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ABSTRACT. The (weak) wedgeness for FK-spaces was first defined by
Bennett in 1974. Then, some results of Bennett (1974) were improved
by Ince (2002) and Dagadur (2004) for all (weak) wedge FK spaces. In
this paper, the concept of wedgeness for an FDK-space X containing
® is defined, and some fundamental characterizations related to this
space and compactness of the inclusion mapping are studied. Also,
some results for a summability domain XX') to be (weak) v—wedge are
obtained. Moreover, necessary and sufficient conditions for some double
sequence spaces are given.

1. INTRODUCTION

An important class of spaces (X,7) with interesting applications in
Schauder basis theory and summability theory is the family of wedge spaces
introduced by Bennett [3|. Accordingly, let (X, 7) be a K-space. X is said
to be a wedge space provided 0™ — 0 in 7; a weak wedge space if §" — 0 in
o(X, X™*), where X* is topological dual of X and o(X, X*) is the weak topol-
ogy on X. As a generalization of Bennett’s results, Ince [11] studied (weak)
Cesaro wedge FK spaces, Dagadur [6] continued to work on Cy-wedge FK
spaces and to give some characterizations. Also, as a generalization of the
concepts of [11] and [6], Sezgek and Dagadur [12] studied the deferred wedge
FK-spaces. These studies motivated us to define the concept of v—wedge
FDK space by using v—convergence for double sequences, where v represents
one of the notions Pringsheim, bounded and regular convergence.

The set of all complex valued double sequences is denoted by €. The set (2
forms a vector space with coordinatewise addition and scalar multiplication.
Any vector subspace of 2 is called as a double sequence space.

A subspace X of the vector space € is called DK-space, if all the semi-
norms 7 X = R,z — |xg| (k,I € N) are continuous. An FDK space is a
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DK-space with a complete, metrizable, locally convex topology. A normable
FDK-space is called BDK-space.

The set of all continuous linear functionals on a space X will be denoted
by X’ and called the dual spaces of X. Also the definitions of & and f-duals
of any subspaces X is given as follows

00,00

Xa = {:L’ = (-rkl) : Z |xklykl\ < oo, Vy = (ykl) S X},
k=1

x/ = {(f(ékl)) L Vf e E’}.

We denote by (6¥), i,j = 1,2, ... the double sequence whose (i,5)—term
is 1 and all other terms are 0, and e the sequence with all terms 1. Also,

b= spcm{ekl skl e N} and ¢y :=PU {e}.
All bounded double sequences is defined as

M, = {:L‘ € ||z||oo := Sll-llp‘ffkﬂ < oo},

and it is a Banach space with the norm ||.||oc. A double sequence z = (zx;)
of real or complex numbers is said to converge to a in Pringsheim’s sense
(shortly, p-converge to a) if

Ve>0dNeN: klI>N = |zg—a|<e.

If, in addition, supy; |zx| < oo, or the limits limy 2y (I € N) and lim; zp
(k € N) exist, then x said to be boundedly convergent to a in Pringsheim’s
sense (shortly, bp-converge to a) and regularly convergent to a (shortly, r-
converge to a). Throughout the paper, for any notion of convergence v, the
space of all v—convergent double sequences is be denoted by C,. The set of
all null sequences contained in the space C, is denoted by C,g. In addition
we consider the spaces

L, = {er : Z’J}kl’ <oo},

k.l

L,={xeLy, : Yk (@u) € pand VI ()i € go},

BY =

— =

reQ : ||lz|gy = Z [Tkt — Thr10 — Thpy1 + Try1a41] < OO},
k,l

BV := {x € BV : Vk, limay = 0 and ¥, limay = o},

m,n

{l’GQ : sup Zi’?kl <oo}.

m,n Tl

BS :
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A double sequence x = (xy;) of real numbers is called almost convergent
to a limit L if

1
p- lim sup‘— xkl*L‘:O’
pa—00 g enl (p+ 1) (g + 1) klz_;st

that is the average value of x = (zy;) taken over any rectangle
{(k,)):s <k <s+p, t<I<t+q}

tends to L as both p and ¢ tend to oo, and this convergence is uniform in
s,t € N.

