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G-approximate best proximity pairs
in metric space with a directed graph
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Abstract. Let (X, d) be a metric space endowed with a directed graph
G where V (G) and E(G) represent the sets of vertices and edges corre-
sponding to X, respectively. We establish sufficient conditions for the
existence of a G-approximate best proximity pair for a mapping T in
the metric space X equipped with the graph G such that the set V (G)
of vertices of G coincides with X.

1. Introduction

Fixed point theory is a powerful tool for addressing existence problems in
various branches of mathematical analysis and its applications. In physics
and engineering, this technique has been employed in areas such as image
retrieval, signal processing, and the study of nonlinear integral equations.
Graphs serve as models for relations and processes in diverse fields, includ-
ing physical systems, biochemistry, electrical engineering, computer science,
operations research, and biological systems. Their applications are well-
documented in the literature [5, 12].

Let X be a metric space with nonempty subsets A and B. The distance
between A and B is denoted by d(A,B). A pair (x0, y0) satisfying d(x0, y0) =
d(A,B) is called a best proximity pair for A and B. The set of all such pairs
is defined as:

prox(A,B) := {(x, y) ∈ A×B : d(x, y) = d(A,B)}.
This concept generalizes the idea of best approximation, with key results
found in [6, 9, 10].

Following [13] (see also[1, 2, 18–21]), best proximity points for sets A and
B can be identified by considering a mapping T : A∪B → A∪B such that
T (A) ⊆ B and T (B) ⊆ A. Notably, if A∩B ̸= ∅, every best proximity point
becomes a fixed point of T .
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In 2012, Mohsenalhosseini et al.[11] introduced fixed point theory for com-
pletely normed spaces and the map Tα. Recent developments provide suf-
ficient conditions for a mapping to be Picard when (X, d) is endowed with
a graph. Jachymski [8] pioneered this direction, applying it to the Kelisky-
Rivlin theorem on iterates of Bernstein maps in C[0, 1].

Reich [16], Ćirić [17] and Rus [15] demonstrated that in a complete metric
space (X, d), every Ćirić -Reich-Rus mapping has a unique fixed point. Bojor
[3] explored fixed points for φ-contractions in metric spaces with graphs,
while [4] extended this to Reich-type contractions.

The concept of G-approximation best proximity points arises in nonlin-
ear analysis, optimization, and fixed-point theory. These points generalize
classical best proximity points by incorporating a graph structure G that
constrains the allowable pairs (x, Tx), making them useful in structured or
constrained settings. This advancement makes them valuable in applications
such as:

– Proximal algorithms for nonsmooth optimization,
– Structured machine learning (e.g., constrained regression),
– Modeling Nash equilibria where strategies must lie in disjoint sets,
– Variational inequalities and optimization (e.g., split feasibility prob-

lems in medical imaging and signal processing),
– Their ability to provide approximate solutions when exact fixed points

do not exist ensures broad applicability in both theoretical and ap-
plied mathematics.

This paper investigates the existence of approximate best proximity pairs
for cyclic mappings T : A ∪B ∪C → A ∪B ∪C, where T (A) ⊆ B, T (B) ⊆
C, and T (C) ⊆ A, in metric spaces endowed with a graph G. We define
G-approximate best proximity pairs and provide illustrative examples to
support our results.

2. Preliminaries

We adopt the following notations and refer to [7] for graph distance theory
and [11] for approximate best proximity pairs.
Graphs, as metric spaces with intrinsic path metrics, exhibit relationships
between distance, diameter, and radius. A path in a graph is a sequence of
distinct vertices where adjacent vertices in the sequence are connected by
edges. For unweighted graphs, path length is the edge count; for weighted
graphs, it is the sum of edge weights (assumed nonnegative). We focus on
connected, undirected graphs.

Definition 1. Let u and v be two vertices of graph G. The distance between
two vertices u and v, denoted dG(u, v), is the length of a shortest u−v path,
also called a u− v geodesic.
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Remark 1. If there is no path between two vertices u and v, the distance
between them is infinite (dG(u, v) := ∞).

The distance function is a metric on the vertex set of a (weighted) graph
G. In particular, it satisfies the triangle inequality:

dG(a, b) ≤ dG(a, c) + dG(c, b)

for all vertices a, b, c of G.
Three of the most commonly observed parameters of a graph are its ec-

centricity, radius and diameter.

