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ABSTRACT. In this study, we consider the Toeplitz matrices with entries
being Leonardo numbers. We have found upper and lower bounds for
the spectral norms of these matrices, considering also the Hadamard
product of this type of matrix.

1. INTRODUCTION AND BACKGROUND

The topic of number sequences has been of great interest to many re-
searchers in recent years. With this topic as the target of their study, iden-
tities, generating functions, generating matrices and their applications not
only in matrix theory but also in other science subjects have been developed
(see, for instance, the works [2,9,10,[13]). In particular, the well-known Fi-
bonacci sequence and the Leonardo sequence are two examples of number
sequences that have received a great deal of attention from researchers (see
the works [1], 5], |7], [3], and many others).

This work will also be dedicated to another study related to these two se-
quences, which involves them in the construction of Toeplitz matrices, study-
ing some of their norms, and obtaining interesting identities. Note that both
the Fibonacci sequence {F,}°°, and the Leonardo sequence {Le, }5°, are
sequences defined by second order recurrence relations. So, for the Fibonacci
sequence, we have the following.

(1) Fn+1:Fn+Fn—la (7%21)
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with initial conditions Fy = 0 and F; = 1, and for the Leonardo sequence
(2) Le, = Leyp—1+ Lep—2+ 1, (n>2),

with initial conditions Leg = Le; = 1.
Equation (2)) can be written as

Lepy1 =2Le, — Lep—2, (n>2)

which is Lemma 2.1 stated in [4]. An important result that we will use later
is the relationship between the n-th Leonardo number and the (n + 1)-th
Fibonacci number. Such a result is as follows:

Lemma 1. (Proposition 2.2, [6]) For n > 0,
(3) Lep = 2F, 1 — 1.

The rules and can be used to extend the Fibonacci and Leonardo
sequences backwards, thus

(4) Fop=(-1)""'F,, (n>1)
and
(5) Le = (=1)"(Lep2+1)—1, (n>2)

which is the identity (2.28) in [4] with Le_; = —1.
Now, considering the identities , and , we easily get the following

result.
Lemma 2. Forn > 1,
(6) Le_p =2F_(,_1)— L.
Proof. We have
Le_, = (-1)"(Lep—o+1)—1=(-1)"(2F,—1) — 1= (-1)"(2F,—1) — 1,
and the result follows. O

In |16] are presented the terms of the Leonardo sequence with a negative
integer index.
The following formulae for the Fibonacci number are well known (see [8|

and [15]),

n
ZFk =Fpi2—1,
k=0

n—1

(7) Y PP =F.Fy,
k=1

" F? n even;
8 Fi Fr 1= n ’
(®) ; R {Fﬁl, nodd,
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n

9) S (—D)FF = By + (1) F,
k=0

and concerning Leonardo numbers (see Propositions 2.2 and 3.1 in [4] and
also we can consult some other results in [6]),

(10) > Lep = Lenya — (n+2),
k=0

n
S Le} = 4(Fupr = 1)(Farz — 1) + (n+ 1)
k=0

(11)
= (Len —1)(Lens1 — 1) + (n+1),

n
(12) > LepFiy1 = FopiLenty — Faya +1,
k=0

n
> Legk1 = Legnta — (n+2),
k=0

n
Z Legy, = Leapt1 — n.
k=0
In addition to the equalities and @, we can also use the following
recurrence relation for these Leonardo numbers with negative index given
by:

(13) Le_,=—-Le_pi1+Le_nio—1, n>0.

We state some of terms of the Leonardo sequence with a negative index
in the following table:

TABLE 1. Some terms of Leonardo sequence with negative index

Le_1|Le_og| Le_g | Le_y | Le_s | Le_g | Le_7 | Le_g | Le_g | Le_1g
-1 1 -3 3 -7 9 —-17 25 —43 67

As with Leonardo’s numbers, Leonardo’s numbers with a negative index
are always odd numbers, alternating positivity and negativity, as shown in
the next result, the proof of which is omitted.

Lemma 3. The Leonardo number Le_;, (1 < j < n) is an odd number
which is positive if j is even and negative if j is odd.