Recall that a metric space X is said to be compact if every sequence in
X has a convergent subsequence. Moreover, A subset M of X is said to be
relatively compact if the closure of M is compact.

Let us consider the isomorphism 7" defined by Zeltser [18] as

T:Q—=w, z—(2):=(Tp-1(3)),
where ¢ : N x N — N is the bijection defined by

1,
P[(1L,2)] =2, ¢[(2,2)] =3, ¥[(2,1)]=4,
Pl(Ln)]=(n-17%+1, ¢[2n)]=n-1)7+2,...

Pl(n,n)] =nm—-172%4+n, p[n,n—-1)]=n>-n+2,...
¥[(n,1)] = n?,

It is clear that a double sequence z = (xy;) is convergent to a, if the sequence
T'(z) is convergent to a. Also, a double sequence space X is a (separable)
FDK space if and only if the sequence space T'(X) is a (separable) FDK
space [18].

Let E be a sequence space, then z € X is said to have AK(v) if x =
V=2 T 6*. If each z € X has AK(v), then X is called AK(v)-space
[17].

Let A = (amnk;) be any 4-dimensional scalar matrix and v be some con-
vergence notion of double sequences. We define

Q(X) = {:c €Q|Vm,neN : [Az]py :=v — Zamnkll’kl exists}.
Tl
The map
A: QE:) = Q, z— Az = ([Az]mn)

m,n
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is called a matrix map of type v. Summability domain of a four dimensional
matrix A = (amnkr) is defined as

XIE‘V) = {x € Q : Ax exists and Az € X}

Let A = (amni) be a four dimensional infinitive matrix. {amnkl}?fl’g is
called the (k,1)-th row of the matrix A, say fgmn) and {amnki }py me 18 called

the (k,1)-th column of the matrix A, say (I(L‘kl).

Theorem 1 ([18]). Let v be some notion of convergence for double sequences
such that C, is an FDK space and let {ty, : k € N} be a system of seminorms,
defining the FDK topology of C,. Let A = (amnki) be a four dimensional
matriz and E be an FDK space with the FDK topology generated by a system
of seminorms { o : k € N}.

(i) The space EI(L‘V) 1s an FDK space and the FDK topology is generated
by the system of seminorms

{rmn:m,nGN}U{tToAmn:r,m,nEN}U{QToA:TEN},
where

s t
Amn(2) = (Zzamnklmkz> , zeEY.
s,t

k=11=1

(ii) The topological dual (EX))’ consist of all linear functionals f of the
form

f(@) = g(@) + h(Az), x € EY
with certain g € (Qf:))’ and h € E'.

iii) If C, and E are separable, then EW s separable.
A

2. MAIN RESULTS

In this section, the (weak) v—wedge FDK spaces are introduced and some
characterizations related to those spaces and compactness of inclusion map-
ping are examined.

Definition 1. Let (X,7) D ® be a DK-space. (X, ) is called a v—wedge
FDK space, if the sequence (0*) is v—convergent to 0 in 7.

Definition 2. Let (X,7) D ® be a DK-space. (X,7) is called a weak
v—wedge FDK space, if the sequence (6) is weak v—convergent to 0 in .
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Definition 3. Let s = (s;,), t = (t,,) denote throughout strictly increasing
sequences of nonnegative integers with s; = 0, t; = 0. Let m|(s, t)| designate
the space define by

Sm+1,tn+1
m|(s,t)| =<z e : sup Z |z < 00
=sm+1
g tnt1
Then, m|(s,t)| is a BDK-space under the follwing norm

SmA41,tn+1

T — sup Z |k |-
=sm+1
l tnt+1
Recall that, A sequence space X is called normal (or solid) if y € X
whenever |y,| < |z,|, n > 1, for some z € X. It is obvious that m|(s, )] is
always solid.
Now we give some lemmas which help to prove the following theorems.

Lemma 1. If 20" € Cyp, (m,n =1,2,...), then we can choose an z € Cyg
such that

(mn)

. i
lim =0, m,n=1,2Idots
1,j—00  Zjj

Furthermore, z& C ﬂfrfﬁil MY for any such z.

