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A note on infinitely divisible
distribution on function fields

JAWHER KHMIRI* 0009-0004-9791-1923

ABSTRACT. In this note, we define a function associated with the zeta
function on function fields of genus g over a finite field F,. We shown
that the exponential of this function is the characteristic function of
an infinitely divisible distribution on the real line, which is equivalent
to the Riemann hypothesis on function fields. Furthermore, we give
some special values of this characteristic function and derive several
interesting summation formulas.

1. INTRODUCTION

The Riemann zeta function, a central topic in classical analytic number
theory, is a function of a complex variable s = o 4 it with ¢, o € R, defined
by the Dirichlet series

+oo1

)
ns
n=1

which converges for ®(s) = o > 1. This function admits a meromorphic con-
tinuation to the entire complex plane C, where it is holomorphic everywhere
except for a simple pole at s = 1. The Riemann &-function, introduced as

£(5) = (s — V7T (s/2)C(s),

satisfies two functional equations £(s) = £(1 — s) and &(s) = &(S), where
I'(s) is the gamma function and the bar denotes the complex conjugate.
The Riemann Hypothesis (RH), one of the most famous unsolved problems
in mathematics, asserts that all non-trivial (non-real) zeros of the Riemann
zeta function ( lie on the critical line R(s) = 1/2 which is equivalent to all the
zeros of £(1/2 —iz) being real. One of the particular charms of the study of
the Riemann hypothesis is the great diversity of its equivalent formulations,

((s) =
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which can be extended to the zeta function associated with the function field
K of an arbitrary genus over a finite field of constants [3}/4,/6]. The context
of function fields with a finite field of constants is particularly interesting
due to the fact that the analog of the Riemann hypothesis holds true in this
case [12]. Therefore, one is able to deduce many interesting results by using
formulas equivalent to the Riemann hypothesis.

A distribution (or probability measure) p on R is infinitely divisible if
there exists a distribution g, on R such that u = p, * - - - * u, (n-fold) for
every positive integer n. For any infinitely divisible distribution wu, there
exists a triplet (a,b,v) consisting of a € R>p, b € R and a measure v on R
such that the characteristic function has the Lévy-Khintchine formula (see
[10, Theorem 8.1 and Remark 8.4])

~ 1 2 . Foo Pt Zt)\
(1) H(t) = exp —iat + th + . e — 1 — m 'U(d)\) y

—+00

w({0}) = 0, / min(1, A2)u(dA) < oo.
—o0

The measure v is referred to as the Lévy measure for p. If the Lévy measure
v satisfies qu |A|v(dA) < oo, then (1)) can be rewritten as (see |10} (8.7)])

(em _ 1) v(d)\)] ,

1 too
(2) fi(t) = exp [—atz + ibgt + /

2 —0o0
where by € R is called the drift of pu.

In |7], T. Nakamura and M. Suzuki introduced a function such that it is a
characteristic function of an infinitely divisible distribution on the real line
if and only if the Riemann Hypothesis is true.

The purpose of this paper is to get analogous Nakamura and Suzuki’s
results on function fields. Furthermore, we study some special values of this
characteristic function. In addition, we derive some interesting summation
formulas.

Consider a function field K with a finite field of constants I, and let X be
its smooth projective algebraic curve of genus g defined over ;. For more
details we refer to [9]. The zeta function of K is defined as follows

+00 _
ZK(T) _ E CrnTn _ H (1 o Tdeg(D)> 1 ’
n=0

D prime
where C,, = #{D € Div(K); D >0, deg(D) =n}; Zg(T) is actually a
rational function
L(T)
(1-T)1—qT)’

(3) Zg(T) =
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where L(T) factors in C[T] as

29
(4) L(T) =[] - oT) € Z[T).
j=1

The special value L(1) = H?il(l — @) is the class number of K, denoted
by hg. The complex numbers aq,...,as, are algebraic integers and can
be arranged so that ajagyq; = ¢ holds for j = 1,...,g. Since the Riemann
hypothesis for function fields (abbreviated to RH) proved by Weil |12] states
that «;, ¢ = 1,...,2¢g have absolute value ql/2
Jj€A{l,...,g} so that ay4; = @;, and we then can write a;; = ¢
with 0; € [0, 7].

