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On the bi-periodic Padovan sequences

Orhan Dı̇şkaya∗, Hamza Menken

Abstract. In this study, we define a new generalization of the Padovan
numbers, which shall also be called the bi-periodic Padovan sequence.
Also, we consider a generalized bi-periodic Padovan matrix sequence.
Finally, we investigate the Binet formulas, generating functions, series
and partial sum formulas for these sequences.

1. Introduction

Due to numerous applications of some integer sequences, such as Fi-
bonacci, Lucas, Pell, Padovan, etc., many fields of science and art, many
generalizations have been made about them in the last century. Their beauty
and ubiquity continue to amaze the mathematics community (for details see
[16–18]). In this paper, our main focus is to define a new generalization for
the Padovan sequence.

The bi-periodic Fibonacci numbers, also known as the generalized Fi-
bonacci numbers, were first described by Edson and Yayenie [11] as

qn =

{
aqn−1 + qn−2, if n is even;
bqn−1 + qn−2, if n is odd,

n ≥ 2,

with initial conditions q0 = 0 and q1 = 1, where a and b are any nonzero
real numbers. In a similar way, the bi-periodic Lucas sequence was defined
by Bilgici [3], and the bi-periodic Jacobsthal sequence was defined by Uygun
and Owuso [26]. In [5], some new identities involving differences in products
of generalized Fibonacci numbers are shown. Irmak et al. have presented
various studies on periodic functions [1,14,15]. Various identities have been
generalized by many researchers [2, 4, 6, 7, 19,21–25,27].

In the present paper, just as with the generalized Fibonacci sequence and
others, we define a generalization for the Padovan sequence, which we call
the bi-periodic Padovan sequence. We obtain its Binet-like formula and
its generating function. Also, we define the matrix representation of the
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116 On the bi-periodic Padovan sequences

bi-periodic Padovan sequence and give various identities for the bi-periodic
Padovan sequence.

The Padovan sequence {Pn}n≥0 is defined by the third order recurrence

Pn+3 = Pn+1 + Pn(1)

with the initial conditions P0 = 1, P1 = 0 and P2 = 1. For relevance, we
consider as P−2 = P−1 = 0. The first few values of this sequence are

P0 = 1, P1 = 0, P2 = 1, P3 = 1, P4 = 1,

P5 = 2, P6 = 2, P7 = 3, P8 = 4, P9 = 5.

The recurrence (1) involves the characteristic equation

x3 − x− 1 = 0.

If its roots are denoted by α, β and γ then, the following equalities can be
derived

α+ β + γ = 0, αβ + αγ + βγ = −1, αβγ = 1.

Moreover, the Binet-like formula for the Padovan sequence is

(2) Pn = α̂αn + β̂βn + γ̂γn,

where

α̂ =
βγ + 1

(α− β)(α− γ)
, β̂ =

αγ + 1

(β − α)(β − γ)
, α̂ =

αβ + 1

(γ − α)(γ − β)
.

More information is available in [8–10,12,13,20] for the Padovan numbers.

2. Main results

In this section, a new generalization of the Padovan numbers is defined,
which shall also be called the bi-periodic Padovan sequence. Also, the Binet
formulas, generating functions, series, and partial sum formulas for these
sequences are investigated.

Definition 1. The bi-periodic Padovan sequences indicated by {pn}n≥0 is
defined by

pn =

{
apn−2 + pn−3, if n is even;
bpn−2 + pn−3, if n is odd.

n ≥ 2,

with the initial conditions p0 = 1, p1 = 0 and p2 = a, where a and b are
nonzero real numbers.

The first few elements of the bi-periodic Padovan sequences are

p0 = 1, p1 = 0, p2 = a, p3 = 1, p4 = a2,

p5 = a+ b, p6 = a3 + 1, p7 = b2 + ab+ a2.
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From the definition above, we obtain a nonlinear cubic equation for the
bi-periodic Padovan sequences by

x3 − abx− ab = 0.(3)

By λ, µ and δ we denote the roots of the equation (3). Hence, the following
relations are valid:

λ+ µ+ δ = 0, λµδ = ab, λµ+ λδ + µδ = −ab.

