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On the bi-periodic Padovan sequences

ORHAN DiskAYA*, HAMZA MENKEN

ABSTRACT. In this study, we define a new generalization of the Padovan
numbers, which shall also be called the bi-periodic Padovan sequence.
Also, we consider a generalized bi-periodic Padovan matrix sequence.
Finally, we investigate the Binet formulas, generating functions, series
and partial sum formulas for these sequences.

1. INTRODUCTION

Due to numerous applications of some integer sequences, such as Fi-
bonacci, Lucas, Pell, Padovan, etc., many fields of science and art, many
generalizations have been made about them in the last century. Their beauty
and ubiquity continue to amaze the mathematics community (for details see
[16-18]). In this paper, our main focus is to define a new generalization for
the Padovan sequence.

The bi-periodic Fibonacci numbers, also known as the generalized Fi-
bonacci numbers, were first described by Edson and Yayenie [11] as

aGn—1 + qn_o, if n is even;

dn = . . n = 2a

bGn—1+ qn—2, if nis odd,
with initial conditions gqg = 0 and ¢; = 1, where a and b are any nonzero
real numbers. In a similar way, the bi-periodic Lucas sequence was defined
by Bilgici [3], and the bi-periodic Jacobsthal sequence was defined by Uygun
and Owuso [26]. In [5], some new identities involving differences in products
of generalized Fibonacci numbers are shown. Irmak et al. have presented
various studies on periodic functions [1,14,15|. Various identities have been
generalized by many researchers [2,4,6,7,19,21-25,27].

In the present paper, just as with the generalized Fibonacci sequence and
others, we define a generalization for the Padovan sequence, which we call
the bi-periodic Padovan sequence. We obtain its Binet-like formula and
its generating function. Also, we define the matrix representation of the
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116 ON THE BI-PERIODIC PADOVAN SEQUENCES

bi-periodic Padovan sequence and give various identities for the bi-periodic
Padovan sequence.
The Padovan sequence { P}, is defined by the third order recurrence

(1) Pn+3:Pn+1+Pn

with the initial conditions Py = 1, P, = 0 and P, = 1. For relevance, we
consider as P_g = P_; = 0. The first few values of this sequence are

Py=1, P=0, Pob=1, P3=1, Py=1,
Ps=2 FPs=2 P;=3, PR=4, Py=>5.
The recurrence (1) involves the characteristic equation
2 —2—-1=0.

If its roots are denoted by «, 8 and ~ then, the following equalities can be
derived
at+f+7v=0, af+ay+py=-1, abfy=1

Moreover, the Binet-like formula for the Padovan sequence is

(2) P, = 6™ + BB" + 47",
where
. By+1 A ay+1 . af+1
a=——— pf=——— 4G=————,
(o= B)(a—") (B—a)(B—") (v—a)(v—=58)

More information is available in [8-10,12,13,20| for the Padovan numbers.

2. MAIN RESULTS

In this section, a new generalization of the Padovan numbers is defined,
which shall also be called the bi-periodic Padovan sequence. Also, the Binet
formulas, generating functions, series, and partial sum formulas for these
sequences are investigated.

Definition 1. The bi-periodic Padovan sequences indicated by {pn},~, is
defined by a

n > 2,

_ Japn—2+pn-3, if nis even;
Pn = bppn_o + pp_sg, if nis odd.

with the initial conditions pg = 1, p1 = 0 and py = a, where a and b are
nonzero real numbers.

The first few elements of the bi-periodic Padovan sequences are

p0:17 p1:O7 b2 = a, p3:17 p4:a27

ps=a+b ps=a>+1, pr=>b*>+ab+d’
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From the definition above, we obtain a nonlinear cubic equation for the
bi-periodic Padovan sequences by

(3) 2% — abx — ab = 0.

By A, p and § we denote the roots of the equation (3). Hence, the following
relations are valid:

A pu+9d=0, Aud=ab, Au+ Ao+ ué = —ab.

