfA (m)c? 2)?/) )

n—2

def
P (@)Z A (o), 2, c
n
d =2y
b(c111.—2) _E_-fA (e(C? 2)|> .

Then, the following statements hold
(1) (@, {B(c;‘—2)"P(c;“z)’b(c’;—"’))} is an nHG—algebra associated to the
n—group (Q, A); and

”_2) and

.. d \ _9 . .
(i) Ca ng{(Q, {B(cyﬂ),W(c7—2))b(c;l—2)},|lc? 2 is a sequence over Q) is the
set of all nHG—algebras associated to the n—group (@, A).

1.7. Definition: Let (Q, B) be an n—groupoid and n > 2. Then
1
1) Bd;fB; and 2) for every k € N and for every x§k+l)(n_l)+1 €Q

krL (kt1)n—1)+1\ def o (K [/ k(n-1)41\ _(k+1)(n—1)+1
B (:L'(l " ) =B|B ( T ) ’xk(n——l)n+2 .

1.8. Proposition: Let (Q, B) be an n—semigroup, n > 2 and (1,5) €
€ N?. Then, for every zlf(n_l)ﬂ € Q and for everyt € {1,...,i(n —1) + 1}
the following equality holds

i+j " i g . L
(i+7)(n=1)+1) _ - t+j(n-1)) (i+5)(n-1)+1
B (wlz )n ) =B (a:tl 1,B(xt J )’xt:-jj(nill)+1 )

2. Results

2.1. Definition :? Let n > 2 and let (Q, A) be an n—group. Let, also,
Z be an set of all integers. Then we say that a<*> (s € Z) is the s—th n—adic
power of the element a in (Q, A) iff:

(a) a<s>défa, s=0;

(b) a<s>défﬁ(s("7})+l), s > 0; and

(c) a<3>d;f:c,s < 0, where X(x,_s(z—l)) =q3

*Rusakov S. A., 1978. Information from [5].
(e k -
%In [5] S. A. Rusakov uses (L(n a”“) instead of A (k(n a1)+1> k>0
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2.2. Remark: For s > 0 the following equality holds: < s >= s(n—
—1) + 1 [4]. Moreover, s is the number of appearances of the operation 4 in
the description of the power a<*> [:(b)] (for all n > 2).

2.3. Definition: Let n > 2. Let also (Q,A) be an n—group, e its
{1,n}—neutral operation [:1.3] and ~' its inversing operation [:1.3]. Then
we shall say that a™(m € Z) is the m—th power of the element a in (Q, A)
iff:

(1) oy

(2) ak*’ldéfA(ak,naz,a), k>1;

(3) a°d§fe(n52) and

@) a*E ("3 Bk > 1

2.4. Remark: For n = 2, the conditions (1)-(4) reduce to the condi-

tions:
~ 1def
a- = a;
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(4) o+ (a*) 1 k> 1.

2.5 Proposition: Let n > 2 and let (Q, A) be an n—group. Let, also,
Z be an set of all integers. Then for all a € Q and for all s € Z the following
equality holds
a<s> — as+l
[2.1,2.3].
Sketch of the proof.
s=0: a)al =a<% [2.3-(1),2.1 - (a)].
m—1 —1){n—
s>0: Byam= A VTN s 2 f2.3 - (1), (2); 1.7, 1.8
s s(n—1
o) a<s> = A" f21 - ).

&) o+ = ACTDTY) = o< 1), o).
§<0: e)s=-1:
& A(a<*1>,n52, a) = a,

a
<> = (")) & a<1> = a0 2.1 - (c),1.3,3.3 — (3)/.