Proof. Let 2(™™) € C,. Tt is easy to see that we can find two sequences (i),
(j1) of positive integers such that

=<y <ig<-, 1l=jo<n<j2<--
and for ¢ > ig, j > i, k,l=1,2,...

1
max |z, < .
1<m<k | | 4kl
1<n<l

For iy, <4 < igy1, 51 < J < Jiv1, k, 0 =0,1,2,..., we can define z €  as
follows
1

Clearly, z € Cpo, i > i, j > ji, k > m, | > n and any fixed m,n

zl(]mn) < 1
Zij le'
(mn)
Thus, lim Zl; =0, for all m,n.

1,]—00 Y
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Now let x € z%, then

00,00
Z |zi;2i5| < oo.

ij=1
Moreover, for m,n =1,2,..., we have
0,00
(mn)
§ \x” | < E ‘f’fzjzwyw le § |wijzi5] < oo
3,j=1 3,j=1 1,j=1
mn o

Hence, = € ()72, Zmn)ye O

Lemma 2. Let M denote a subset of an FDK-AK(v)-space X D ® such
that M is coordinatewise bounded, and (™™ — x uniformly in M. Then
any sequence () C M has a Cauchy subsequence.

Proof. Let € > 0 and consider any continuous seminorm ¢ on X. If z(m?) —
x uniformly on M, there exist positive integers myg, ng such that

sup q (x(kl) mglnono)) < €
k,l 3

On the other hand, since (xl(glnono)> is a bounded sequence in an mgng-

(m.

dimensional subspace of X, it has a convergent subsequence, say (ykl Ono)).
So, there exist kg, ly such that

() = (™) < 5

are obtained whenever i,k > kg, j,I > lg. From the triangle inequality, we
have

q (yuj) _ y<kz>) —yq ( (mono) _, (i) _  (momo) | y(mono)

yzy yz] (0 (monO))

YU T Y
<q <y§]mono) _ y(ij)> tq <y1(3m0n0) T y]imono)>

+4q (y(’“” — y;iT””)

<e.

Therefore, (y*') is a Cauchy subsequence of (z*!).

This complete the proof. O

Theorem 2. Let (X,7) be an FDK-space. The following statements are
equivalent
(i) X is a v—wedge FDK space,
(ii) X D 2% for some z € Cyo,
(iii) X D ml(s,t)| for some s,t and the inclusion mapping I : m|(s,t)| —
X is compact,
(iv) X D L, and the inclusion mapping I : L, — X 1is compact.
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Proof. (i = ii) Let the topology 7 be generated by seminorms {g,} and
let 2™ € €0 be defined by

A = Gn(87), mynyij=1,2,...

Suppose y € Ooh {z(m”)}a. Then

m,n=1
Z |ylj Zij | < oo,

for all m,n. Therefore,
Z |yZJan(6”)’ = Zan(yijéij) < o0

is obtained. Since the space X is complete Zywé” converges in (X, ) to,
i,
say x, or y(™) — 2. Thus ygmn)

]
ygnn) — yi; for every i, j. Consequently y = x. That gives us

— x4; for every i, j, also we always have

00,00 o
ﬂ {z(m”)} C X.
m,n=1
Choosing z as in Lemma (1} (ii) follows.
(75 = 1i1) Let us choose strictly increasing sequences (s.,), (tn) of positive
integers such that s; =0, t; =0 and
1
|2i5] < S

whenever ¢ > s,,, 7 > tn, m,n > 2.

For x € m|(s,t)| and any positive integers k, I, u, v such that [ > k and
v > u we have

Si415tv+1 Sm+1,tn+1 lv

1
> wigzyl = E > gzl < el D prt
i=sk+1 m=kn=u 1=8sm+1 m=k,n=u
J=tp+1 J=tntl

Hence z € z®. That is, m|(s,t)| C 2% C X. Also, the mapping
i (ml(s, 0l L) = (X,7)
is compact.
(i1i = 1v) L, C m|(s,t)| and so, i : L, — m|(s, )| is continuous.

