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G-approximate best proximity pairs
in metric space with a directed graph
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ABSTRACT. Let (X, d) be a metric space endowed with a directed graph
G where V(G) and E(G) represent the sets of vertices and edges corre-
sponding to X, respectively. We establish sufficient conditions for the
existence of a G-approximate best proximity pair for a mapping 7" in
the metric space X equipped with the graph G such that the set V(G)
of vertices of G coincides with X.

1. INTRODUCTION

Fixed point theory is a powerful tool for addressing existence problems in
various branches of mathematical analysis and its applications. In physics
and engineering, this technique has been employed in areas such as image
retrieval, signal processing, and the study of nonlinear integral equations.
Graphs serve as models for relations and processes in diverse fields, includ-
ing physical systems, biochemistry, electrical engineering, computer science,
operations research, and biological systems. Their applications are well-
documented in the literature [5|12].

Let X be a metric space with nonempty subsets A and B. The distance
between A and B is denoted by d(A, B). A pair (x¢, yo) satisfying d(zo, yo) =
d(A, B) is called a best proximity pair for A and B. The set of all such pairs
is defined as:

prox(A, B) :=={(z,y) € Ax B: d(z,y) = d(A,B)}.
This concept generalizes the idea of best approximation, with key results
found in [6,9,10].

Following [13] (see also[1,2,/18-21]), best proximity points for sets A and
B can be identified by considering a mapping T : AU B — AU B such that
T(A) C B and T(B) C A. Notably, if AN B # (), every best proximity point
becomes a fixed point of T
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In 2012, Mohsenalhosseini et al.|11] introduced fixed point theory for com-
pletely normed spaces and the map T,. Recent developments provide suf-
ficient conditions for a mapping to be Picard when (X, d) is endowed with
a graph. Jachymski [8] pioneered this direction, applying it to the Kelisky-
Rivlin theorem on iterates of Bernstein maps in C[0, 1].

Reich [16], Ciri¢ [17] and Rus [15] demonstrated that in a complete metric
space (X, d), every Cirié¢ -Reich-Rus mapping has a unique fixed point. Bojor
[3] explored fixed points for y-contractions in metric spaces with graphs,
while [4] extended this to Reich-type contractions.

The concept of G-approximation best proximity points arises in nonlin-
ear analysis, optimization, and fixed-point theory. These points generalize
classical best proximity points by incorporating a graph structure G that
constrains the allowable pairs (x,Tz), making them useful in structured or
constrained settings. This advancement makes them valuable in applications
such as:

— Proximal algorithms for nonsmooth optimization,

— Structured machine learning (e.g., constrained regression),

— Modeling Nash equilibria where strategies must lie in disjoint sets,

— Variational inequalities and optimization (e.g., split feasibility prob-
lems in medical imaging and signal processing),

— Their ability to provide approximate solutions when exact fixed points
do not exist ensures broad applicability in both theoretical and ap-
plied mathematics.

This paper investigates the existence of approximate best proximity pairs
for cyclic mappings T: AUBUC — AUBUC, where T(A) C B, T(B) C
C, and T(C) C A, in metric spaces endowed with a graph G. We define
G-approximate best proximity pairs and provide illustrative examples to
support our results.

2. PRELIMINARIES

We adopt the following notations and refer to [7] for graph distance theory
and |11] for approximate best proximity pairs.
Graphs, as metric spaces with intrinsic path metrics, exhibit relationships
between distance, diameter, and radius. A path in a graph is a sequence of
distinct vertices where adjacent vertices in the sequence are connected by
edges. For unweighted graphs, path length is the edge count; for weighted
graphs, it is the sum of edge weights (assumed nonnegative). We focus on
connected, undirected graphs.

Definition 1. Let u and v be two vertices of graph G. The distance between
two vertices u and v, denoted dg(u,v), is the length of a shortest u— v path,
also called a u — v geodesic.
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Remark 1. If there is no path between two vertices u and v, the distance
between them is infinite (dg(u,v) := 00).

The distance function is a metric on the vertex set of a (weighted) graph
G. In particular, it satisfies the triangle inequality:

dg(a,b) < dg(a,c) + dg(c,b)

for all vertices a, b, c of G.
Three of the most commonly observed parameters of a graph are its ec-
centricity, radius and diameter.

Definition 2. Let u and v, two vertices of graph G.

(i) The eccentricity of a vertex is the maximum distance from it to any
other vertex

e(u) = max{dg(u,v) : v € V(G)}.

(ii) The diameter of a connected graph G, denoted diam(G), is the max-
imum eccentricity

diam(G) = max{e(u) : u € V(G)}.