Definition 2. Let u and v, two vertices of graph G.

(i) The eccentricity of a vertex is the maximum distance from it to any
other vertex

e(u) = max{dG(u, v) : v ∈ V (G)}.

(ii) The diameter of a connected graph G, denoted diam(G), is the max-
imum eccentricity

diam(G) = max{e(u) : u ∈ V (G)}.

(iii) The radius, denoted rad(G), is the minimum eccentricity among all
vertices of G

r(G) = min{e(u) : u ∈ V (G)}.

Remark 2. The best way to calculate the diameter and radius of the graph
is to use the n× n square matrix, where n is the order of the graph and the
(i, j)-th entry of this matrix is the distance of vertex vi from vj .

Example 1. Find the diameter and radius of the graph in Figure 1.

Figure 1.
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Considering the graph G in Figure 1 with B = v1, C = v2, A = v3,
D = v4, E = v5, F = v6, G = v7, we have:

(dG(vi, vj))i,j =



0 1 2 2 2 2 3
1 0 1 1 1 1 2
2 1 0 2 2 2 1
2 1 2 0 2 2 3
2 1 2 2 0 2 3
2 1 2 2 2 0 3
3 2 1 3 3 3 0


Therefore, e(v1) = 3, e(v2) = 2, e(v3) = 2, e(v4) = 3, e(v5) = 3, e(v6) = 3,
e(v7) = 3.

Diameter is 3 because

diam(G) = max{e(u) : u ∈ V (G)} = 3

and radius is 2 because

r(G) = min{e(u) : u ∈ V (G)} = 2.

Definition 3 ([11]). Let T : X → X, ϵ > 0, x0 ∈ X. Then x0 ∈ X is an
ϵ−fixed point for T if d(x0, Tx0) < ϵ.

Definition 4 ([11]). Let T : X → X. Then T has the approximate fixed
point property (a.f.p.p) if

∀ϵ > 0, Fϵ(T ) ̸= ∅.

Theorem 1 ([11]). Let (X, ∥.∥) be a complete norm space, T : X → X,
x0 ∈ X and ϵ > 0. If ∥Tn(x0)− Tn+k(x0)∥ → 0 as n → ∞ for some k > 0,
then T k has an ϵ− fixed point.

Definition 5 ([8]). We say that a mapping T : X → X is a G-contraction
or simply G-contraction if T preserves edges of G, i.e.,

(1) ∀x, y ∈ X,
(
(x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G)

)
,

and T decreases weights of edges of G in the following way:

(2) ∃α ∈ (0, 1) ∀x, y ∈ X,
(
(x, y) ∈ E(G) ⇒ d(Tx, Ty) ≤ αd(x, y)

)
.

3. Main result

Throughout this section, G is a directed graph with V (G) = X, E(G) ⊇
∆, where ∆ is the diagonal of X × X, and no parallel edges. Building on
Jachymski’s framework [8], we examine the existence of G-approximate best
proximity points for mappings T : A∪B → A∪B such that T (A) ⊆ B and
T (B) ⊆ A, along with their diameter properties.
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Definition 6. Let A and B be nonempty subsets of a metric space endowed
with a directed graph G = (V (G), E(G)) such that V (G) = A ∪ B. The
map T : A ∪ B → A ∪ B be a map such that T (A) ⊆ B, T (B) ⊆ A. The
point x ∈ A ∪ B is said to be a G-approximate best proximity point of the
pair (A,B), if:

(i)
(
(x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G)

)
, ∀x, y ∈ A ∪B;

(ii) ∃ϵ > 0 ∀x ∈ A ∪B,
(
(x, Tx) ∈ E(G) ⇒ d(x, Tx) ≤ d(A,B) + ϵ

)
.

Remark 3. In this paper we will denote the set of all G-approximate best
proximity point of the pair (A,B) of T , for a given ϵ, by:

PGa
T (A,B) =

{
x ∈ A ∪B : ((x, Tx) ∈ E(G) ⇒ d(x, Tx) ≤ d(A,B) + ϵ)

}
.