Consequently, I : £, — X is compact, since L, C m|(s,t)] C X and
I:(m|(s,t)|,].]]) = (X, 7) is compact.

(iv = 1) From (iv), the set A = {0* : k,1 =1,2,...} is a bounded subset of
L. Since I : L, — X is compact, the set [(A) = A is relatively compact.
So the coordinatwise convergence topology and the topolog 7 is coincide.
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Hence, according to the coordinatwise convergence topology generated by
the seminorms 7, (z) = |Tmn|, m,n =1,2,..., we get

Prn (8°) = {1’ (k, 1) = (m,n);

0, otherwise.

Since 7 (6¥) = 0, ¥ — 0 (k,1 — 00) in (X, 7), which means that X is a
v—wedge FDK space. O

Theorem 3. A v—wedge FDK space X contains a bounded double sequence
that is not almost convergent.

Proof. Since X is a v—wedge FDK space, z* C X for z € C,9 by Theorem
If we insert sufficiently many zeros in the following double sequence

10011001171 0
0 -+ 00 -+ 000 -
0 - 00 -+ 000 -
10011001171 0
10011001171 0
0 - 00 -+ 000 - 7
10011001171 0
10011001171 0
10011001171 0
0 - 00 -+ 000 O

we can obtain a bounded double sequence in z® that is not almost conver-
gent. O

The following result demonstrates that the space obtained in the inter-
section can vary depending on the chosen notion of convergence.

Corollary 1. (i) Let X, be p—wedge FDK-spaces. Then (1 X, = L.
(ii) Let X,, be v—wedge FDK-spaces for v € {bp,r}. Then (X, = L.

Proof. Let X be a v—wedge FDK-space. So we get
ﬂX:ﬂ{zo‘:zeco}:Ca: Lo v=pi O
g w0 Ly, ve{bp,r}.
Theorem 4. If X = m|(s,t)], then (X, 7(X, X%)) is a v—wedge FDK space.

Proof. Let X = m|(s,t)| and assume that the topological space (X, 7(X, X))
is not a v—wedge FDK space. Then for some 7(X, X%)-neighborhood U of
zero and increasing sequences {ir}, {j;} C N

Skivgd U, k1> 1.
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We can choose a subset of {i;} as
s1<ip <sg<ipg<s3<--- (thatisiy € (sg,Skt+1], k>1)
and a subset of {j;} as
th < j1 <ty <jo<ts<--- (thatisj € (t,t141], L >1).
Now, if we take
- {1, P= ik j =g kL2 1
0, otherwise;
then x € X, ||z|| = 1. Since X is solid
Z Sk = .
ki>1

The convergence is related to 7(X, X%). Hence, 6*% € U (Vk,l). This
contradicts the assumption.
Thus, the proof is completed. O

Theorem 5. (BS,7(BS,BVy)) is a v—wedge FDK space.

Proof. If we show that (M,,7(M,,L,)) is topologically isomorphic to
(BS,7(BS,BVy)), we have the desired result. Firstly, let us consider the
surjection mapping S@ of Q to itself

11 11 + T12
n {9311 + $12+}
r11 + 221
T21 + T22
S — :
m,n
> Tw
k=1
and
11 T12 — T11
Lot — T2 — T12—
21 1 To1 + X171
(5(2))_158 _ .

{ Tmn — xm,n—l_}
Tm—1n T Tm—1,n—1

Clearly, (S®)~1: M, — BS.
Take an arbitrary y € BV and define v € £,, as

Uij = Yij — Yijr1 — Yit1j + Yit1j+1s 1,5 > 1.
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Since x € M,

(S 2,y = Y (@ij — wic1j — Tigo1 + Tio1,j-1)vij
i,52>1

= Z (Yij = Yij+1 — Yit1,j T Yit1,5+1)Tij
5,521

= Z u,-jxij = <l‘,u>

4,521

tinuous. Consequently, (S®) =1 is 7(M., L£,)—7(BS, BVy) continuous. Sim-
ilarly, we can show that S : (BS,7(BS,BV;)) — (My,7(My, L)) is
continuous.