Now, we define the (classical) zeta function (x of K as follows: for s € C,
we substitute T with ¢7* in Zx(T') to get the function

, we may order the indices
1/2 exp(if;)

+00
Cr(s) = Zr(q™*) =Y Cug™™,
n=0

which converges for R(s) > 1. We define the following completed zeta func-
tion

(5) x(s) =" (1 — ¢ *)(1 — ¢ *)g ¢k (s) = ¢* L(g™*),

which is an entire function of order one, whose zeros coincide with the zeros
of (x(s). Moreover, £x(s) satisfies the functional equation

(6) Er(s) = (1 —s).

By taking the logarithm and subsequently differentiating both sides of ,
we obtain

ok (q)logq
M) (os(s)) = glogg+ Y EDEL g o,

q

29 of ~ n

where ak (¢) =332, 55, and ¢ = ¢".
Let us recall that all zeros of the zeta function (x lie in the critical strip
0 < R(s) <1, and they are symmetric with respect to the real axis and the
line RN(s) = 1/2. Note that the RH in this context is equivalent to saying
that the zeros of (x lie on the line R(s) = 1/2. Let Z(K) be the set of the

zeros p of (. Using and , we obtain

{1:|:' 6, +i2kﬂ-,
log q

2 ZIogq

je{l,...,q}, kEZ}.

2. MAIN RESULTS

In this section, we give the main results of the paper.
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Let us define a function g¢, (t) to be the even real-valued function on the
real line by

ak(q)logg -
(8) 9 (t) = —tglogq — > K(q.l)ﬂ(t —logq),
g<et

for nonnegative t and g¢, (t) = g¢, (—t) for negative ¢, where ag () is defined
in .

In section[3] we provide relation between the RH and an infinitely divisible
distribution is formulated using the function g¢, (t) associated to the zeta
function on function fields following Nakamura and Suzuki arguments given
in |7, Theorems 1.1 and 1.2| for the classical Riemann zeta function.

Let us recall that the RH holds on function fields. In the following theorem
we define a characteristic function of an infinitely divisible distribution.

Theorem 1. Let g¢, (1) be the function defined on the real line by equation
(8). Then, exp(ge, (t)) represents the characteristic function of an infinitely
divisible distribution on R.

Under the RH, the Lévy measure associated with the corresponding in-
finitely divisible distribution can be explicitly described as follows.

Theorem 2. Let g¢, (t) be as in Theorem . We introduce the measure

() v (@) =3 ‘”"jé’” 5 (dN),

where the sum runs over all zeros vy of Ex(1/2 —iz), counting multiplicity.
Here, ord(y) denotes the multiplicity of the zero vy, and 6, represents the
delta measure at x. Then, the Lévy-Khintchine formula of exp(g¢x (1))
holds for the triplet (a,by,v) = (0,0,v¢, ), that is, exp(gi(t)) is a charac-
teristic function of a compound Poisson distribution.

In section [4], another expression of the characteristic function of a com-
pound Poisson distribution exp(gx (t)) is given in the following theorem.

Theorem 3. Assume that £ (1/2) # 0. Let t > 0 and 6; € [0, 7], we have

[t/logq] 2g
exp(gK(t)) — q—tg H H q cos(nﬁj)(t—nlogq).
n=1 j=1

As an application of Theorem [3[ we study special values of exp(gx(t))
at some points (see Corollary . Furthermore, we derive some interesting
summation formulas (see Theorem [4] and Corollary [2)).

3. PROOFs OF THEOREMS [Il AND

In this section, we prove Theorems [I] and [2]
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Let us recall that the function g¢, (t) is defined by

ak(q)logq .
gex (t) = —tglogq — Z (gl)/z & (t —logq),
g<et

for nonnegative ¢, where a(q) is defined in (7).
In the following proposition, we give some results on g¢, (t) which will be
useful for the proofs of Theorems [I] and [2}

Proposition 1. (i) If (z) > 1/2, we have

(10)
(i)

(11)

+oo ) 1 5’ 1
12t _ K - s
/o 9o (1)t = 25 £k <2 Zz) '

Let t > 0, we have

T D

vyel

where T is the set of all zeros of £k (1/2 — iz) counting with multi-
plicity.

