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FIXED POINTS ON TRANSVERSAL
PROBABILISTIC SPACES

Milan R. Taskovié

Abstract. In this paper we introduce a notion of the probabilistic
contraction on a lower transversal probabilistic space and prove two
fixed point statements. The lower transversal probabilistic spaces are a
natural extension of Menger’s and probabilistic spaces.

1. Introduction and definitions

Transversal probabilistic spaces were introduced in 1998 by Taskovié [6]
in the following sense.

Let X be a nonempty set. The function p: X x X — [0,1] is called an
upper probabilistic transverse on X (or upper probabilistic transversal)
if: plz,y] = ply, =], and if there is a function g : [0,1] x [0,1] — [0, 1] such that

(A) plo,y) < max { pl, 2}, pl2, ], 9 (oo, 2], plz,9)

for all z,y,2 € X. An upper transversal probabilistic space is a set
X together with a given upper probabilistic transverse on X. The function
g :[0,1] x [0,1] — [0,1] in (A) is called upper (probabilistic) bisection
function.

In connection with this, the function p : X x X — [0,1] is called a
lower probabilistic transverse on X (or lower probabilistic transversal) if:
plz,y] = ply, z] and if there is a lower (probabilistic) bisection function
d:[0,1] x [0,1] = [0,1] such that

(Am) min { plz, 2], plz, 4, d (pla, 2} pl2,9]) } < plz, 9

for all z,y,z € X. A lower transversal probabilistic space is a set X
together with a given lower probabilistic transverse on X.
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Otherwise, a transversal probabilistic space is an upper and a lower
transversal probabilistic space simultaneous.

The preceding definitions suggest that all probabilistic transverses p :
: X x X — [0,1] may be interpreted as probability, that is to say, given any
two points z and y of a transversal (upper or lower) probabilistic space X,
rather than consider a single non-negative real number p[z,y] € [0,1] as a
measure of the probabilistic transverse between z and y in X.

As an important example of lower transversal probabilistic spaces we
have a Menger’s (probabilistic) space.

K. Menger introduced in 1928 and 1942 the notion of probabilistic met-
ric space. O. Kaleva and S. Seikkala proved in 1984 that each Menger’s space,
which is a special probabilistic metric space, can be considered as a fuzzy
metric space.

In further, we shall denote the distribution function F(p,q) by F, , and
F, 4(z) will represent the value of Fj, ; at z € R.

The function Fp4(p,q € X) are assumed to satisfy the following con-
ditions: Fp4(z) = 1 for z > 0 iff p = ¢, F4(0) = 0 and F,, = F,, for all
p,q € X. In further let plu,v] = F, ,(z) with the preceding conditions.

In the theory of metric spaces, as and in the lower transversal probabilis-
tic spaces, it is extremely convenient to use a geometrical language inspired
by classical geometry.

Thus elements of a lower transversal probabilistic space will usually be
called points. Given a lower transversal probabilistic space (X, p), with the
lower bisection function d : [0,1] x [0,1] — [0, 1] and a point a € X, the open
ball, in notation d(B(a,r)), of center a and radius r > 0 is the set

d(B(a,r)) = {a: € X : pla,z] > r}.

The concept of a neighborhood in a lower transversal probabilistic space
X for the lower probabilistic transverse p[p, ¢| := Fp 4(z) is the following. If
p € X, and p,o are positive reals, then an (u,0) - neighborhood of p,
denoted by Up(p, ), is defined by

Up(pso) ={g€ X :plp,q] = Fp,q(ﬂ) >1-o}.

The above topology satisfies the first axiom of countability. In this topol-
ogy a sequence {pynen in X converges to a point p € X (in notation p, — p)
if and only if for every g > 0 and o > 0, there exists an integer M (u, o) such
that pp, € Up(p,0), i. e, plp,pn] > 1 — o whenever n > M(p,0). The se-
quence {pn}nen will be called fundamental in X if for each g > 0, 0 > 0
there is an integer M (u,0) such that p(pn, pm] = Fp, p. (#) > 1 — 0o whenever
n,m > M(u,c). In analogy with the completion concept of metric space, a
lower transversal probabilistic space X will be called complete if each fun-
damental sequence in X converges to an element in X.
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2. Main results

In further we introduce a notion of a probabilistic contraction on a lower
transversal probabilistic space and prove a fixed point theorem.

A mapping T of a lower transversal probabilistic space (X, p) into itself
for plu,v] = F, »(z) will be called a probabilistic contraction if there exists
a nondecreasing function ¢ : RS — RS := [0, 4+00) such that

(As) limy,_y00 " (¢) = +00  for every ¢t > 0
and such that
(Pc) Fru,ro(z) 2 min { Fyuy, (p(2)) , Fuyra ((2),

Foze (p(@)) s Fuiro (9(2)), Fuira (o)) }

for all u,v € X and for every z € Ry := (0, +00).

The function d : [0,1] x[0,1] = [0, 1] is nondecreasing if a;, b; € € [0, 1]
and a; < b; (z = 1,2) implies g(a1,as) < g(b1,b2). Now we shall prove the
following result for the preceding class of functions (Pc) on a special lower
transversal probabilistic space.

Theorem 1. Let (X, p) be a complete lower transversal probabilistic
space, where the lower transverse plu,v] = Fy, and the lower bisection func-
tion d : [0,1] x [0,1] — [0,1] is nondecreasing such that d(t,t) >t for every
t € Ry. If T is any probabilistic contraction mapping of X into itself, then
there is a unique point p € X such that Tp = p. Moreover, T"q — p for each
ge X.