Now

Thus the mapping (S®)~1: (My,0(My, L)) — (BS,o(BS,BVy)) is con-
)

(5(2))_1(6 . e(mn)) _ 5m+1,n+1’

and since e(™™) — e in (M, L,), then 61+ 5 0 in 7(BS, BVy).
The proof is completed. O

Theorem 6. Let (X,7) be a separable FDK-space and BS C X. Then
(X, 1) is a v—wedge FDK space.

Proof. Let the surjection map F® : £, — BV be defined as F®)(z) =
{Z(i,j)z(m,n) :L‘U} Choose an arbitrary x € £, and for y € BS define

u € M, such that Zg?;;;)( ) Yij- Then

1,1

<F(2)($),y)=yu Z Tij + Y12 Z Tij+ -

(4,4)>(1,1) (4,4)>(1,2)
+ Y21 Z Tij + Y22 Z Tij+ -
(4,9)>(2,1) (4,9)>(2,2)

+ Ymi Z Tij + -+ Ymn Z Tij+ -

(4,5)=(m,1) (3,4)=(m,n)
+ [
(m,n)
= yur1 + (yu +yi2)rie + ..+ ( Z Yij)Tmn *
(,7)=(1,1)
= (z,u).

Thus, F? is (L, M.,,) — 0(BVo, BS) continuous.
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Similarly, the inclusion mapping
(FCH™L: BYy — Ly,
(F(2))_1($) = Zmn — Tm+ln — Tmpt+l T Tmt1n+l

is 0(BVy, BS) — o(L,, M,,) continuous. Since M, is a solid sequence space,
the space BV is o(BVy, BS)-sequentially complete.
The graph of the identity mapping I : (BS,7(BS,BVy)) — (X, 7) is closed.
Hence I is 7(BS, BVy) — 7 continuos.

From Theorem [5| the proof is completed. O

Theorem 7. Let X be an FDK space such that Xf ¢ BS. In that case,
X is a weak v—wedge FDK space if and only if L, C X and the inclusion
mapping is weakly compact.

Proof. Necessary. Let (X, 7) be a weak v—wedge FDK space. Then, 6* — 0
(k,l — oo) in 7. That is, f(6*) — 0 (k,I — o0) for each f € E/. From
hypothesis, (f(6¥)) € M, is obtained. Hence {*'} is weakly bounded.
Since weakly boundedness is equivalent boundedness in weak topology, {6}
is bounded. Then X/ ¢ M, = £, C L, is obtained. So £, C X and the
inclusion mapping I : £, — X is continuous. Thus, for f € X’ and z € L,
we have

flx)=f Z xk:ZCSkl = Z l‘klf((skl).

k=1 k=1

From hypothesis, we get {f(6*)} € Cuo. So I : 0(Ly,Cho) — (X, X)
is continuous. Since the unit ball {z : z € Ly, ||z]| < 1} is 0(Ly,Cuo)-
compact, it is o(X, X’)-compact.

Sufficient. By hypothesis, the unit ball in £, is o(X, X’)-compact (rela-
tively) in X. Thus 6* — 0 (k,l — o0) in o(X, X').
This proves the theorem. O

Corollary 2. (i) Let X, be weak p—wedge FDK-spaces.
Then X, = L,.

(ii) Let X, be weak v—wedge FDK-spaces for v € {bp,r}.
Then (X, = Ly

Proof. Let Z be the intersection of all weak v—wedge FDK-space. From
Theorem [7, £, C Z. From Theorem [ for z € Cyo, 2% is a v—wedge
FDK-space and is also a weak vr—wedge FDK-space. Thus we obtain the
following

§ N Ly, vV=np;
mX:ﬂ{z :zEcuo}:CVo:{ﬁw v e {bp,r} N
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Theorem 8. Let X be FDK-space.

(i) If X contains a v—wedge FDK-space, then it is a v—wedge FDK
space.
(i1) If X is a v—wedge space, then every closed subspace, containing @,
of X is a v—wedge FDK space.
(iii) A countable intersection of v—wedge FDK-space is a v—wedge FDK
space.