Lemma 4. For all natural numbers n, we have |Le_,| < Le,,.
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Proof. For n =1, we have 1 = |Le_1| = Le;.
Assume that for all £ < n, we have

|Le_k| < Ley.
To demonstrate this for the successors of n. Let’s see
|Le_(nt1)] = | = Le_(nt1)4+1 + Le_(ng1)42 — 1
= ’ —Le_n + Le—(n—l) - 1‘

Triangle inequality
< | = Len| +[Le_(n-p| + [ = 1]

= |Le_pn| + |Le_(n_1)] +1

induction hypothesis
< Le,+ Lep_1+1.

Since Lent+1 = Le, + Le,—1 + 1, we conclude that ]Le_(n+1)| < Leypy1. O
Also, we have the following result that will be used later.

Lemma 5. Forn > 0, the following identity is true:

n (n+2)— (2Le, — Lep_1Lept1), n even,
Z LepLey_1 =
o (n—2)— (2Le,, — Lep—1Leny1), n odd.

Proof. By Lemma [l| we have

n n

n
Y LepLepr = Y (2F1 —1)(2F —1) =Y (4Fn1 Fy — 2(Fpey + Fi) +1)

n n
= 4ZFk+1Fk_2ZFk+2+(n+l)

k=0 k=0
n n

= 4> FppFp—2 (ZFk —Fy—F 4+ Fuy +Fn+2> +(n+1)
k=0 k=0

n n
= 4) FopFp—2 (Z Fk) +2 = 2(Fyi1 + Fog2) + (n+ 1)
k=0 k=0

n
= 4> FppFp = 2(Foya — 1) +2 = 2(Fop1 + Foga) + (n+ 1)
k=0

n
= 4> Fop1Fy—2F 4+ (n+5)
k=0
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Now, suppose that n is even. Then, by Equations , and ,

n
Z LekLek_l
k=0

n
43 Frs1Fr = 2Fqa + (n 4 5)
k=0
n+1
4)  FiFi1 = 2Foya + (n +5)
k=1

AF2 4 Fp1Fy) — 2F4+ (n+5)

A(Fo(Fp + Fps1) — 2Fpiq + (n +5)

AFyFpig — 2Fpiq + (n+5)

(Len—1+1)(Lept1 + 1) — (Lents +1) + (2 +5)
Ley_1Léepi1 + Lep—1 + Lept1 — Lepys + (n+5)
Lep—1Lept1 + Lep—1 + Lepyq

—(Leny2 + Lepy1 +1) 4+ (n+5)

Ley_1Lent1 + Lep—1 — Lepio + (n+4)

Le,_1Lept1 + Ley—1 — (2Ley, + Lep—1 +2) + (n + 4)
Ley_1Lent1 — 2Le, + (n+ 2).

Otherwise, if n is odd, we get, using again, Equations , and ,

n
Z LekLek,l
k=0

n
42 Fyp1Fy — 2F, 44+ (n+5)
k=0
n+1
1) FpFy1 = 2Fua+ (n+5)
k=1

n
4(2 FyFy_1 + Fpy1Fy) — 2Fnia+ (n+5)
k=1

A(F? 4 Fyy1Fy —1) —2F, 4+ (n +5)

Y Fy(Fy+ Fpy1) — 1) —2F,44+ (n+5)

AR, Fhyo —2F, 14 — 4+ (n+5)

(Lep—1 +1)(Lept1 +1) — (Lepys+ 1)+ (n+1)
Ley_1Lept1 + Lep—1 + Lepy1 — Lepys + (n+ 1)
Le,_1Lepy1+ Lep—1 + Lepiq

—(Lent2 + Leny1 +1) + (n+1)

Ley_1Leni1+ Len—1 — Lepyo+n

Le,_1Leptq + Len—1 — (2Ley, + Lep—1 +2) +n
Len_lLen_H — 2L€n + (n — 2). O
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In this paper, we are interested in studying the norms of Toeplitz matrices
whose entries are Leonardo numbers. We will also look at the Hadamard
product between some of these matrices. In the following section we present
the background related to Toeplitz matrices, matrix norms, and the Hadamard
product between matrices. Section 3 is devoted to the Toeplitz matrix and
norms involving Leonardo numbers. Section 4 is dedicated to the Hadamard
product involving Toeplitz matrices with Leonardo numbers and Fibonacci
numbers. Finally, conclusions are stated, providing a brief highlights of the
most significant aspects of this research.