The right-hand side of converges absolutely and uniformly on
any compact subsets of R.

(i) The proof closely follows the same approach as done in [5,
Proposition 2.1 (i)] (see also [8, Theorem 1.1 (1)]), we replace g (t)
by g¢, (t) such that g¢, (t) = —gx (t).

We only sketch the proof since it follows the lines of that |5, Propo-
sition 2.1 (ii)] (see also [8, Theorem 1.1 (2)]), we replace gk (t) by
gex (t) such that g¢, (1) = —gr (t).

The proof follows very closely the lines of the proof of the corre-
sponding results in |7, Lemma 2.1]

Let K be a compact subset of R. The expression |9 — 1] is uni-
formly bounded for all v and ¢ € K, as all zeros of {x(1/2 — iz)
lie in the horizontal strip |J(z)] < 1/2. Additionally, the sum
>, ord(y)[y|™* converges for any o > 1, because {x(1/2 — iz) is
an entire function of order one. Consequently, the sum on the right-
hand side of converges absolutely and uniformly for ¢t € K. [

The right-hand side of defines a continuous function on the real line.
By the functional equation given in (), if v is a zero of £k (1/2 — iz), then
—~ is also a zero with the same multiplicity. As a result, the right-hand side
of is an even real-valued function. This is consistent with the definition

of ge (t).
Proofs of Theorems[1] and[3 The proof closely follows the same approach

as done in |7, Section 2|. We will adapt that proof and keep some of it’s
notations.
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Proof of RH = Theorem [1I] and Theorem [2} Since the Riemann Hy-
pothesis (RH) holds for function fields, then the zeros v of {x(1/2 —iz) are
real. Additionally, assuming & K(%) # 0 the formula @ defines a measure
on R such that the identity

+oo

exp(ges (1)) = exp [ [ e = nucean].

—0o0
holds for all ¢ € R. Here, v, ({0}) = 0, and f‘/\|<1 |Avg, (dXN) < oo by
equation . Furthermore,

+o00
/ min(1, A\*)ve, (dN) < oo,
—0oQ

which follows from the convergence of 3 ord(y) |v|~2 in the proof of Propo-
sition [l (iii). Consequently, there exists an infinitely divisible distribution p
whose characteristic function is given by exp(g¢, (t)), with the characteristic
triplet (0,0,v¢, ), as established in |10, Theorem 8.1 (iii)].

Proof of Theorem [1] = RH: By Theorem [I} we have exp(ge, (t)) = fi(t)
for some infinitely divisible distribution x on the real line. Since exp(ge, (%))
is an even function (a property independent of the Riemann Hypothesis, as
noted before Theorem , it follows that exp(ge, (t)) = iu(t) = fi(—t). The
equality fi(t) = fi(—t) implies

+oo
at) = / cos(tz)pu(dx).

—0o0
Thus, g, (t) = logfi(t) is real-valued. Furthermore, g¢, (t) is non-positive
on R, since |(t)| < 1 holds because p is a distribution.

Since g¢, (t) is non-positive, the pure imaginary point iy on the horizontal
axis §(z) = y of convergence for the function f(z) = 0+°o Gep (D)etdt is a
singularity of f(z) as established in |13 Theorem 5b in Chap. II]. On the
other hand, (f/K/fK)(l/Z — 4z) has no singularity on the positive imaginary
axis iR~ , because £ (s) is holomorphic and has no zeros on the positive real
line R+ (|11, Section 2.12]). Consequently, f(z) converges in the upper half-
plane {z \ $(z) > 0} and defines a holomorphic function there. By (0], this
implies that {x(1/2—1iz) has no zeros in the upper half-plane. Furthermore,
by (6)) it also has no zeros in the lower half-plane {z \ S(z) < 0}. Therefore,
all zeros of £ (1/2 —iz) must lie on the real line, which is equivalent to the
Riemann Hypothesis (RH). O

4. FURTHER RESULTS ON exp(g¢, (%))

In this section, we give another expression of the characteristic function of
a compound Poisson distribution exp(g¢, (t)). Furthermore, we study some
special values of this characteristic function. In addition, we derive some
interesting summation formulas.
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Let us recall that the zeros p of the function (i are denoted by

1
p:*-i-iTk:;tj, where Tk = (£60; + 2kn)/logq, j=1,...,9; k€L,

2

and let T" be the set of all zeros of {x(1/2 — iz) with counting multiplicity
and the multiplicity of v € I by ord(v). Throughout this section, we replace
v by T,fj where j =1,...,9 and k € Z.