Theorem 1. The Binet-like formula of the bi-periodic Padovan numbers is

(4) pn =

{
xλn + yµn + zδn, if n is even;
uλn + vµn + wδn, if n is odd,

n ≥ 0,

with

x =
(µ− a)(δ − a)

(λ− µ)(λ− δ)
, y =

(λ− a)(δ − a)

(µ− λ)(µ− δ)
, z =

(λ− a)(µ− a)

(δ − λ)(δ − µ)
,

and

u =
a+ b− µ− δ

(λ− µ)(λ− δ)
, v =

a+ b− λ− δ

(µ− λ)(µ− δ)
, w =

a+ b− λ− µ

(δ − λ)(δ − µ)
.

Proof. With the characteristic equation (3) and its roots λ, µ and δ, assume
the general solution of the difference equation above is

pn =

{
xλn + yµn + zδn, n = 2k;

uλn + vµn + wδn, n = 2k + 1,
k ∈ N.

Now, we determine the coefficients x, y, z, u, v and w. By the initial
conditions, we have

p0 = x+ y + z = 1,

p2 = xλ2 + yµ2 + zδ2 = a,

p4 = xλ2 + yµ2 + zδ2 = a2,

and

p1 = uλ+ vµ+ wδ = 0,

p3 = uλ3 + vµ3 + wδ3 = 1,

p5 = uλ5 + vµ5 + wδ5 = a+ b.

We can obtain that

x =
(µ− a)(δ − a)

(λ− µ)(λ− δ)
, y =

(λ− a)(δ − a)

(µ− λ)(µ− δ)
, z =

(λ− a)(µ− a)

(δ − λ)(δ − µ)

and

u =
a+ b− µ− δ

(λ− µ)(λ− δ)
, v =

a+ b− λ− δ

(µ− λ)(µ− δ)
, w =

a+ b− λ− µ

(δ − λ)(δ − µ)
. □



118 On the bi-periodic Padovan sequences

Proposition 1. The bi-periodic Padovan sequence {pn}n≥0 convinces with
the following properties:

(5) p2k+1 = (a+ b)p2k−1 − abp2k−3 + p2k−5,

(6) p2k = (a+ b)p2k−2 − abp2k−4 + p2k−6.

Proof. Using Definition 1, we get

p2k+1 = bp2k−1 + p2k−2 = bp2k−1 + ap2k−4 + p2k−5

= bp2k−1 + a(p2k−1 − bp2k−3) + p2k−5

= bp2k−1 + ap2k−1 − abp2k−3 + p2k−5

= (a+ b)p2k−1 − abp2k−3 + p2k−5.

Similarly, by Definition 1, we have

p2k = ap2k−2 + p2k−3 = ap2k−2 + bp2k−5 + p2k−6

= ap2k−2 + b(p2k−2 − ap2k−4) + p2k−6

= ap2k−2 + bp2k−2 − abp2k−4 + p2k−6

= (a+ b)p2k−2 − abp2k−4 + p2k−6. □

Theorem 2. The generating function for the bi-periodic Padovan sequences
is

Gp(x) =
−x3 + bx2 − 1

x6 − abx4 + (a+ b)x2 − 1
.(7)

Proof. Let us assume that Gp(x) =
∑∞

k=0 pkx
k is the generation function of

the bi-periodic Padovan sequences. Thus, we have

Gp(x) =

∞∑
k=0

p2kx
2k +

∞∑
k=0

p2k+1x
2k+1.