2. TOEPLITZ MATRIX, HADAMARD PRODUCT AND NORMS

An n x m matrix T' = (¢; ;) is a Toeplitz matrix if ¢;; = i)+ = tij,
for all valid ¢, j. A general Toeplitz matrix has the form:

to  tor too et

tl tO tfl t,m+2

T=| t ty to 0 tomes
_tn—l ln—2 tp—3 - to i

A Toeplitz matrix could also be square. A square matrix of order n is a
Toeplitz matrix if all the entries along each of the 2n — 1 diagonals are the
same and the elements in the first row and the first column are successive
terms of a sequence.

Consider the vectorial space of the complex (or real) matrices n x m. A
norm ||.|| is a function that associates, for each n x m matrix A, a non-
negative real number that satisfies the properties:

||A|]| = 0 if and only if A =0, for all n x m matrix A;
[|AA|| = |A|||A]], for all scalar A and n x m matrix A;
[|A+ B|| < ||A|| + || B]|, for all n x m matrices A and B;
[|AB|| < ||A]| ||B]|, whenever the product AB is well defined;
[|I]| = 1, where I is the identity matrix.

Now, we give some preliminary matrix results related to our study. Let
A = (ai;) be a matrix m x n. When we want to study the norms of the
matrices, the following norms are taken into account (see |12| and [17]).

The p- norm of the matrix A is defined by

1/p

1Al = DD layl?

i=1 j=1
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If p = 2, the well-known Frobenius (Euclidean) norm is denoted and

defined by
1/2

1AllE = { D) lagl?

i=1 j=1

and, when p = oo, we have

n
A0 = 1@%&2 |aij].
j:

Note that ||A||s is related to the largest absolute sum of the rows in matrix

The 1-norm of a n X m matrix A is defined by

m
|A[l1 = 1@?@%2 |aijl.
1=

Similarly to what happens with ||A||, the 1-norm of A is related to the
largest absolute sum of the columns in matrix A.

The maximum column length norm ¢;(A) is defined by the maximum
Euclidean norm (2-norm) among all columns of A,

m
D laij? = ma | ag ] |
=1

The maximum row length norm 71 (A) is defined by the maximum Euclidean
norm (2-norm) among all rows of A,

> laij? = max |[fag]j— | -

j=1

There are general relationships between matrix norms that apply to any
matrix, including Toeplitz matrices. For any square matrix A of order n,
the following inequalities (see, [17]) hold:

1
14 —||Allg < Al < ||A
(14) \/ﬁll e < [|Allz < [|A]l&,
and
(15) |Alloo < Vnl|A|lE-

Also, considering the 1-norm, and 2-norm, there exist constants ¢; and cs
such that

ail|Allr < [[All2 < e |A]l1,

for all n x m matrix A.
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Given two matrices A = (a;j) and B = (b;;) of size m xn, their Hadamard
product is denoted by A o B and is defined as

(AoB)ij=uay-by foralli=1,...,mandj=1,...,n.

For more details on the Hadamard product of two matrices, see, for example,
the work of Reams in [14].
According to [11], if C' = A o B, then the following inequality holds:

HCHZ < Tl(A) : Cl(B).

3. LEONARDO TOEPLITZ MATRIX

This section introduces the Leonardo Toeplitz square matrix and provides
some properties arising from the study of the norms of this matrix.

Definition 1. The Toeplitz matrix with Leonardo numbers denoted by T7%,
is the square n x n matrix defined by

Leg Le_y Le_o ... Lei_,

Leq Ley Le_y ... Ley_,

(16) no— Les Ley Leg ... Leg_,
Len_l Len_g Len_g . Leo

and we call this matrix the Leonardo-Toeplitz matrix of order n.
The following examples show the Leonardo Toeplitz matrices of orders 3
and 4.

Example 1. The Leonardo Toeplitz matrices of order n = 3 and n = 4 are

Ley Le_i1 Le_o 1 -1 1
T3 =|Ley Leg Ley|=[1 1 -1],
Les Ley Leg 3 1 1
and
Ley Le 1 Le o Le_g 1 -1 1 =3
T4 _ Ley Legy Le_q1 Le_9 1 1 -1 1
Le Leo Ley Ley Le 3 1 1 -1’
Les Les Ley Leg 5 3 1 1
respectively.