Remark. We have {x(1/2) = 0 if and only if for some j = 1,2,...,g¢,
0; = 0; in this case, instead of &k, we may take the function Fi(s) =
§K( )/(3 —1/2)™ where m is the multiplicity of the eventual zero of {x at
s = 1/2. Functions Fx and {x have the same zeros with J(p) > 0. For this
reason, we assume in this section {x(1/2) # 0.

From for t > 0, we obtain

cos( T:t -1
(12) exp(ge, (t H H exp ( 2y t)) > .
k,J

j=1kez

Proof of Theorem[3. By and ¢ = ¢", we have

ar(q)logg 5
gex (t) = —tglogq — Z RS\ Va2 (61)/2 (t —logq)

G<et
ak(q")log g™
qnget
[t/ logq] n n
107 7¢ log q
= —tglogq — Z (qn)/2(t —logq").
n=1

Let us recall that a; = ¢'/2 exp(if;) with ; € [0, 7] and ax (¢") = Z?il %
Since the function g¢, (t) is real, we obtain

[t/1ogq] 2g
9 (t) = —tglogq —logg Y Y cos(nb;)(t — nlogq).
n=1 j=1
Then
exp(ge (1) =
[t/logq] 2g
=exp | —tglogq — logq Z Z cos(nb;)(t — nlogq)
(13) n=1 j=1
[t/loga] 2g
H H q cos(nb;)(t—nlog q)'
n=1 j=1

This complete the proof of Theorem [3] O
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In the following corollary, we give some special values of exp(gc, (t)) at
some points.

Corollary 1. Assume that £k (1/2) # 0 and let 6; € [0,71]. We have

() expl(gey (0) = 1.
(i) exp(g¢, (log q)) = exp (—glog®q) .
29
(i)  exp(ge,(2logq)) =exp |—log®q [ 29+ > cos(6)
j=1

Proof. The proof of Corollary |1| yields from equation by replacing t by
0,log g and 2loggq. O

In the following theorem, we derive some interesting summation formulas.

Theorem 4. Assume that £x(1/2) # 0 and let 6; € [0, 71]. We have

. — cos( :|:t9
(®) ZZ (£60; + 2km)?

] 1k’€Z
B 1 — cos(£26;) B 29
(i) 2& ( ! )_;@os(ej)m).

Proof. By Corollary [1] (ii) we have

exp(ge, (log q)) = exp (—glog?q) .

On the other hand, with t = log g and Tkij = (+0; + 2kn)/log ¢, where
j=1,...,9 and k € Z yields

cos(£6; + 2km) — 1
exp(g¢y (log q)) H [T exp )

+60,+2km
j=1keZ ( iog q )

Then

H H exp cos(+0; + 2km) — 1 — exp(—g log? 7).

2
+0; 42k
j=1keZ ( log g )

By applying logarithm to two sides, we get

1 — cos(+6;)
leg 10, + 2km)2

Therefore, we get the first assertion (i).
Similarly, from Corollary (1] (iii) we have

2g
exp(ge, (21ogq)) = exp | —logq [ 29+ ) _ cos(6;)
j=1
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On the other hand, with t = 2log g and Tkij = (£6, + 2kn)/log q, where
j=1,...,9 and k € Z yields

cos(+20; + 4km) — 1
exp(gc, (21ogq)) H H exp )

+60;42kn
J=1keZ ( log g )

Then

29
cos(£20; + 4km) — 1
H H exp ™) =exp |—log?q | 29 + Z cos(6;)

+0;+2km -
J=1keZ ( Tog g ) J=1

By applying the logarithm to the two sides, we get

g 29
cos(£20; + 4km) — 1 9

E E 0 12km = —log“q | 29 + g cos(;)

j=1keZ ( fog g ) j=1

Simple computation yields
J cos(£26;) — 29
e CES
iTlkez (£6; —|—2k:7r) et

The proof of Theorem [4] is complete. O

Now, we give an interesting summation formula in terms of special values
of the completed zeta function £x and its derivatives.