Proof. For this proof the following inequalities are essential. Namely,
from the conditions for the function d : [0, 1]2 — [0, 1] we obtain the following
inequalities
(1) d(a,b) > d(min{a, b}, min{a, b}) > min{a, b}
for all a,b € [0,1]. On the other hand, since X is a lower transversal proba-
bilistic space, for every z > 0 we have the following inequalities

F,4(2) > min {Fa,c(m), Fop(@), d (Faclz), Fop(z)) }
2> min {Fa,c(x), Fc,b(x)}

To prove the existence of the fixed point, consider an arbitrary u €
€ X, and define u, = T™(u), for n € NU {0}. We show that the sequence
{tn}nenufoy is fundamental in X. Then for ¢ € Ry and m > n (m,n € N)
from (2) is

(3) Funyum (a) Z min {Funyun-l-l (a’)? A Fum—l yUm (a)}

(2)
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On the other hand, since T is a probabilistic contraction mapping, from
(2) we obtain the folowing inequalities

Fun,un.,_l(a) = FTun_l,Tun(a) 2
(4) > min {Fuy_n 6(0) s Py s 0(0) s s s 0(0) } 2

> min{ Fup_y un (900)) s Fu s (9(a) |
and thus

(5)  Funinrs (9(@)) 2 min{ Fop s (92(0)) s Fa s (9%(0)) }

From (4) and (5) it folows by induction that for every integer £ € N the
following inequality holds

P insa (0) 2 min { Py, (9(@)) Fuinis (#(0)) 4

that is, when & — 400, we obtain Fy, . ,,(a) > Fy,_, ., (¢(a)) for every
n €N, i e,

Funyun+l (a‘) Z FuO»ul ((pn(a’))

for every n € N. Hence, from the former inequality (3), we obtain

Fun i (0) 2 10 { Fugy (9%(0)) , Faggs (#"@)) 1+, Fugus (¢ 1(@)) }

that is, Fu,un(a) > Fuou (¢™(a)). Hence, {un}nenufo) is a fundamental
sequence in X. Since X is a complete space, there is an p € X such that
Up — p, that is T™(u) — p. Then, from the former facts, we have

Frpp(a) 2 Frpp (p(a))

for every a € Ry, that is Tp = p. We further prove the uniqueness. Suppose
p#qand Tp = p, T'q = q. Then, there existsan z > 0 and an 0 < a < 1, such
that F}, 4(z) = a. However, since T is a probabilistic contraction mapping, for
each n € N we have

a = Fpo(z) = Frp,re(z) 2 -+ 2 Fpq(¢"(2)),

and hence, since F, , (¢™(z)) — 1 as n — o0, it follows that ¢ = 1. This
contradicts the choice of 0 < a < 1, and therefore, the fixed point is unique.
The proof is complete.

In connection with the preceding statement, from our the Principle of
Symmetry (see: Taskovié, Math. Japonica, 35 (1990), p. 661), we obtain as
an immediate consequence of Theorem 1 the following result.
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Theorem 2. Let (X, p) be a complete lower transversal probabilistic
space, where the lower transverse plu,v] = F,, and the lower bisection func-
tion d : [0,1] x [0,1] — [0,1] is nondecreasing such that d(t,t) > t for every
t € R, . If there exists a nondecreasing function ¢ : RS — RS such that (As)
and if there is a function n : X — N such that

Fopn) (), rn) (5)(2) 2 min {Fu,v (p(2)) , Fy prcwry, (0(2))

By ntory (0(2)) s By pniony (9(2)) , Fy o (9(2) }

for all u,v € X and for every x € Ry, then T has ezactly one fized point
p € X and T"q — p for every q € X.

3. Some consequences

Let B denote the set of all A-norms. A Menger space is a triplet
(E,F, ), where (E,F) is a probabilistic metric space and A € B satisfies
the following inequality:

Fpr(@+1y) 2 A (Fpe(z), Fer(y))

for all p, q, r € E and for all z,y > 0. Metric spaces are special cases of
Menger spaces with A(z,z) > z for every z € [0, 1].

If we chosen a lower bisection function d : [0,1]> — [0,1] such that
d = A (for A € B), then we obtain immediate that every Menger’s space, for
plz,y|] = Fyy, is a lower transversal probabilistic space.

Hence, Theorems 1 and 2 immediate hold and for Menger’s spaces. Also,
since every probabilistic (metric) space is a lower transversal probabilistic
space, hence Theorems 1 and 2 hold and for probabilistic spaces; similar, and
for fuzzy metric spaces.

On the other hand, as an immediate consequence of the preceding The-
orem 1 we obtain directly the following result on Menger’s spaces.

Corollary 1. (Bylka [1]). Let (E, F, A) be a complete probabilistic Men-
ger space, where A\ is a continuous function satisfying N(z,z) > z for each
z €[0,1], and T a mapping of E into itself. If p : R — RS is a nondecreasing
function such that (As) and

FTu,Tv(z') > Fu,v (‘P(x))

for x € Ry and for all u,v € E, then T has a unique fized point p € E and
Trngp(z) = 1 for every ¢ € E and z € Ry



82 Milan R. Taskovié¢

4. Open problems

We notice that are preceding results of this note (Theorems 1 and 2)
given for a special probabilistic transverse in case plu,v] = F ().

In connection with this, formulate some new statements of the preceding
type for arbitrary upper or lower probabilistic transverses!

Formulate and a correspond statement (analogous to Theorem 1) for
upper transversal probabilistic spaces!
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