Example 2. Suppose Let X = R2 and

A = {(x, y) ∈ X : (x− y)2 + y2 ≤ 1},
B = {(x, y) ∈ X : (x+ y)2 + y2 ≤ 1},

with T (x, y) = (−x, y) for (x, y) ∈ X.
Define the graph G by V (G) = X. Then, there exists ((x, y), T (x, y)) ∈
E(G) such that d((x, y), T (x, y)) ≤ d(A,B) + ϵ for some ϵ > 0. Hence,
PGa
T (A,B) ̸= ∅.

We say that the pair (A,B) is a G-approximate best proximity pair if
PGa
T (A,B) ̸= ∅.

Proposition 1. Let A and B be nonempty subsets of a metric space endowed
with a directed graph G = (V (G), E(G)) such that V (G) = A ∪B. Suppose
that the mapping T : A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A. If
limn→∞ d(Tnx, Tn+1x) = d(A,B), for some x ∈ A∪B satisfies the condition
(x, Tx) ∈ E(G) then the pair (A,B) is a G-approximate best proximity pair.

Proof. Let ϵ > 0 be given and x ∈ A ∪ B with (x, Tx) ∈ E(G) such that
limn→∞ d(Tnx, Tn+1x) = d(A,B); then there exists N0 > 0 such that for
all n ≥ N0,

d(Tnx, Tn+1x) < d(A,B) + ϵ.

If n = N0, then d(TN0(x), T (TN0(x))) < d(A,B) + ϵ, then TN0(x) ∈
PGa
T (A,B) and PGa

T (A,B) ̸= ∅. □

Definition 7. Let A and B be nonempty subsets of a metric space endowed
with a graph G. The map T : A∪B → A∪B satisfying T (A) ⊆ B, T (B) ⊆ A
is said to be a G-Ćirić-Rich-Rus-Moh map if:

(i) ((x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G)), ∀x, y ∈ A ∪B;
(ii) There exists nonnegative numbers α, β, γ with α+ 2β + γ < 1, such

that, for each (x, y) ∈ E(G), we have:

d(Tx, Ty) ≤ αd(x, y) + β[d(x, Tx) + d(y, Ty)] + γd(A,B).
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Theorem 2. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : A∪B → A∪B be a G-Ćirić-Rich-Rus-Moh map. If
x ∈ A ∪ B satisfies the condition (x, Tx) ∈ E(G), then the pair (A,B) is a
G-approximate best proximity pair.

Proof. Let x ∈ A ∪B with (x, Tx) ∈ E(G), then

d(Tx, T 2x) ≤ αd(x, Tx) + β[d(x, Tx) + d(Tx, T 2x)] + γd(A,B).

Therefore

d(Tx, T 2x) ≤ α+ β

1− β
d(x, Tx) +

γ

1− β
d(A,B).

Now, if k = α+β
1−β , then

d(Tx, T 2x) ≤ kd(x, Tx) + (1− k)d(A,B),

also
d(T 2x, T 3x) ≤ k2d(x, Tx) + (1− k2)d(A,B).

Therefore

d(Tnx, Tn+1x) ≤ knd(x, Tx) + (1− kn)d(A,B),

and so
d(Tnx, Tn+1x) → d(A,B), as n → ∞.

Therefore, by Proposition 1, PGa
T (A,B) ̸= ∅, then pair (A,B) is a

G-approximate best proximity pair. □

Definition 8. Let A and B be nonempty subsets of a metric space endowed
with a graph G. Suppose that the mapping T : A ∪ B → A ∪ B satisfying
T (A) ⊆ B, T (B) ⊆ A. We say that the sequence {zn} ⊆ A ∪ B with
(zn, T zn) ∈ E(G) is GT -minimizing if

lim
n→∞

d(zn, T zn) = d(A,B).

Theorem 3. Let A and B be nonempty subsets of a metric space endowed
with a graph G, suppose that the mapping T : A ∪ B → A ∪ B satisfying
T (A) ⊆ B, T (B) ⊆ A. If {Tnx} is a GT -minimizing for some x ∈ A ∪ B
satisfies the condition (x, Tx) ∈ E(G), then (A,B) is a G-approximate best
pair proximity.