S~
wv

o

It

|
v??‘
ol

H

-2 n-2 —2 —2
A@<2>,"2%,a,"a"a) = a & A(0<"?,"a", A(ar,"a",0)) = q,
n—2

("a",a) ' =a<"? & a7l =07 2.1 - (),1.7,1.8,1.3,
2.3 —(1),2.3 — (4) /.
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9)s=—k k>2:

k(n 1)

- n—2 (k=2)(n—1)+1 n_2
<— > < k>’ a, a

k
)—a@A(a , G ,0)=a&

(a
(a< k> n 2 A (k 2)(n 1H+1
2( k—1

)"ahe) =a e

a<~k> na2 ,nEZ,a) =a&

A<, "3, A(ah 17 0)) = g

("a 2 ak- l) =a<7F> & o7k = g<7F> [2.1-(c),1.7,1.8,b),1.3,2.3-(4)]. O
Let n > 3, (@, A) be an n—group, ~! its inversing operation (1.3] and

e its {1,n}—neutral operation [:1.3/. Let also a be an arbitrary element of the

set (Q and for all z,y € Q let:

(5) 50y < A(z,"a",p),
(6) z71 def (n&Q,x)'1 and
de n—2
(7) eo & e("a?).
Then, (Q,0) is a group with the inversing operation ~1 and the neutral
element eg [1.2,1.3]. By the convention with (5)-(7), the conditions (1)-(4)

can be formulated in the following way:

@zlX SN N

(2 ) k+1 éf a*0a, k > 1;

(3)a o %l ¢ and

@ ok Y (@¥), k> 1

Hence, the following proposition is fulfilled:

2.6. Theorem: Let n > 3, (Q,{A,7!,e}) be an n—group as variety
of type < nym — 1,n —2 > [:1.2,1.3], a be an arbitrary element from Q
and (Q,{0,7,en}) the group defined by (5)-(7). Let, also, Z be an set of all
integers. Then: a™(m € Z) is the m—th power of the element a in the n—group
(@, {A,7,e}) iff a™ is the m—th power of a in the group (Q,{3,71,ec}). O

2.7. Theorem: Let n > 3, (Q,{A,~!,e}) be an n—group as variety of
type < n,n—1,n—2 > [:1.2,1.8], a be an arbitrary element from Q. Let, also,
Z be an set of all integers. Then for every o, ay,...,an € Z the following
equalities hold

i i—n+2
(8) A(a®, ... a%) = ai:la 4

n—2
(9) (aal, . a%n—2 , ao‘)_l _ a—a—Z(ié:l a;i—n+2)

A (a7 a<en?) = g<ortten > for ... 0 € N U {0} see, e.g., [4].
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(10) e(a®,...,g%-2)=¢g El e 2.

Proof. 1) Let n > 3, (Q, A) be an n—group, ~! its inversing operation
[1.3] and e its {1,n}—neutral operation [ 1.3]. Let, also, (@, {-,,b}) be an
arbitrary nHG— algebra associated to the n—group (@, A) [1.5/. Further on,
let ~! be an inversing operation of the group (Q, ). Then, by 1.2,1.3 an 1.5,
we conclude that for all ¢ € @ and for everysequence c’f'2 over () the following
equalities hold

e(cf™?) = (p(er) - -+ 0" *(cn-g) - b)™" and
(772 0) = (ple1) -+ " 2 (eaa) b copler) - ©" 2 (ca2) - b) 7!
2) Let a be an arbitrary element from @ and for every z,y € Q let

d n—2
20y ¥ A@z,"3",y) ((5)),
po(@) ¥ A(e("a®),z,"a") and

n

bo 4| e("a?)

Then (@, {0, ¢n,bo}) is an nHG— algebra associated to the n—group
(Q,A) [1.6]. Moreover, for every m € Z the equality
pa(a™) =a™
holds.

Indeed:
2y) Let m = 1. Then the following sequence of equalities holds

2
po(al) =en(e) = Afe("a’),a,"a’)
= A(e(naz),na2 a)=a=adal
[(1),1.2,1.3].
29) Let m = k > 2. Then the following sequence of equalities holds
po(a) = Ale("a),a""a)
n— 2) A ((k 1)(3—1)+1),n(-1-2)

= A(e(a
—1 (k—1)(n—
_A(e(na2) n-2 A ((k 1)(8 1)+1)),
-1
A ((k 1)(n 1)
[:2.3—(1),(2);1.7,1.8,1.3].
23) Let m = 0. Then the following sequence of equalities holds

po(a®) = pole("a’)) = A(e("a"),e("a%),"a")
= e(n52) =q°

[(3); F(z,c17%) = A(z,e(c}7%), ¢} %) = A(F(z, 1 7%), e(c172), 61 7%) =

) = ot
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A(A(z,e(772), 1 7%), (1 7%), e} 7%) = A(F(z,¢}7%), (7 %), ¢} %) =
A(z,e(c72), 4% = F(z,d7%) =z, 1.2,1.3].