Theorem 1. The Binet-like formula of the bi-periodic Padovan numbers is

A" +yu'™ + 20", if n is even;
(4) b {U)\” +35” + wd™, ZLJ;TL is odd, "
with
VA LA S St ' N O S
0= A =0) (=N —9) (0= —p)’
and
_at+b—pu—96 _at+b-A-0 atb-A—p
o000 =0 "Tlh-nu=9 "TG-NO-w

Proof. With the characteristic equation (3) and its roots A, u and §, assume
the general solution of the difference equation above is

A" +yu' + 20", n=2k;
Pn = ke N.
uA" +op™ +wd", n=2k+1,

Now, we determine the coefficients x, y, z, u, v and w. By the initial
conditions, we have

p=z+y+z=1,
p2 = 2A? +yp® + 26 = a,
pa = 2A? +yp® + 267 = d?,
and
p1 = uX+ou+wd =0,
p3 = uX® + opd + wéd =1,
ps = u\’ + vp’® + wé® = a + b.
We can obtain that

oo (=)0 —qa) y:(k—a)(é—a) L (A=ad)p—-a
(A= p)(A=9)’ (1= A)(p—9)’ (6= A)(6 — )
and
yo otb—p—0 - atb-A-0 - atb-A-p

(A=A =0)’ (n = M) —=0)’ 0 =N0—p)
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Proposition 1. The bi-periodic Padovan sequence {pn}nzo convinces with
the following properties:

(5) Pok+1 = (@ + b)pag—1 — abpag—3 + pag—s,

(6) P2k = (a + b)pag—2 — abpak—a + p2r—s-
Proof. Using Definition 1, we get

P2k+1 = bpak—1 + P2k—2 = bpag—1 + apag—a + Pok—5
= bpor—1 + a(par—1 — bpar—3) + Par—s
= bpak—1 + apag—1 — abpag—3 + pP2k—s
= (a + b)pag—1 — abpar—3 + par—s.
Similarly, by Definition 1, we have

Dok = ap2k—2 + P2k—3 = apak—2 + bpak—5 + Pak—6
= apak—2 + b(par—2 — apar—4) + P2r—6
= apok—2 + bpok—2 — abpag—a + pak—6
= (a + b)pag—2 — abpag—4 + par—s- O

Theorem 2. The generating function for the bi-periodic Padovan sequences
18

. I N
(7) Gylz) = bl

26 —abzt + (a+b)a? — 1

Proof. Let us assume that Gp,(x) = 372 pra” is the generation function of
the bi-periodic Padovan sequences. Thus, we have

o0 o0
Gp(z) = szkl‘% + Zp2k+1$2k+1-
k=0 k=0

Let G4(z) = > o2 pakx® and Gh(z) = Y32 pek+122 . By multiplying
Gy (x) through by —1, —abz?, (a + b)z? and x5, respectively, we get

oo
~Go(x) = —po — par® — pax’* =) poypa™,
k=3

o0
—abx4Gg(:c) = —abpoz? — aprgk_4x2k,
k=3

(a+ b)sz;(x) = (a + b)pox? + (a + b)poz® + (a + b) Zpgk,gxzk,
k=3

o0
29G2) = 3 par—oa®.
k=3
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Using (6), we have

bx? — 1

Gple) = 28 — abzt + (a4 b)x? —

In a similar way, we obtain

26 —abzrt 4+ (a+ b)z? — 1

Gy(z) =

By summing the two parts side by side we obtain the desired result:
—2% +ba? — 1
26 —abzt + (a+b)a? — 1
Thus, the proof is completed. O

Gp(z) =

Theorem 3. The series for the bi-periodic Padovan sequences is

Zpk_ 28 — bat + 23
—(a+b)at +abz? -1

Proof. 1t is proven by substituting % instead of x in the equality (7). U

Theorem 4. The exponential generating function for the bi-periodic Padovan
Sequences s

i " zeM +yelt 4+ 2% if n is even;
Pn— = ) . =
ueM + veltt + wed,  if n is odd,

Proof. For n > 0 and using equality (4), we have

xi();fl)n—i— Z o + Z n' , if n is even;

- " n=0 n=0
27T &y (51)"
n=0 . .
“Z ] +vz ] —HUZ T if n is odd,
n=0 n=0 n=0

zeM + yelt 4+ ze®,  if n is even;
ueM 4 vett + wedt, if n is odd.