Corollary 2. Assume that £ (1/2) # 0 and let §; € [0,7]. We have

cos(+0; 2 5 1
(14) 2 (Z 0, —|—2k7)r) “) 5

= log? ¢ €k ()

Proof. Assume that {x(1/2) # 0. From |1, Theorem 2.2|, we have

&k (3)
(15) gi( = log’ qzz (; +2k:7r

j= lkGZ

On the other hand, by Theorem {4| (i) one has

zg:z 1 — cos(%0;)
(10, + 2km)2 7
j=1keZ
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Easy computation yields

cos(%0;) g
Z(ZM ) sz

=2
ZZ 0; + 2k7r)
j=1 kGZ
The proof of Corollary |2f follows from equations and . O

Remark. Assume that {x(1/2) # 0 and let 6; € [0, 7]. Formula can
be written as follows

cos(+6;)
> (S ) -

h

1 ! 2 ’
L L ey (L 2L a0
= L | I (@) <L (@7 +a @)

In fact, by with s = 1/2 we get

and

/

" / 2
n (1 long L ~1/2 L —1/2 1/2L -1/2
ke <2) = - @) @) ra @)

q

Then, we obtain

" ’

1 l / 2
1 ’SK(E) _ 1 L(q—l/Z) B (i(quz)) +q1/2£(q’1/2)
)

log’ gk (3)  q**L(g2) | L L
g
cos(%6;) )
=> Y 5 1. [
= (kEZ (iﬁj + 2k7T)2

Now, let us recall that the superzeta functions on function fields of the
second kind is defined by (see |2} section 5|)

(17) => +t2 , R(s) > 1/2,

j= lkGZ

where t € C such that 2 + (Tk]) ¢ R_ for all .
In the following proposition, we express exp(g¢, (t)) in terms of special
values of Zg(s,1).
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Proposition 2. Assume that {x(1/2) # 0 and let t > 0. We have

cos(7i
exp(geg (1)) = exp (—=2x(1,0) H H exp ( kjt)) .

j=1keZ )

Proof. By 7 we obtain

g cos(tEt) — 1
0T (250

j=1kez kg
9 cos(i5t) ) 4 -1
:H exp( (TifQ HHexp Ti>2
j=1kezZ k,j j=1keZ k.j
From for s =1 and t = 0, we have
g
18 —Zk(1,0) =
a9 k0= 3 (=),
j=1kezZ k J
By applying the exponential, gives
exp (—Zx(1,0)) HHep( )
j=1keZ ( )
Hence, the proof of Proposition [2]is complete. U

Corollary 3. Assume that {x(1/2) # 0 and let ; € [0,7]. We have

cos(+0; exp (Zr (1,0
HH ;) _ p(Zk( ))'

lo,
+0,+2km q9'°o81
j=1keZ ( log? ¢ >

Proof. By Theorem [3| and Proposition [2| we obtain

H H exp <cos T];tjt)>
)?

Jj=1keZ
(19) [t/logq] 2g
—exp(ZK 1 0 —tg H Hq—COS nb;)(t— nlogq)
n=1 j=1

From , assume that {x(1/2) # 0 and for ¢ = logq such that T,fj =
(£60; + 2km)/logq, j =1,...,g9 and k € Z. Then, we have

H H COS ZIZG ) exp (ZK(l,O)) O
ex = .
+0,+2km q9loga
J=Lker ( log” q )
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5. CONCLUDING REMARKS

In this work, we introduce and analyze a new function linked to the zeta
function of function fields of genus g over a finite field F,. We establish that
the exponential of this function coincides with the characteristic function of
an infinitely divisible distribution on the real line.

This finding provides a probabilistic interpretation equivalent to the Rie-
mann hypothesis for function fields, thereby uncovering a novel connection
between analytical and probabilistic approaches. Moreover, the evaluation
of special values and the derivation of summation formulas emphasize the
rich structural features of this function.

We believe that these results pave the way for further investigations into
the profound interaction between zeta functions, probability theory, and the
Riemann hypothesis in the framework of function fields.
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