Proof. Since
lim
n→∞

d(Tnx, Tn+1x) = d(A,B)

for some x ∈ A ∪ B satisfies the condition (x, Tx) ∈ E(G), then by Propo-
sition 1 PGa

T (A,B) ̸= ∅. Therefore, pair (A,B) is a G-approximate best
proximity pair. □



S. A. M. Mohsenailhosseini, M. Saheli 123

Theorem 4. Let A and B be nonempty subsets of a metric space endowed
with a graph G such that E(G) is compact. Suppose that the mapping T :
A ∪ B → A ∪ B satisfying T (A) ⊆ B, T (B) ⊆ A, T is continuous and
∥Tx− Ty∥ ≤ ∥x− y∥, where (x, y) ∈ E(G). Then PGa

T (A,B) is nonempty
and compact.

Proof. Since E(G) compact, there exists a z0 ∈ E(G) such that

(3) ∥z0 − Tz0∥ = inf
z∈E(G)

∥z − Tz∥.

If ∥z0−Tz0∥ > d(A,B), then ∥Tz0−T 2z0∥ < ∥z0−Tz0∥, which is contradic-
tion to the definition of z0 (Tz0 ∈ E(G)) and (3). Therefore ∥z0 − Tz0∥ =
d(A,B) ≤ d(A,B) + ϵ for some ϵ > 0 and z0 ∈ PGa

T (A,B). Therefore
PGa
T (A,B) is nonempty.
Also, if {zn} ⊆ PGa

T (A,B), then ∥zn − Tzn∥ < d(A,B) + ϵ for some
ϵ > 0, and by compactness of E(G), there exists a subsequence znk

and a
z0 ∈ E(G) such that znk

→ z0 and so

∥z0 − Tz0∥ = lim
k→∞

∥znk
− Tznk

∥ < d(A,B) + ϵ

for some ϵ > 0 hence PGa
T (A,B) is compact. □

Example 3. If A = [−3,−1], B = [1, 3] and T : A ∪B → A ∪B, such that

T (x) =


1−x
2 x ∈ A

−1−x
2 x ∈ B

Then PGa
T (A,B) is compact, we have

PGa
T (A,B) = {x ∈ A ∪B : d(x, Tx) < d(A,B) + ϵ for some ϵ > 0}

= {x ∈ A ∪B : d(x, Tx) < 2 + ϵ for some ϵ > 0}
= {1,−1},

that is compact.

In the following, by diam(PGa
T (A,B)) for a set PGa

T (A,B) ̸= ∅, we will
understand the diameter of the set PGa

T (A,B).

Definition 9. Let A and B be nonempty subsets of a metric space endowed
with a graph G such that T (A) ⊆ B, T (B) ⊆ A and ϵ > 0. We define
diameter of PGa

T (A,B) by

(4) diam(PGa
T (A,B)) = sup{d(x, y) : x, y ∈ PGa

T (A,B)}.

Theorem 5. Let A and B be nonempty subsets of a metric space endowed
with a graph G. Suppose that the mapping T : A ∪ B → A ∪ B, such that
T (A) ⊆ B, T (B) ⊆ A and ϵ > 0. If T be a G-contraction then

diam(PGa
T (A,B)) ≤ 2ϵ

1− α
+

2d(A,B)

1− α
.
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Proof. If x, y ∈ PGa
T (A,B), then

d(x, y) ≤ d(x, Tx) + d(Tx, Ty) + d(Ty, y)

≤ ϵ1 + αd(x, y) + 2d(A,B) + ϵ2.

Put ϵ = max{ϵ1, ϵ2}, therefore

d(x, y) ≤ 2ϵ

1− α
+

2d(A,B)

1− α
.

Hence,

diam(PGa
T (A,B)) ≤ 2ϵ

1− α
+

2d(A,B)

1− α
. □

4. G-approximate Best proximity for two maps

In this section we will consider the existence of G-approximate best prox-
imity points for two maps T : A ∪B → A ∪B, S : A ∪B → A ∪B, and its
diameter.

Definition 10. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : A ∪ B → A ∪ B, S : A ∪ B → A ∪ B be two maps
such that T (A) ⊆ B, S(B) ⊆ A. A point (x, y) in A × B is said to be a
G-approximate-pair fixed point for (T, S), if:

(i) ∀(x, y) ∈ A × B,
(
(x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G), (Sx, Sy) ∈

E(G)
)
;

(ii) ∃α ∈ (0, 1) ∀(x, y) ∈ A × B,
(
(x, y) ∈ E(G) ⇒ d(Tx, Sy) ≤

d(A,B) + ϵ
)
.