24) Let m = —1. Then the following sequence of equalities holds

po(a)) = po(("a’a)l) = A(e("a’), ("a")L,"a%)
= A" o), (a7 )
n—2

—A(( a1, Ale,"a’, ("a) ), "a)
A "ah e('a "%
( ) 1 __ ( ,al) 1 =a -1
[(4);1.3; A(z, (i), ci7?) =z, 23)].

25) Let m = —k and k¥ > 2. Then the following sequence of equalities
holds
pa(a™®) = pa(("a’,a*)) = Afe("a’), ("a",a¥)"1,"a")
= AA(("a%, a%)" 1,”a2 a®), ("a®,a*)1,"a%
= A("3", )L A e ,("az,ak)—l),"f)
A n— 2,a = A(n—2 k;ll((k 1)(n 1)+1)’(n52,ak)_1),n52)
a8yt al A (VG g (gt akyy e
¥y-1 A(a*,"a ,(”52,ak)—1),"52)

_ n—2, n-2
F)7le("e"), a”)

2
a
,Q
[1.2,1.3,(4),1.7,1.8, A(z,e(c}™2%),c} %) =z ~ 23)).

3) By 2), 1.5 and 2.6, we conclude that the following sequence of equal-
ities holds
n
a0a = A(a,"a’,a) = A(al])
= o'0...0e'0bg
= a0...0a0bg,

and hence we conclude that

bD = a_("_z).

4) Finally, by proposition from 1)-3), Theorem 2.6 and 1.5, we conclude
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that for every a, ai,...,a, € Z the following equalities hold

n—2
! - > a;—(n-2)
A(e™,...,a%) =a™0O... Og%r0g~ (=2 = ¢4 =1 ,
(a®,...,a%2%")"t = (@0, .. Oe®-20¢~ "2 02:%0e™DO. ..
n—2
- —e=2( 3 ai—(n-2))
- Daan_zﬂa_(n~2))_1 =q i=1 and
n—2
- > ai+n-2
e(a™,...,a""?) = (aMO... Daa"‘zDa_(”"Q))"l =q i=1 )

a

2.8. Remark: For n = 2, the equality (8) reduce to the well-known
equality

A(a™,a%?) = o*1102,

Moreover, for n = 2, by convection
0

>

i=1
the equalities (9) and (10) reduce to the well-known equalities

(@)l =47 and

e(0) = a®,
where e(0) is a neutral element of the group (@, A4). O
2.9. Example: Let ({1,2,3,4},-) be the Klein’s group defined by the
table '
1112134
11112314
21211143
3131412
4141321

and ! its inversing operation. Let also the permutation ¢ be defined by the
table

p|12]3]4]|
112143}

QO € Aut({1’2a3’4}, ~) (p(2) = 2, (p2 = {(m,l')ll' e {1,2,3’4}. Then,
({1)253;4},44), where

Alz,y,2) Y oly) 22
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for every z,y, 2 € {1,2,3,4}, is a 3—group, and for every a,c € {1,2,3,4} the
following equalities hold

e(c) = (p(c)-2)"! and
(o) =lp(c)-2-a-¢(c)-2) " =a"t =]a.
In addition, the following series of equalities holds
zay=A(z,Ly) =z ¢(l) y-2=2-2y,
T2y =A(z,2,y) =1y,
z3y=A(z,3,y)=z-9(3) - y-2=1z-3 -y and
zay=A(z,4,y)=z-4-y.
[pr =2 =19, p3 =g = (; ? :; i s b1 =1, by=2, b3=3, by =4]
Finally, by Theorem 2.6, we conclude that the following sequence of
equalities holds
=112=141=2 1=f(1)=/2, 17t =1, 27! = 2;
210=9222=2,2=1,20=11"1=1, 271 =2;
31=3,3=333=3,3"=3, 371 =3 and
4' =4, 42 =444=14,4" =4, 471 = 4. O

2.10. Remark: Power and order of elements in n—group have been
also described in the following papers [11-15]. W. A. Dudek has pointed my
attention to this fact.
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