Proof. The proof can obained from fundamental properties of FDK spaces
(e.g. [15]). So, we omit this proof. O

3. APPLICATIONS OF v—WEDGE FDK SPACES TO SUMMABILITY DOMAINS

In this section, we shall apply some of the theorems of the main results
section of the paper to summability domains.

Theorem 9. Let C, and X be FDK-spaces and A = (amnki) be a four
dimensional matriz. Then the following statements are equivalent
(i) XI(:) 18 a v—wedge FDK-space;
Gi) £, ¢ XV, ™ € Cyp (min = 1,2..) and A : L, — X is
compact;
kl)

(i) ¢ e x (k,1=1,2,...) and ¢V - 0 in X,

Proof. (i = ii) Let Xg,) is a v—wedge FDK-space. By Theorem [2, we get
L, C Xﬁl’/) and I : L, — XX) is compact. Since the matrix transformations
between FDK-spaces is continuous, A : X,(ny) — X is continuous. Thus, the
mapping A = Aol : L, — XEXV) — X is compact. Because XI(L‘V) is v—wedge
and A : XI(L‘V) — X is continuous, we obtain A(6*) — 0 (k,I — o) in X.
Since coordinate functionals of X are continuous, we have

Pmn(A((Skl)) = (amnkl)kl — 0, /ﬂ,l — O0.
That is, 51(4mn) €Chp (Mmmn=1,2,...).
(¢4 = i7i) Suppose that L, C XI(L‘V). Since 6 € L, C XS’), we get

=A@ty e X, ki=1,2,...

The set {0* : k,1 =1,2,...} is bounded in L, it is also bounded in ng).
L, C XI(:) if and only if A € (L,, X). This is equivalent that the columns
of A is a bounded set in X ([8]). Also, since A : L, — X is compact,
the set K = {A(0") : k,1 = 1,2,...} is relatively compact in X. Hence,
the coordinatwise convergence topology in K and the topology of X are
coincident. On the other hand, since & Amn) € Cyo, we have A(6*) — 0
(k,1 = 1,2,...) and so we get A(0*) = (@mnki)mn = I(lel) € X. Thus, we
obtain K = {A(6M): k,1=1,2,...} =0 (k1=12,...).
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(711 = i) Let the columns of A in X be convergent to zero. So ® € Xg').
From Theorem XX’) is an FDK-spaces with the seminorms {7, : m,n €
N} U {tyr 0o Ay : 7,m,n € N} U {g, 0 A:r € N}. Since

rmn(ékl) =0, k,I— oc;

(tr © An) (6") = (A (8) = £,(C) 5 0, kyl = o0

(0r 0 A)(M) = 0r(CH™) = 0, k.l — o

we obtain that XI(LXV) is a v—wedge FDK space. O

Theorem 10. Let C, and X be FDK-spaces, X! C BS and A = (ayni) be
a four dimensional matriz. The following statements are equivalent
(1) XX) 15 a weak v—wedge FDK-space;
(i) £, c X%, 0™ e Chy (myn=1,2...) and
A: L, — X is compact;
(iii) (gkl) €eX (k,l=1,2,...) and Cj(fl) — 0 (weakly) in X.

Proof. (i = ii) Let X be a weak v—wedge FDK-spaces. Then, £, C Xl(f)
and A : L, — XX’) is weakly compact by X/ C BS. Since the matrix
mapping between FDK spaces is continuous, A : XX’) — X is continuous.
Thus, the mapping A = Aol : L, — ng) — X is weakly compact. So,
A(0*) — 0 (weakly) (k,I — oc). Since the coordinate functionals of FDK
space X are continuous, we get
n(A(dkl)) = (amnkl)kl — O, k‘,l — Q.

That means §A €Cp (mmn=12,...).

(it = i) Assume that L, C Xﬁly). Since 0% € L, C ng), we get
¢ = A" € X (k1 = 1,2,...) and ¢ is bounded in X%, Hence,
the convergence topology in K and the weak topology of X are coincident.
Consequently, since fgmn) € Cyo, we get A(6F) = 0 (k,1 = o0) in X.