Looking at the rows and columns of the Leonardo Toeplitz matrix of order
n, we denote by R;(T7,) and C;(T%,) the sum of the i-th row and the sum
of the j-th column of T7%_, respectively, and we can write that
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and

The next results are related to the row and column of T, and will be used to
determine some norms of this matrix. More precisely, we state the relation
between the sum of the j-th column of T’, and the sum of the previous
column.

Lemma 6. Let T7_ be the Leonardo Toeplitz matriz given by and let
C;(T7%,) denote the sum of the j-th column of T%,,. Then, for all j > 2,

Cj( %e) = Cj—l(Tze) — Len—(j—l) + Le_(j_l).

Proof. The proof will be reduced by induction on j and we use equations

, and . Hence, for j > 2, we have

n—2 n—2
Cy(T7.) = Z Le,, = Le_1 + Z Ley,
m=—1 m=0

n
= Le_1+ Z Le,, — Le,—1 — Ley,

m=0
= Le_i1+ (Lepta — (n+2)) — Lep—1 — Ley,
= Le_y+ (Lept1 + Ley+1—n—2)— Le,—1 — Ley,
(—=Leo+ Ley — 1) + Lepy1 + Le,, —n—1— Le,—1 — Ley,
—2+1+Leyy1—n—1—Ley 1 =Lepy1 —Lepy —n—2

On the other hand

C1(T%e) — Lep_(2-1) + Le_(a1)
n—1

- Z Ley, — Lep_1 + Le_q

m=0

= Lepto—n—2—Ley1+ (—Leg+ Ley — 1) — Ley,
= Leyio—n—3—Ley—1 — Ley,

= Leyy1+Ley+1—n—3—Ley_1 — Ley

= Leyy1 —Ley—1 —n—2,

showing that the identity is true for j = 2.
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Suppose that the statement is true for all values of m < j and we claim
that
Cj(T},) = Cj(T},) — Leq;j + Le_.
We have
n—j
Cj( ze) - Len_j + Le_j = Z Le,, — Len_j + Le_j
m=1—j
n—j—1 n—(j+1)
= Z Ley, + Ley—j — Lep_j+ Le_; = Z Ley, + Le_;
m=1—j m=1—j
n—(j+1) n—(j+1)
= Z Ley + Le_; = Z Ley, — Le_j + Le_;

m=—j+1 m=—j
n—(j+1)
= Y Lew=Cjn(TlL),

m=—j

as required. O

In the next result, we state the relation between the sum of the i-th row
of T7,_ and the sum of the previous row.

Lemma 7. Let T, be the Leonardo Toeplitz matriz given by and let
R;(T?,) denote the sum of the i-th row of T%,,. Then, for all i > 2,

R%( Tie) = Ri—1<TT[l/e) + Le;—1 4+ Le;—p,.

Proof. Similarly to what we did in the proof of the previous lemma, we will
proceed by induction on . Hence, for ¢ = 2, we have

1 0
Ry(T},) = > Lem=Lei+Le o+ Y Len

0
= Le + Le,(n,z) + Z Le,,
m=—(n—1)
= R (T%e) + Ley + Leo_y,

that is verified for 7 = 2.

Suppose that the statement is true for all values of m < ¢ and we claim
that

Ri11(T%,.) = Ri(T%.) + Le; + Lejy1—p.
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We have
i—1
RZ( 26) + Le; + Lejp1—n = Z Ley, + Le; + Lejy1-n
m=—(n—i)
i—1 i
= > Lem+Lei+Leiyin = » Lem+Leitin
m=—n+1 m=—n-+i
n—(j+1) i
= Y Lem+Le; = > Len
m=—j+1 m=—n+i+1
(2
= > Lewm=Rip(T}),
m=—(n—(i+1))
as required. O

The next result relates the row to column of T7% .

Lemma 8. Let T}, be the Leonardo Toeplitz matriz given by and let
R;(T%,) and C;(T},) denote the sum of the i-th row and the sum of the j-th
column of T, respectively. Then, for all j > 1,

CJ(TEe) = Rn—(j—l) (TT[l/e)
Proof. We have

n—j n—j+1-1
C;j(T7.) = Z Le,, = Z Len,
m=1—j m=—(j—1)—n+n
n—(j—1)—1
= Z Le,, = Rnf(jfl)( 1[1/@)7
m=—(n—(n—(j—1)))
and the result follows. O

Note that
n—1 n

Ci1(T%,.) = R.(T},) = Z Le,, = Z Le,, — Le,, = Lepy1 — (n+ 1).
m=0 m=0

The next result gives us the general expression of the sum of the j-th
column, (2 < j < n), of T},.