(iii) The radius, denoted rad(G), is the minimum eccentricity among all
vertices of G

r(G) = min{e(u) : u € V(G)}.

Remark 2. The best way to calculate the diameter and radius of the graph
is to use the n x n square matrix, where n is the order of the graph and the
(i,7)-th entry of this matrix is the distance of vertex v; from v;.

Example 1. Find the diameter and radius of the graph in Figure 1.

FIGURE 1.
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Considering the graph G in Figure 1 with B = v, C = vy, A = vs,
D =uwv4, E=vs, F =vg, G=v7, we have:

012 2 2 2 3
101111 2
210 2 2 21
(d(;(vi,vj))m =121 2 0 2 2 3
212 2 0 2 3
212 2 2 0 3
3213 3320
Therefore, e(vi) = 3, e(v2) = 2, e(vs) = 2, e(vq) = 3, e(vs) = 3, e(vg) = 3,

e(vy) = 3.
Diameter is 3 because
diam(G) = max{e(u) :u € V(G)} =3
and radius is 2 because
r(G) = min{e(u) : u € V(G)} = 2.

Definition 3 ([11]). Let T: X — X, € > 0, 29 € X. Then zp € X is an
e—fixed point for T if d(zg,Tzo) < €.

Definition 4 (|11]). Let 7' : X — X. Then T has the approximate fixed
point property (a.f.p.p) if

Ve >0, Fe(T) # o.

Theorem 1 (|11]). Let (X, |.]|) be a complete norm space, T : X — X,
x0 € X and e > 0. If ||T™(xg) — T *(z0)|| — 0 as n — oo for some k > 0,
then T* has an e— fized point.

Definition 5 (|8]). We say that a mapping T': X — X is a G-contraction
or simply G-contraction if T" preserves edges of G, i.e.,

(1) Vr,ye X, ((z,9) € E(G) = (Tz,Ty) € B(G)),
and T decreases weights of edges of GG in the following way:

(2) Jae(0,1)Vz,ye X, ((z,y) € E(G)= d(Tz,Ty) < ad(z,y)).

3. MAIN RESULT

Throughout this section, G is a directed graph with V(G) = X, E(G) D
A, where A is the diagonal of X x X, and no parallel edges. Building on
Jachymski’s framework [8], we examine the existence of G-approximate best
proximity points for mappings T': AU B — AU B such that T(A) C B and
T(B) C A, along with their diameter properties.
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Definition 6. Let A and B be nonempty subsets of a metric space endowed
with a directed graph G = (V(G), E(G)) such that V(G) = AU B. The
map T : AUB — AU B be a map such that T(A) C B, T(B) C A. The
point x € AU B is said to be a G-approximate best proximity point of the
pair (A, B), if:

(i) ((z,y) € E(G) = (Tz,Ty) € E(G)), Va,y€ AUB;

(ii) 3¢ >0 Ve € AUB, ((z,Tz) € E(G) = d(x,Tz) < d(A,B) +¢).

Remark 3. In this paper we will denote the set of all G-approximate best
proximity point of the pair (A, B) of T', for a given €, by:

P{*(A,B)={z € AUB: ((z,Tx) € E(G) = d(z,Tz) < d(A,B) +¢€)}.
Example 2. Suppose Let X = R? and
A=A{(z,y) € X: (z—y)* +y* <1},
B={(z,y) € X: (x+y)’+y* <1},

with T'(z,y) = (—=x,y) for (z,y) € X.

Define the graph G by V(G) = X. Then, there exists ((z,y),T(z,y)) €
E(G) such that d((z,y),T(z,y)) < d(A,B) + € for some ¢ > 0. Hence,
PSe(A, B) # 0.

We say that the pair (A4, B) is a G-approximate best proximity pair if
PSe(A,B) # 0.

Proposition 1. Let A and B be nonempty subsets of a metric space endowed
with a directed graph G = (V(G), E(G)) such that V(G) = AU B. Suppose
that the mapping T : AU B — AU B satisfying T(A) C B, T(B) C A. If
lim,, 0o (T2, T 2) = d(A, B), for some x € AUB satisfies the condition
(x,Tx) € E(G) then the pair (A, B) is a G-approzimate best prozimity pair.

Proof. Let € > 0 be given and x € AU B with (z,Tz) € E(G) such that
limy, 00 d(T"x, T 2) = d(A, B); then there exists Ny > 0 such that for
all n > Ny,
d(T"z, T"'z) < d(A, B) +e.