Theorem 5. The sum of the first n terms of the sequence {p,} is

Z Pn—3 + Pn—2 + Dnt1 + P2 + (1 —ab)(pn + pn—1) +b—2
Pe = a+b—ab '

Proof. Let
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The even part of the above sums is solved as follows. We know that (6):

P2k = (@ + b)pag—2 — abpag—4 + p2r—6-
So, we have
pok — P2k—6 = (a + b)pak—2 — abpag—4.
Applying to the identity above, we deduce that
ps — po = (a + b)ps — abpz,
ps — p2 = (a + b)ps — abpa,
p1o — pa = (a + b)ps — abps,

Pn —Pn—-6 = (CL + b)pn—2 - abpn—4‘

If we sum of both of sides of the identities above, we obtain,

%
Pnt2 +Pn+Pn2 —abpy +b—1=(a+b—ab) Y _ pa.

k=0

The odd part is solved in a similar way and we get
n_q

Pn+1+ Pp—1 + Pn—g — abpp—1 — 1 = (a+b— ab) Z D2k+1-

k=0

Therefore, we obtain

n 3 51
Zpk = ZPQk + Z P2k+1
k=0 k=0 k=0

_ Pn—3+tPn—2+Pnt1 +Poy2 t (1—ab)(pp +pn-1)+b—2
a+b—ab '

O

3. THE BI-PERIODIC PADOVAN MATRIX SEQUENCE

In this section, the bi-periodic Padovan matrix sequence of the Padovan
numbers is defined and the Binet formulas, generating functions, series, and
partial sum formulas for these sequences are investigated.

Definition 2. Let a,b € R—{0}. The bi-periodic Padovan matrix sequences
{Mpn}, ¢ is defined by

aMp,_o+ Mp,_3, if nis even;

(8) Mp, = . . n > 3.
bMpy_o + Mp,_3, if nis odd,

with initial conditions

1 00 01 0 0 0 1
Mpy=10 1 0|, Mpi=10 0 1|, Mpy=|1 a O
0 0 1 1 a O 01 a
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Proposition 2. Let {Mpn}nzo be the bi-periodic Padovan matrix sequence.
The following relations are valid:

(9) Mpog1 = (a+b) Mpogp_1 — abMpag_3 + Mpay_s,
(10) Mpaop = (a+ b) Mpap_o — abMpay_4 + Mpay_¢.
Proof. Using (8), we have
Mpog+1 = bMpag—1 + Mpog—2
= bMpog—1 + aMpog—4 + Mpay_5
= bMpay—1 + a(Mpar—1 — bMpay_3) + Mpay_s
= bMpok—1 + aMpag—1 — abMpag_3 + Mpag_s
= (a+b) Mpay_1 — abMpay,_3 + Mpay._s,
and we write
P2k = aMpag—o + Mpop—3
= aMpog—2 + 0Mpog—5 + Mpak—¢
= aMpay_2 +b(Mpar_2 — bMpay_4) + Mpor
= aMpok—2 +bMpog_2 — abMpay_4 + Mpog_¢
= (a+b) Mpa_2 — abMpag_4 + Mpop_g. O