Let Ga
p(x) =

∑∞
k=0 p2kx

2k and Gb
p(x) =

∑∞
k=0 p2k+1x

2k+1. By multiplying
Ga

p(x) through by −1, −abx4, (a+ b)x2 and x6, respectively, we get

−Ga
p(x) = −p0 − p2x

2 − p4x
4 −

∞∑
k=3

p2kx
2k,

−abx4Ga
p(x) = −abp0x

4 − ab

∞∑
k=3

p2k−4x
2k,

(a+ b)x2Ga
p(x) = (a+ b)p0x

2 + (a+ b)p2x
4 + (a+ b)

∞∑
k=3

p2k−2x
2k,

x6Ga
p(x) =

∞∑
k=3

p2k−6x
2k.
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Using (6), we have

Ga
p(x) =

bx2 − 1

x6 − abx4 + (a+ b)x2 − 1
.

In a similar way, we obtain

Gb
p(x) =

−x3

x6 − abx4 + (a+ b)x2 − 1
.

By summing the two parts side by side we obtain the desired result:

Gp(x) =
−x3 + bx2 − 1

x6 − abx4 + (a+ b)x2 − 1
.

Thus, the proof is completed. □

Theorem 3. The series for the bi-periodic Padovan sequences is
∞∑
k=0

pk
xk

=
x6 − bx4 + x3

x6 − (a+ b)x4 + abx2 − 1
.

Proof. It is proven by substituting 1
x instead of x in the equality (7). □

Theorem 4. The exponential generating function for the bi-periodic Padovan
sequences is

∞∑
n=0

pn
tn

n!
=

{
xeλt + yeµt + zeδt, if n is even;
ueλt + veµt + weδt, if n is odd,

n ≥ 0.

Proof. For n ≥ 0 and using equality (4), we have

∞∑
n=0

pn
tn

n!
=


x

∞∑
n=0

(λt)n

n!
+ y

∞∑
n=0

(µt)n

n!
+ z

∞∑
n=0

(δt)n

n!
, if n is even;

u
∞∑
n=0

(λt)n

n!
+ v

∞∑
n=0

(µt)n

n!
+ w

∞∑
n=0

(δt)n

n!
, if n is odd,

=

{
xeλt + yeµt + zeδt, if n is even;
ueλt + veµt + weδt, if n is odd.

□

Theorem 5. The sum of the first n terms of the sequence {pn} is
n∑

k=0

pk =
pn−3 + pn−2 + pn+1 + pn+2 + (1− ab)(pn + pn−1) + b− 2

a+ b− ab
.

Proof. Let
n∑

k=0

pk =

n
2∑

k=0

p2k +

n
2
−1∑

k=0

p2k+1.
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The even part of the above sums is solved as follows. We know that (6):

p2k = (a+ b)p2k−2 − abp2k−4 + p2k−6.

So, we have
p2k − p2k−6 = (a+ b)p2k−2 − abp2k−4.

Applying to the identity above, we deduce that

p6 − p0 = (a+ b)p4 − abp2,

p8 − p2 = (a+ b)p6 − abp4,

p10 − p4 = (a+ b)p8 − abp6,

...
pn − pn−6 = (a+ b)pn−2 − abpn−4.

If we sum of both of sides of the identities above, we obtain,

pn+2 + pn + pn−2 − abpn + b− 1 = (a+ b− ab)

n
2∑

k=0

p2k.

The odd part is solved in a similar way and we get

pn+1 + pn−1 + pn−3 − abpn−1 − 1 = (a+ b− ab)

n
2
−1∑

k=0

p2k+1.

Therefore, we obtain
n∑

k=0

pk =

n
2∑

k=0

p2k +

n
2
−1∑

k=0

p2k+1

=
pn−3 + pn−2 + pn+1 + pn+2 + (1− ab)(pn + pn−1) + b− 2

a+ b− ab
. □

3. The bi-periodic Padovan matrix sequence

In this section, the bi-periodic Padovan matrix sequence of the Padovan
numbers is defined and the Binet formulas, generating functions, series, and
partial sum formulas for these sequences are investigated.