If n = Ny, then d(T™(z), T(TNo(x))) < d(A,B) + €, then TNo(x) €
PS(A, B) and PS%(A, B) # 0. O
Definition 7. Let A and B be nonempty subsets of a metric space endowed
with a graph G. The map T': AUB — AUB satisfying T(A) C B, T(B) C A
is said to be a G-Ciri¢-Rich-Rus-Moh map if:

() ((z,y) € E(G) = (Tx,Ty) € BE(G)), Va,y € AU B;

(ii) There exists nonnegative numbers «, 3, with a 4+ 25 + v < 1, such

that, for each (z,y) € E(G), we have:

d(Tz,Ty) < ad(z,y) + Bld(x, Tx) + d(y, Ty)] + vd(4, B).
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Theorem 2. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : AUB — AU B be a G-Cirié-Rich-Rus-Moh map. If
x € AU B satisfies the condition (x,Tz) € E(G), then the pair (A, B) is a
G-approximate best proximity pair.

Proof. Let x € AU B with (z,Tz) € E(G), then
d(Tz,T?*z) < ad(x, Tz) + Bld(z, Tx) + d(Tx, T?z)] + vd(A, B).

Therefore

™

P e, Ta) + —L—d(A, B).

2
d(T:v,Tm)gl_B -

Now, if k = $%4, then

d(Tz, T?*z) < kd(z, Tx) + (1 — k)d(A, B),

also
d(T?z, T3x) < kK*d(x, Tz) + (1 — k*)d(A, B).
Therefore
d(T"z, T" ' x) < k"d(z,Tx) + (1 — k™)d(A, B),
and so

d(T"z, T" M z) — d(A, B), as n — oo.

Therefore, by Proposition PTG“(A,B) # 0, then pair (A,B) is a
G-approximate best proximity pair. O

Definition 8. Let A and B be nonempty subsets of a metric space endowed
with a graph G. Suppose that the mapping T': AU B — AU B satisfying
T(A) C B, T(B) C A. We say that the sequence {z,} C AU B with
(2n,Tzn) € E(G) is GT-minimizing if

lim d(zp,Tz,) = d(A, B).

n—o0
Theorem 3. Let A and B be nonempty subsets of a metric space endowed
with a graph G, suppose that the mapping T : AU B — AU B satisfying
T(A) C B, T(B) C A. If {T"x} is a GT-minimizing for some © € AU B
satisfies the condition (z,Tx) € E(G), then (A, B) is a G-approzimate best
pair prorimity.

Proof. Since
lim d(T"z, T""'z) = d(A, B)

n—o0

for some z € A U B satisfies the condition (z,Tz) € E(G), then by Propo-
sition [1| P§%(A, B) # 0. Therefore, pair (A, B) is a G-approximate best
proximity pair. O
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Theorem 4. Let A and B be nonempty subsets of a metric space endowed
with a graph G such that E(G) is compact. Suppose that the mapping T :
AUB — AU B satisfying T(A) C B, T(B) C A, T is continuous and
Tz — Ty|| < ||z — yl, where (z,y) € E(G). Then PS¥%(A, B) is nonempty
and compact.

Proof. Since E(G) compact, there exists a zp € E(G) such that

3) 20~ Tl = _nt [}z — T.
If || 20— T'20|| > d(A, B), then | T'z9—T?20|| < ||z0—T20||, which is contradic-
tion to the definition of zy (T'z0 € E(G)) and (3). Therefore ||zg — T'zo|| =
d(A,B) < d(A,B) + ¢ for some € > 0 and z € PS%(A,B). Therefore
PS%(A, B) is nonempty.

Also, if {z,} C PY%(A,B), then ||z, — Tz,| < d(A, B) + ¢ for some
e > 0, and by compactness of E(G), there exists a subsequence z,, and a
29 € E(G) such that z,, — 2o and so

|z0 — Tz0]| = kli}r{.lo l|zn, — Tzn, || < d(A,B) + €

for some € > 0 hence P&%(A, B) is compact. O
Example 3. If A=[-3,-1],B=[1,3] and T': AUB — AU B, such that

€A

1-z
2
T([I}) - —1l-x

reB

Then PS%(A, B) is compact, we have
PSYA,B)={x € AUB: d(z,Tz) < d(A,B) + ¢ for some e > 0}
={re€ AUB: d(z,Tx) <2+e¢€ for some e > 0}
={1,-1},
that is compact.