We say that the pair (T, S) has the G-approximate-pair fixed property in
X if PGa

(T,S)(A,B) ̸= ∅, where

PGa
(T,S)(A,B) = {(x, y) ∈ E(G) : d(Tx, Sy) ≤ d(A,B) + ϵ for some ϵ > 0}.

Theorem 6. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : A ∪ B → A ∪ B, S : A ∪ B → A ∪ B be two maps
such that T (A) ⊆ B, S(B) ⊆ A. If, for every (x, y) ∈ A×B,

d(Tn(x), Sn(y)) → d(A,B),

then (T, S) has the G-approximate-pair fixed property.

Proof. Let ϵ > 0 be given and (x, y) ∈ A×B with ((x, y), (Tx, Ty)) ∈ E(G).
Since d(Tn(x), Sn(y)) → d(A,B), there exist n0 > 0 such that for all n ≥ n0,

d(Tn(x), Sn(y)) < d(A,B) + ϵ.

Then d(T (Tn−1(x), S(Sn−1(y)) < d(A,B) + ϵ for every n ≥ n0. Put x0 =
Tn0−1(x) and y0 = Sn0−1(y)). Hence, d(T (x0), S(y0)) ≤ d(A,B) + ϵ and
PGa
(T,S)(A,B) ̸= ∅. □
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Definition 11. Let A and B be nonempty subsets of a metric space endowed
with a graph G. The map T : A∪B → A∪B, S : A∪B → A∪B satisfying
T (A) ⊆ B, S(B) ⊆ A is said to be a G-Ćirić-Rich-Rus map if:

(i) ∀(x, y) ∈ A × B
(
(x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G), (Sx, Sy) ∈

E(G)
)
;

(ii) There exist nonnegative numbers α, β, γ with α + 2β + γ < 1, such
that for each (x, y) ∈ E(G) we have:

d(Tx, Sy) ≤ αd(x, y) + β[d(x, Tx) + d(y, Sy)] + γd(A,B).

Theorem 7. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : A∪B → A∪B, S : A∪B → A∪B are a G-Ćirić-Rich-
Rus map. If x, y ∈ A ∪ B satisfies the condition (x, Tx), (x, Sx) ∈ E(G),
(y, Ty), (y, Sy) ∈ E(G) and if x is a G-approximate fixed point for T , or y
is a G-approximate fixed point for S, then PGa

(T,S)(A,B) ̸= ∅.

Proof. Let x, y ∈ A ∪ B with (x, Tx), (x, Sx) ∈ E(G), (y, Ty), (y, Sy) ∈
E(G), then

d(Tx, S(Tx)) ≤ αd(x, Tx) + β[d(x, Tx) + d(Tx, S(Tx)] + γd(A,B).

Therefore

d(Tx, S(Tx)) ≤ α+ β

1− β
d(x, Tx) +

γ

1− β
d(A,B).

Now, if k = α+β
1−β , then

(5) d(Tx, S(Tx)) ≤ kd(x, Tx) + (1− k)d(A,B),

(6) d(Sy, T (Sy)) ≤ kd(y, Sy) + (1− k)d(A,B).

If x is a G-approximate fixed point for T , then there exists a ϵ > 0 and by 5

d(Tx, S(Tx)) ≤ kd(x, Tx) + (1− k)d(A,B)

≤ k(d(A,B) + ϵ) + (1− k)d(A,B)

= d(A,B) + kϵ

< d(A,B) + ϵ

and (x, Tx) ∈ PGa
(T,S)(A,B), also if y is a G-approximate fixed point for S,

then there exists a ϵ > 0 and by 6

d(Sy, T (Sy)) ≤ kd(y, Sy) + (1− k)d(A,B)

≤ k(d(A,B) + ϵ) + (1− k)d(A,B)

= d(A,B) + kϵ

< d(A,B) + ϵ

and (y, Sy) ∈ PGa
(T,S)(A,B).

Therefore, PGa
(T,S)(A,B) ̸= ∅. □
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Theorem 8. Let A and B be nonempty subsets of a metric space endowed
with a graph G and T : A∪B → A∪B, S : A∪B → A∪B be two continuous
maps such that T (A) ⊆ B, S(B) ⊆ A. We suppose that:

(i) For every (x, y) ∈ E(G), d(Tx, Sy) ≤ αd(x, y) + γd(A,B), where
α, γ ≥ 0 and α+ γ = 1;

(ii) For any {xn}n∈N and {yn}n∈N in A ∪B as flowing:

xn+1 = Syn, yn+1 = Txn for some (x1, y1) ∈ E(G) for n ∈ N.