Theorem 6. The generating function for the bi-periodic Padovan matriz
sequence {Mpn}, is

az®—abz*—x3+(a+b)z?—1 24 tazd—z —x54bat—a?
z6—abzl+(a+b)z? -1 z6—abzl+(a+b)z2 -1 z6—abzrl+(a+b)z? -1
_ —ax5 4 bt —a? —a3+br?—1 zttaxd—z
(11) G(l’) - 28 —abzi+(a+b)z2—1 26 —abzi+(a+b)z2—1 28 —abzi+(a+b)z2-1 | *
2t +azd—z —z°+(b—a)z* +a’z®—z?—ax — a3 4bz2—1
z6—abz?+(a+b)z2 -1 20 —abz?+(a+b)z2—1 z0—abr?+(a+b)z?—1

Proof. We know that

o0 (o)
G(z) = Z Mpopa®k + Z Mpojpqa?F L,
k=0 k=0
Let Go(z) = Y272 o Mpora® and Gy(x) = 332y Mpar122F+1. Multiplying
Gu(x) by —1, —abx?, (a + b) 22 and 25, respectively, we get

o0
~Ga(x) = —Mpo — Mpoa® — Mpsa* = Mpypa®*,
k=3

o0
7abl‘4Ga(£L‘) = —abMpyz* — abz Mpo_s2%F,
k=3

(a+b) 22Gy(z) = (a+ b) Mpoz? + (a + b) Mprx* + (a +b) Z Mpoy,_oz*,
k=3
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o
20Ga(x) =) Mpy_gz**.
k=3

By the equalities above and using (9), we reach the following

(a+b)x? —abz* — 1 —z —22 + bt
20 —abrt 4+ (a+b)a? -1 26 —abzt + (a+b) 2> —1 26 —abat + (a+b) 22 — 1
G (x) _ bt — 22 ba? —1 zt
@ 26 —abrt+ (a+b)a? —1 26 —aba* + (a+b) 2?2 —1 25 —aba* + (a+b) 22 — 1
xt (b—a)zt — 2?2 ba? —1

20 —abzt+ (a+b)z2 —1 26 —abz + (a+b) 22 —1 26 —abaxt + (a +b) 22 — 1

Multiplying Gy(z) by —1, —abz?*, (a + b) 22 and 5, respectively, we get

o
—Gy(x) = —Mp1z — Mpgz® — Mpsa® — > Mpoppa2® 7,
k=3

oo
—abz*Gy(z) = —abMpa® — abz Mpoj_sz?F 1,
k=3

(a+b) 22Gy(x) = (a + b) Mpra® + (a + b) Mpsx® + (a +b) Z M poj,_ 22+,
k=3

o0
25Gy(z) = Z Mpoj_sz** L.
k=3

By the equalities above and using (10), we reach the following

5

5 3 3 5

ar® —x az® —z —
20 —abzt + (a+b)z2 -1 a6 —abzt+ (a+b)22 -1 26 —abzt+ (a+b)a? -1
Gylz) = —zb -3 azd —
b 25 —abst + (a+b)a2 -1 ab—abat+(a+b)a2 -1 a6 —abat+ (a+0)a? -1
az® — a?x® —2° — az —a3

20 —abzt + (a+b)22 -1 ab—abzt+ (a+b)22 -1 26 —abzt+ (a+b)a?—1
Hence, we obtain
G(z) = Go(x) + Gp(z)

az®—abzr*—x3+(a+b)x?—1 — 2t taxd—x B
26 —abz?+(a+b)x2—1 26 —abz?+(a+b)x2—1 26 —abr?+(a+b)x2—1
—254+bxt —2? —z34+bx?—1 —a*+tard—z O
26 —abz?+(a+b)z2—1 26 —abz?+(a+b)x2—1 26 —abzr?+(a+b)z2—1
—zttaxd—g —z5+(b—a)r*+a’z3—a?—ax —234ba2—1
28 —abrT+(a+b)z2-1 26 —abrT+(a+b)z2-1 26 —abrT+(a+b)z2—-1