In the following, by diam(PS(A, B)) for a set PS%(A, B) # 0, we will
understand the diameter of the set P¥%(A, B).
Definition 9. Let A and B be nonempty subsets of a metric space endowed

with a graph G such that T(A) C B, T(B) € A and € > 0. We define
diameter of PY%(A, B) by

(4) diam(PF*(A, B)) = sup{d(z,y) : =,y € Pf*(A, B)}.
Theorem 5. Let A and B be nonempty subsets of a metric space endowed

with a graph G. Suppose that the mapping T : AUB — AU B, such that
T(A)C B, T(B)CAande>0. If T be a G-contraction then

2 2d(4,B)
11—« l—a

diam(PS%(A, B)) <
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Proof. If z,y € PTGa(A, B), then
d(z,y) < d(z,Tx) + d(Tz,Ty) + d(Ty, y)
< €1+ ad(z,y) + 2d(A, B) + €.

Put € = max{ey, €2}, therefore

2¢ 2d(A, B)
d(my)_l_&+ 1—a
Hence,
_ 2¢ 2d(A, B)
diam(P$*(A, B)) < . O
iam(PFe(A, B)) < = + =22

4. G-APPROXIMATE BEST PROXIMITY FOR TWO MAPS

In this section we will consider the existence of G-approximate best prox-
imity points for two maps T : AUB - AUB, S: AUB — AU B, and its
diameter.

Definition 10. Let A and B be nonempty subsets of a metric space endowed
with a graph Gand T: AUB —- AUB, S: AUB — AU B be two maps
such that T(A) C B, S(B) € A. A point (z,y) in A x B is said to be a
G-approximate-pair fixed point for (7', 5), if:
(i) ¥(z,y) € Ax B, ((z,y) € E(G) = (Tx,Ty) € E(G),(Sz,8y) €
E(G));
(i) Ja € (0,1) Y(z,y) € Ax B, ((z,y) € E(G) = d(Tz,Sy) <
d(A,B) +¢).
We say that the pair (T, S) has the G-approximate-pair fixed property in
X if P(G )(A B) # (), where
P(T‘,ZS)(A, B) ={(z,y) € E(G) : d(Tx,Sy) <d(A,B)+e¢ for some e > 0}.
Theorem 6. Let A and B be nonempty subsets of a metric space endowed

with a graph G and T : AUB - AUB, S: AUB — AU B be two maps
such that T(A) C B, S(B) C A. If, for every (z,y) € A x B,

d(T"(x), S"(y)) — d(A, B),
then (T,S) has the G-approzimate-pair fized property.

Proof. Let € > 0 be given and (z,y) € Ax B with ((z,y), (Tz,Ty)) € E(G).
Since d(T™(z), S™(y)) — d(A, B), there exist ng > 0 such that for all n > ny,
d(T"(x), 5" (y)) < d(A, B) + €.

Then d(T(T" 1(x),S(S" Y(y)) < d(A, B) + € for every n > ng. Put zop =
T~ 1(z) and yo = S™Y(y)). Hence, d(T(x0),S(yo)) < d(A, B) + € and
Pg(js) (A, B) # 0. O
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Definition 11. Let A and B be nonempty subsets of a metric space endowed
with a graph G. Themap T : AUB — AUB, S: AUB — AU B satisfying
T(A) C B, S(B) C A is said to be a G-Ciri¢-Rich-Rus map if:
(i) Y(z,y) € Ax B ((2,y) € B(G) = (Tz,Ty) € E(G),(Sz,8y) €
E(G));
(ii) There exist nonnegative numbers «, §,v with a + 28 + v < 1, such
that for each (z,y) € E(G) we have:

d(Txz,Sy) < ad(z,y) + pld(z, Tx) + d(y, Sy)] + vd(A, B).

Theorem 7. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : AUB — AUB, S : AUB — AUB are a G-Cirié-Rich-
Rus map. If x,y € AU B satisfies the condition (x,Tz),(x,Sx) € E(G),
(y,Ty), (y,Sy) € E(G) and if x is a G-approximate fized point for T, ory

is a G-approximate fized point for S, then P(C%?S)(A, B) #0.

Proof. Let z,y € AU B with (x,Tx),(z,Sz) € E(G), (y,Ty),(y,Sy) €
E(G), then

d(Tz,S(Tz)) < ad(z,Tx) + pld(z, Tx) + d(Tz,S(Tx)] + vd(A, B).

Therefore

a+ B vy
d(Tz,S(Tz)) < = ﬂd(:c,Taf) + md(A, B).
Now, if k = % then
(5) d(Tz,S(Tz)) < kd(z,Tx) + (1 — k)d(A, B),
(6) d(Sy,T(Sy)) < kd(y, Sy) + (1 — k)d(A, B).