(iii) For any {xn}n∈N in A ∪ B, if xn → x and (xn, xn+1) ∈ E(G)
for n ∈ N then there is a subsequence convergent {xnk

}k≥1 with
(xnk

, x) ∈ E(G) for n ∈ N .
Then there exists x ∈ A such that d(x, Tx) = d(A,B).

Proof. We have

d(xn+1, yn+1) = d(Txn, Syn)

≤ αd(xn, yn) + γ(d(A,B)

≤ · · ·
≤ αn+1d(x0, y0) + (1 + α+ · · ·+ αn)γd(A,B).

If {xnk
}k≥1 is converge to x1 ∈ A, that is xnk

→ x1 with (xnk
, x1) ∈ E(G)

for all n ∈ N . Then

d(xnK+1 , ynk+1
) ≤ αnk+1d(x0, y0) + (1 + α+ · · ·+ αnk)γd(A,B).

Since T is continuous, then

d(xnk+1
, Txnk

) → γ

1− α
d(A,B) = d(A,B).

Therefore, d(x1, Tx1) = d(A,B). □

Definition 12. Let A and B be nonempty subsets of a metric space endowed
with a graph G and let T : A∪B → A∪B, S : A∪B → A∪B be continues
maps such that T (A) ⊆ B, S(B) ⊆ A. We define diameter PGa

(T,S)(A,B) by

diam(PGa
(T,S)(A,B)) = sup{d(x, y) : d(Tx, Ty) ≤ ϵ+d(A,B) for some ϵ > 0}.

Example 4. Suppose A = {(x, 0) : 0 ≤ x ≤ 1}, B = {(x, 1) : 0 ≤
x ≤ 1}, T (x, 0) = T (x, 1) = (12 , 1) and S(x, 1) = S(x, 0) = (12 , 0). Then
d(T (x, 0), S(y, 1)) = 1 and diam(PGa

(T,S)(A,B)) < diam(A×B) =
√
2.

(i) d(T (x, 0), S(y, 1)) = 1 for all x, y ∈ [0, 1], since T maps all points
to

(
1
2 , 1

)
and S maps all points to

(
1
2 , 0

)
, and the distance between

these two points is 1.
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(ii) diam(A×B) =
√
2, since the maximum distance between two points

in A×B under the product metric is

d((0, 0), (1, 1)) =
√
(0− 1)2 + (0− 1)2 =

√
2.

(iii) diam(PGa
(T,S)(A,B)) = 0 because PGa

(T,S)(A,B) is a singleton set.

Now by (ii) and (iii) it follows that diam(PGa
(T,S)(A,B)) = 0 is less than

√
2.

Theorem 9. Let A and B be nonempty subsets of a metric space endowed
with a graph G and let T : A∪B → A∪B, S : A∪B → A∪B be continues
maps such that T (A) ⊆ B, S(B) ⊆ A. If there exists a k ∈ [0, 1],

d(x, Tx) + d(Sy, y) ≤ kd(x, y).

Then

diam(PGa
(T,S)(A,B)) ≤ ϵ

1− k
+

d(A,B)

1− k
for some ϵ > 0.

Proof. If (x, y) ∈ PGa
(T,S)(A,B), then

d(x, y) ≤ d(x, Tx) + d(Tx, Sy) + d(Sy, y)

≤ ϵ+ kd(x, y) + d(A,B).

Therefore

d(x, y) ≤ ϵ

1− k
+

d(A,B)

1− k
.

Then

diam(PGa
(T,S)(A,B)) ≤ ϵ

1− k
+

d(A,B)

1− k
. □

5. Conclusions

Fixed points, approximate fixed points, and graph-based metric spaces
play pivotal roles in mathematics and its applications, including physics,
biochemistry, electrical engineering, and computer science. This work in-
troduces new classes of mappings and contractions, presenting results on
G-approximate best proximity points and their diameters in metric spaces
endowed with a graph G where V (G) = X. Using general theorems for
cyclic mappings, we establish several G-approximate best proximity point
theorems and provide applied examples to illustrate our findings.