(iii = i) Let ¢ € X (k,1=1,2,...) and ¢{Y — 0 (weakly) in X. Then,

forallfe(XA)),f(x):g(ac)+h(A:U) (a:GXI(L‘),ge(Q( )) h € X') and
for M > 0,

= MUlpn(z), mn=1,2,...

laz| < M sup
S

s
Z Z Amnkl Lkl
=1 k

So, we obtain the following inequality

|| < Mlyp(69), m,n=1,2,...



80 v—WEDGE FDK-SPACES

Since ampi; — 0 (weakly) (m,n = 1,2,...) in X, we get Pupn(amnij) =
(@mnij)mn — 0 (4,j = 00) (m,n =1,2,...). Thus, Lo (09) — 0 (4,7 — 00)
(m,n=1,2,...) and so we get g(6") — 0 (i,j — o0).

Now f(517) = g(51) +h(A(67)), for z € X, g € (V)Y h € X'. And by
hypothesis, h(A(6Y)) — 0 (i, — oo) for all h € X’. So we get f(6%) — 0
(1,7 — oo) for all f € (XI(:))', which completes the proof. d

Theorem 11. Let A be a four dimensional matriz. If weak convergence
and strong convergence coincide in an FDK space X, it is equivalent for the

space XI(L‘V) to be v—wedge FDK space and weak v—wedge FDK space.

Proof. Let Xg/) be a v—wedge FDK space. Then the columns of A is in
X and {4 (e — Zékl)} — 0. By hypothesis, the columns of A is weakly

convergent in X. That is, XI(L‘V) is a weak v—wedge FDK space. O
For example, if we choose X = L,, M, and BV, we obtain the follow-

ing results by Theorem since weak convergence and strong convergence
coincide in these spaces.

Theorem 12. Let A be a four dimensional matriz.
(i) (Ly)a is a (weak) v—wedge FDK space if and only if

> ] = 0
im |Gk =0
m,n

(ii) (My)a is a (weak) v—wedge FDK space if and only if
a)  sup|amnki| < oo (k,l=1,2,...),
m,n
b) limsup |amnk| = 0.
k7 m,n

(iii) BV 4 is a (weak) v—wedge FDK space if and only if

hkmz ’amnkl — Am+1n,kl — Amnt1,k,l + am+1,n+1,k,l| = 0.

N
m,n

Proof.

(i) Let XI(L‘V) = (Ly)4 in Theroem @ Then (L£,)4 is a (weak) v—wedge
FDK-space if and only if the columns of A in £, and converge to
zero. So we obtain A(6M) = (amnki)mn = Cl(fl) € L, and

4

=0 = th}lZ ’amnk” =0.
m,n

u
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(i) Let XX’) = (My)a in Theroem@ Then (L£y)4 is a (weak) v—wedge
FDK-space if and only if the columns of A in M, and converge
to zero. So we obtain A(6F) = (ammil)mn = Cj(élkl) € My, ie.,
SUP,;, 1, |@mnki| < 00 and limg ; sup,, , [@mnki| = 0.

(iii) Let XI(:) = BV 4 in Theroem @ Then BV 4 is a (weak) v—wedge
FDK-space if and only if the columns of A in BY and converge to
zero. So we obtain A(6*) = (aymnkl)mn = Cj(,fl) € BY and

lllgr? E ’amnkl — Am+1,n,kl — Amn+1,k,l + am+1,n+1,k,l‘ =0. O
" myn

4. CONCLUSION

In conclusion, this paper introduces the concept of (weak) v-wedge FDK-
spaces by drawing inspiration from the concept of (weak) wedge in FK-
spaces, using v-convergence for double sequences. We have provided fun-
damental characterizations and examples of these spaces, contributing to
a deeper understanding of their structure. Additionally, by applying our
results to summability domains, we have derived necessary and sufficient
conditions for the v-wedgeness of specific spaces, including BV 4, (£,) 4, and
(My)a. The results established in this paper are not limited to the context
of (weak) v-wedge FDK-spaces. They can be extended to broader settings,
including paranormed double sequence spaces and ratio sequence spaces.
This work not only builds upon previous results in the field, but also paves
the way for further exploration and application of v-wedge FDK-spaces in
various mathematical contexts.
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