If x is a G-approximate fixed point for T, then there exists a € > 0 and by 9]
d(Tz,S(Tz)) < kd(z,Tx) + (1 — k)d(A, B)
< k(d(A,B) +¢€)+ (1 - k)d(A, B)
=d(A, B) + ke
<d(A,B)+e
and (z,Tz) € P(C%?S)(A, B), also if y is a G-approximate fixed point for S,
then there exists a € > 0 and by [f]
d(Sy, T(Sy)) < kd(y, Sy) + (1 — k)d(A, B)
< k(d(A,B)+¢€)+ (1 —k)d(A, B)

— d(A, B) + ke
< d(A,B) +¢
and (y, Sy) € P(C%"IS)(A,B).
Therefore, P(%LS) (A,B) # 0. O
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Theorem 8. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : AUB — AUB, S : AUB — AUB be two continuous
maps such that T(A) C B, S(B) C A. We suppose that:

(i) For every (z,y) € E(G), d(Tz,Sy) < ad(x,y) + vd(A, B), where
a,v>0anda+vy=1;

(i1) For any {xn}tnen and {yn}nen in AU B as flowing:

Tnt1 = SYny Ynt1 = Ty for some (z1,y1) € E(G) forn € N.

(iii) For any {xn}nen in AU B, if x, — = and (xn,Tnt41) € E(G)
for n € N then there is a subsequence convergent {xy, }r>1 with
(n,,2) € E(G) forn e N.

Then there exists x € A such that d(z,Tz) = d(A, B).

Proof. We have

d(antla yn+1) = d(T$n, Syn)
ad(zn, yn) +v(d(A, B)

VANV

IN

" Md(xo,y0) + (1 +a+ -+ a™)vd(A, B).

If {xy, }r>1 is converge to z1 € A, that is x,, — x1 with (z,,,21) € E(G)
for all n € N. Then

d(an+17ynk+l) < ank+ld($0> yO) =+ (1 +oaAd -t ank)’)/d(A7 B)'

Since T is continuous, then
~
d(xnk,_H ) Txnk) — md(A, B) = d(z‘l7 B)

Therefore, d(z1,Tz1) = d(A, B). O

Definition 12. Let A and B be nonempty subsets of a metric space endowed
with a graph Gandlet T: AUB — AUB, S: AUB — AU B be continues

maps such that T(A) C B, S(B) C A. We define diameter P(C%“S) (A, B) by

diam(P((%CfS)(A, B)) = sup{d(z,y) : d(Tz,Ty) < e+d(A, B) for some € > 0}.

Example 4. Suppose A = {(z,0) : 0 <z <1}, B = {(z,1) : 0 <
r < 1}, T(2,0) = T(2,1) = (3,1) and S(z,1) = S(2,0) = (5,0). Then

d(T(x,0),5(y,1)) =1 and diam(P(%lS) (A, B)) < diam(A x B) = /2.

(i) d(T(x,0),S(y,1)) = 1 for all z,y € [0,1], since T" maps all points
to (%, 1) and S maps all points to (%, 0), and the distance between
these two points is 1.
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(ii) diam(A x B) = /2, since the maximum distance between two points
in A x B under the product metric is

d((0,0),(1,1)) = /(0= 1)2+ (0 —1)2 = V2.

(iii) diam(ngfS)(A, B)) = 0 because ngs)(A, B) is a singleton set.

Now by (ii) and (iii) it follows that diam(P(GTf‘S) (A, B)) = 0 is less than v/2.

Theorem 9. Let A and B be nonempty subsets of a metric space endowed
with a graph G and letT : AUB — AUB, S: AUB — AU B be continues
maps such that T(A) C B, S(B) C A. If there exists a k € [0, 1],

d(xz,Tz) + d(Sy,y) < kd(x,y).
Then

d(A, B
diam(P(C%f‘S)(A, B)) < < 4 (4, k) for some € > 0.

Proof. If (z,y) € P(C%?S)(A, B), then

d(z,y) < d(z,Tx) +d(Tx, Sy) + d(Sy,y)
< e+ kd(z,y) + d(A, B).

Therefore
d(A, B)
<
dey) <537
Then
. Ga € d(A, B)
diam(P7s)(A, B)) < % t - O

5. CONCLUSIONS

Fixed points, approximate fixed points, and graph-based metric spaces
play pivotal roles in mathematics and its applications, including physics,
biochemistry, electrical engineering, and computer science. This work in-
troduces new classes of mappings and contractions, presenting results on
G-approximate best proximity points and their diameters in metric spaces
endowed with a graph G where V(G) = X. Using general theorems for
cyclic mappings, we establish several G-approximate best proximity point
theorems and provide applied examples to illustrate our findings.
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