Proposition 1. Let T7, be the Leonardo Toeplitz matrix and let C;(T7,)
denote the sum of its j-th column. Then
—1
CiTh) = S Lem+ Leajua— (n—j+2), (2<j <n).

m=1—j
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Proof. Let j, (2 < j <n) be a fixed column. Then we can write j =n —p
for some non-negative integer p. Therefore,

n—j
Cj( 26) = Lel_j + Leg_j + -+ Le(j_l)_j + Z Le,,
m=0

n—(n—p)
= Lel—(nfp) + LeQ—(n—p) + -+ Le(n,p,l),(n,p) + Z Ley,
m=0
-1 p
— Z Le,, + Z Le,,
m=1—(n—p) m=0
-1
= Z Le,, + L€p+2 - (p + 2)
m=1—(n—p)
—1
= Z Lem*Lenfj+2*(nij+2)’
m=1—j
as required. -

Using the previous result and Lemma [§] we can easily find the general
expression of the sum of the i-th row, (1 <i < n —1), of T}_, so we have
omitted the proof.

Proposition 2. Let T} be the Leonardo Toeplitz matriz and let R;(T},)
denote the sum of its i-th row. Then

1
Ri(T})= Y Lem+Leii—(i+1), (1<i<n-—1).

m=i—n

4. NORMS AND HADAMARD PRODUCTS WITH T7,

This section is dedicated to the norms of Leonardo Toeplitz matrix T7_
and some Hadamard products that involve this matrix.
Using Lemmas [1f and [2| more precisely Equations and @, we get

2l —1 2R —1 2F -1 ... 2F (, 9 —1
2l —1 2R —1 2R —1 ... 2F (, 3 —1
%e — 2F3—1 2F2—1 2F1—1 QF_(n_4)—1

2F, —1 2F, 1—1 2F, o—1 ... 2F —1
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o Fy F, F_ (-2 11 1 1

K Fy F_(n—3) 1 11 1
— 9|3 I " F_(n_4) _ |1 1 1 1

F, F,.1 Fo,_o ... Fi 1 11 1
= 2T: - X,

where T% is the Fibonacci Toeplitz matrix and X is a matrix n x n with all
entries equal to 1.
In general, using the properties of a norm of a matrix, we get

I TEell < 2T - [ X]]-
Next, we have results involving the calculus of ||.||cc and ||.||1 norms of

the matrix T7,.

Theorem 1. Consider T, which is given in , then the ||.||oc norm of
the matriz T%, is ||T},||cc = Lens1 — (n+1).

Proof. For each 1 < ¢ < n, we denote by t;; the entry of T’ _ which is in the
i-th row and in j-th column. Then we have

n

IThlle = max St
202 2

= g?gxn{!tiﬂ + |tio] + -+ |tin| }

By Lemma 4 we conclude that
n—1
T%lloo = |Len-| + [Len sl + - + |Leol = 3 |Leml.
m=0

Since Le,,, (m > 0) is a positive integer, then using equations and (|10)),
we obtain that

n—1 n
IT?llee = > Lem= Y Lem — Ley
m=0 m=0
= Lepto—Lep, —n—2
= Lepy1 — (n+1),
as required. O

Note that ||T7?, ||« is the sum of absolute values of the entries of the last
row of T, that is,

I TZelloo = Bn(TEe)-
Taking into account that R, (T7},) = Ci(T%,), the next result immedi-
ately follows, and then the proof is omitted.
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Theorem 2. Consider T7, which is given in (16), then the ||.||1 norm of
the matriz T, is

ITEellr = [[T7elloo-
The next result gives us the Frobenius norm of the matrix T,

Theorem 3. Consider T}, the matrixz given in . Then

T2 2[(n —3) — Leps1(2 — Len_1) — 3Ley) + (n+4)2, n even,
B —2[Lent1(2 — Ley—1) +3Ley] + (n+3)2—-19,  n odd.