Theorem 7. The series of the bi-periodic Padovan matriz sequence
{Mpn}nZO is

28 — (a+b)z* + 2® + abz? — ax 25 — az® + 22 2t —br?
26 — (a+b) 2t + abz? — 1 26 — (a+b) 2t + abz? — 1 26 — (a+b) 2t + abz? — 1

S(x)* 2t — bl 4z 20 — bzt 4 23 2% — az® + 22
26 — (a+b) 2t + aba? — 1 26 — (a4 b) 24 + aba? — 1 26 — (a4 b) z* + aba? — 1

25 — az® 4 22 az® +at —a*x® + (a—b) 2+ 28 — bt + 28
26 — (a+ b) x* + abz? — 1 26 — (a+ b) 2% + abz? — 1 26 — (a +b) 2% + abz? — 1

Proof. 1t is proven by substituting % instead of x in the equality (11). O



ORrHAN Diskava, HAMZA MENKEN 123

Theorem 8. The sum of the first n terms of the matriz sequence { Mpy,} is

iMpk _ Mpn+2 + Mpn+1 + Mpn—? + Mpn—S + (1 - ab) (Mpn—l + Mpn)
k=0

a+b—ab
2a+b—ab—1 a—2 b—2
a+b—ab a+b—ab a+b—ab
+ b—2 b—2 a—2
a+b—ab a+b—ab a+b—ab
a—2 a?+b—2a—2 b—2
a+b—ab a+b—ab a+b—ab

Proof. Let

n 5 51
> Mpr=> Mpy+ Y Mpyjy1.
k=0 k=0 k=0

The even part of the above function is solved as follows. Let’s start the proof
using the identity (9).

Mpop — Mpag—¢ = (a +b) Mpap_o — abMpay,_4.
Thence
Mpg — Mpy = (a+ b) Mpy — abMpo,
Mpg — Mps = (a+ b) Mpg — abMpy,
Mpio — Mpy = (a+ b) Mpg — abMp,

Mp,, — Mpy,—¢ = (a+b) Mpy_o — abMpy,_4.
When it is summed side by side, the following equality is obtained:
Mppio 4+ Mpy + Mpp—2 — abMpy,
a+b—ab—1 -1 b—1
+ b—1 b—1 -1
-1 b—a—1 b—-1

|3

= (a+b—ab) ZMpgk.
k=0

The odd part of the above function is also solved as follows. Using the
identity (10):

Mpagy1 — Mpog—5 = (a +b) Mpag—1 — abMpog_3.
Thence
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Mp7 — Mpy = (a+ b) Mps — abMps,
Mpg — Mp3 = (a+ b) Mp7 — abMps,
Mpi1 — Mps = (a+ b) Mpy — abMpr,

Mpnfl - Mpnf'? = (CL + b) Mpnf?) - abMpnffr
When it is summed side by side, the following equality is obtained:

Mpyy1 4+ Mpp—1 + Mp,—3 — abMp,_1

a a—1 -1
+ |1 -1 -1 a—1
a—1 a2—a—1 —1
2
= (a+b—ab)ZMp2k+1.
k=0

Using both results,
_ Mpnio+ Mpuy1 + Mppo+ Mpp3+ (1 — ab) (Mpn—1 + Mpy)

T,
" a+b—ab

2a+b—ab—1 a—2 b—2

a+b—ab a+b—ab a+b—ab
+ b—2 b—2 a—2

a+b—ab a+b—ab a+b—ab
a—2 a’+b—2a—2 b—2

a+b—ab a+b—ab a+b—ab

is obtained. O

4. CONCLUSION

Special numbers and their generalizations and applications are important
in mathematics and applied sciences. In this study, a novel generalization
of the Padovan sequence, called the bi-periodic Padovan sequence, was dis-
cussed, and its matrix representation was provided. The Binet-like formula,
generating functions, series, partial sum formulae, and various identities were
found for the bi-periodic Padovan sequences.
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