128 G-approximate best proximity pairs in metric space with a directed. . .

References

[1] A. Anthony Eldred, P. Veeramani, Existence and convergence of best proximity points,
Journal of Mathematical Analysis and Applications, 323 (2) (2006), 1001–1006.

[2] Gerald Beer, DevidasPai, Proximal maps, prox maps and coincidence points, Numer-
ical Functional Analysis and Optimization, 11 (5-6) (1990), 429–448.

[3] F. Bojor, Fixed point of ϕ-contraction in metric spaces endowed with a graph, An-
nals of the University of Craiova, Mathematics and Computer Science Series, 37 (4)
(2010), 85–92.

[4] F. Bojor, Fixed point theorems for Reich type contractions on metric spaces with a
graph, Nonlinear Analysis, 75 (2012) 3895–3901.

[5] L. Caccetta and K. Vijayan, Applications of graph theory, Fourteenth Australasian
Conference on Combinatorial Mathematics and Computing (Dunedin, 1986), Ars
Combinatoria, 23 (1987), 21–77.

[6] Ky. Fan, Extensions of two fixed point theorems of F. E. Browder, Mathematische
Zeitschrift, 112 (1969), 234–240.

[7] Wayne Goddard and Ortrud R. Oellermann, Distance in Graphs, 49–72, In: Matthias
Dehmer (Ed.), Structural Analysis of Complex Networks, Birkhäuser, Boston, 2011.

[8] J. Jachymski, The contraction principle for mappings on a metric space with a graph,
Proceedings of the American Mathematical Society, 1 (136) (2008), 1359–1373.

[9] Won Kyu Kim, Kyoung Hee Lee, Corrigendum to: “Existence of best proximity
pairs and equilibrium pairs” [J. Math. Anal. Appl. 316 (2006), no. 2, 433–446;
MR2206681], Journal of Mathematical Analysis and Applications, 329 (2) (2007),
1482–1483.

[10] W.A. Kirk, Simeon Reich, P. Veeramani, Proximinal retracts and best proximity pair
theorems, Numerical Functional Analysis and Optimization, 24 (7-8) (2003), 851–862.

[11] S.A.M. Mohsenalhosseini, H. Mazaheri, Fixed Point for Completely Norm Space and
Map Tα, Mathematica Moravica, 16 (2) (2012), 25–35.

[12] F.S. Roberts, Graph theory and its applications to the problems of society, CBMS-
NSF Monograph 29, SIAM Publications, Philadelphia, 1978.

[13] Ivan Singer, Best approximation in normed linear spaces by elements of linear sub-
spaces [Translated from the Romanian by Radu Georgescu], Die Grundlehren der
mathematischen Wissenschaften, Band 171 Publishing House of the Academy of the
Socialist Republic of Romania, Bucharest; Springer-Verlag, New York-Berlin 1970.

[14] I.A. Rus, Generalized Contractions and Applications, Cluj University Press, Cluj-
Napoca, 2001.

[15] I.A. Rus, A. Petruşel, G. Petruşel, Fixed Point Theory, Cluj University Press, Cluj-
Napoca, 2008.

[16] S. Reich, Fixed points of contractive functions, Bollettino dell’Unione Matematica
Italiana, 5 (1972) 26–42.

[17] L.B. Ćirić, A generalization of Banach’s contraction principle, Proceedings of the
American Mathematical Society, 45 (1974) 267–273.



S. A. M. Mohsenailhosseini, M. Saheli 129

[18] V. Vetrivel, P. Veeramani, P. Bhattacharyya, Some extensions of Fan’s best ap-
proxomation theorem, Numerical Functional Analysis and Optimization, 13 (1992),
397–402.

[19] K. Włodarczyk, R. Plebaniak, A. Banach, Best proximity points for cyclic and non-
cyclic set-valued relatively quasi-asymptotic contractions in uniform spaces, Nonlinear
Analysis, 70 (2009), 3332–3341.

[20] K. Włodarczyk, R. Plebaniak, A. Banach, Erratum to: “Best proximity points
for cyclic and noncyclic set-valued relatively quasi-asymptotic contractions in uni-
form spaces” [Nonlinear Anal. 70 (2009) 3332-3341], Nonlinear Analysis, 71 (2009),
3583–3586.

[21] K. Włodarczyk, R. Plebaniak, C. Obczyǹski, Convergence theorems, best approxima-
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