Proof. We deduce from that

n—1 1
Tl = nLef+2) ) Le;
=1 k=1
n—1
= n+2) [(Lei—1) (Leipy — 1) + (i + 1)]
=1
n—1 n—1

= n+2) (Lej— 1) (Lejpr —1)+2> (i+1)
i=1 i=1

n—1 n—1
= n+2> (LeiLeiyy — Lej — Leii +1)+2) (i+1)
i=1 =1
n—1 n—1 n—1
= n+2) LeLey — 4ZL62+6+2Len+421+22
=1 =0 =1 =1

or equivalently,

n
IT% || =n® +8n+ 10 — 2Lep i3 + 2 Z Le;Le; 1.
=0

Now we just need to consider the cases of even n and odd n, use Lemma
in each of these cases, simplify some calculations, and we will obtain the
desired result. O

If we consider the spectral norm of T7_, and taking into account the
equations (14)) and (15]), then we can conclude that L HT JE T2 <

IT7elles and [T [[o < v/n [[T7 |-

Therefore, using Theorems [I] and [3] we have the following two results.



P. CatariNo, A. Borces, P. Vasco, E. SPrEAFIcO, E. CosTa 63

Theorem 4. Consider T}, which is given in . Then

™ ﬁ {2[(n — 3) — Len41(2 — Len—1) — 3Leyn] + (n+ 4)?}, n even;
Ticllz = % {—2[Len+1(2 — Lep—1) + 3Ley] + (n+3)> — 19}, n odd.

and

Hqﬁz" < Vﬁix/(L€n724—l)(L6n714—5)_F7% n even,
Lell2 =
i \/ﬁ\/(Len—Z +1)(Lep—1+1)+n, n odd

where ||.||2 denotes the spectral norm and Le; the j-th Leonardo number.

Proof. The proof of the first two inequalities is omitted as it is a consequence
of Theorem [3] For the proof of the other inequalities, let the n x n square

matrices
a;; =1 1= 7;
A=logl =3 " _ L
a;j = Le;_j, i # j;

and

B = [b] = bij =1, i # J;
Y bij = Le;i—j, j=1;

that satisfy C' = A o B. Then by Lemma |2} and equalities , , @D, we
obtain

1 (A) =

n—1

= ([T @F gy~ 1)
k=1
n—1 n—1 n—1
= 1+4ZFE(,€_1)—4ZF7(;€,1)+21
k=1 k=1 k=1

= 1+4Z 1)k F)? —42 ka+21

n—1
= \|1+4(FuFy1) —4) (~DFF 4 (n—1)

\ =

n
= L J4(FaFu1) +4) (—DFIF — 4(=1)"HF, +n
k=0
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= VA(FFp 1) +4(Fp 1+ (—1)"1E, o) —4(—1)"F1E, +n

= VAF,_  (F,+ 1+ (-1)") +n

= V(2Len—2+2) (F, + 1+ (1)) +n.
Suppose that n is even. Hence

r(4) = (2Lep—2+2)(F, +2)+n

= V(Lena+1)(2F, +4) +n

= V(Lepo+1)(Len 1 +5)+n,

whereas when n is odd,

ri(A) = /(Q2Len 2+2)F,+n

= V(Len_2+1)2F, +n

= V(Lepo+1)(Ley 1 +1)+n,

as required. Now it is easy to show that ¢1(B) = y/n and therefore the result
follows. O

Yet another result which is a consequence of Theorem [2] which is why we
have omitted its proof.

Theorem 5. Consider T, which is given in . Then
Vi IThle = Lenst — (n+1).

5. CONCLUSION

In this study, we investigated Toeplitz matrices whose entries are Leonardo
numbers, a sequence with intriguing mathematical properties. By establish-
ing upper and lower bounds for the spectral norms of these matrices, we
provided a deeper understanding of their structural behavior and potential
applications. Furthermore, our analysis extended to the Hadamard product
of such matrices, revealing additional insights into their norm characteristics
and interactions.

These findings contribute to the broader study of structured matrices and
special number sequences, offering a foundation for future research in numer-
ical analysis, signal processing, and matrix theory. Further exploration could
involve generalizing these results to other recursive sequences or examining
the impact of different matrix operations on spectral properties.
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