Definition 2. Let a, b ∈ R−{0}. The bi-periodic Padovan matrix sequences
{Mpn}n≥0 is defined by

(8) Mpn =

{
aMpn−2 +Mpn−3, if n is even;
bMpn−2 +Mpn−3, if n is odd,

n ≥ 3.

with initial conditions

Mp0 =

1 0 0
0 1 0
0 0 1

 , Mp1 =

0 1 0
0 0 1
1 a 0

 , Mp2 =

0 0 1
1 a 0
0 1 a

 .
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Proposition 2. Let {Mpn}n≥0 be the bi-periodic Padovan matrix sequence.
The following relations are valid:

Mp2k+1 = (a+ b)Mp2k−1 − abMp2k−3 +Mp2k−5,(9)
Mp2k = (a+ b)Mp2k−2 − abMp2k−4 +Mp2k−6.(10)

Proof. Using (8), we have

Mp2k+1 = bMp2k−1 +Mp2k−2

= bMp2k−1 + aMp2k−4 +Mp2k−5

= bMp2k−1 + a (Mp2k−1 − bMp2k−3) +Mp2k−5

= bMp2k−1 + aMp2k−1 − abMp2k−3 +Mp2k−5

= (a+ b)Mp2k−1 − abMp2k−3 +Mp2k−5,

and we write

p2k = aMp2k−2 +Mp2k−3

= aMp2k−2 + bMp2k−5 +Mp2k−6

= aMp2k−2 + b (Mp2k−2 − bMp2k−4) +Mp2k−6

= aMp2k−2 + bMp2k−2 − abMp2k−4 +Mp2k−6

= (a+ b)Mp2k−2 − abMp2k−4 +Mp2k−6. □

Theorem 6. The generating function for the bi-periodic Padovan matrix
sequence {Mpn}n≥0 is

(11) G(x) =


ax5−abx4−x3+(a+b)x2−1

x6−abx4+(a+b)x2−1
x4+ax3−x

x6−abx4+(a+b)x2−1
−x5+bx4−x2

x6−abx4+(a+b)x2−1

−x5+bx4−x2

x6−abx4+(a+b)x2−1
−x3+bx2−1

x6−abx4+(a+b)x2−1
x4+ax3−x

x6−abx4+(a+b)x2−1

x4+ax3−x
x6−abx4+(a+b)x2−1

−x5+(b−a)x4+a2x3−x2−ax
x6−abx4+(a+b)x2−1

−x3+bx2−1
x6−abx4+(a+b)x2−1

.
Proof. We know that

G(x) =

∞∑
k=0

Mp2kx
2k +

∞∑
k=0

Mp2k+1x
2k+1.

Let Ga(x) =
∑∞

k=0Mp2kx
2k and Gb(x) =

∑∞
k=0Mp2k+1x

2k+1. Multiplying
Ga(x) by −1, −abx4, (a+ b)x2 and x6, respectively, we get

−Ga(x) = −Mp0 −Mp2x
2 −Mp4x

4 −
∞∑
k=3

Mp2kx
2k,

−abx4Ga(x) = −abMp0x
4 − ab

∞∑
k=3

Mp2k−4x
2k,

(a+ b)x2Ga(x) = (a+ b)Mp0x
2 + (a+ b)Mp2x

4 + (a+ b)

∞∑
k=3

Mp2k−2x
2k,
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x6Ga(x) =
∞∑
k=3

Mp2k−6x
2k.

By the equalities above and using (9), we reach the following

Ga(x) =



(a+ b)x2 − abx4 − 1

x6 − abx4 + (a+ b)x2 − 1

−x4

x6 − abx4 + (a+ b)x2 − 1

−x2 + bx4

x6 − abx4 + (a+ b)x2 − 1
bx4 − x2

x6 − abx4 + (a+ b)x2 − 1

bx2 − 1

x6 − abx4 + (a+ b)x2 − 1

x4

x6 − abx4 + (a+ b)x2 − 1
x4

x6 − abx4 + (a+ b)x2 − 1

(b− a)x4 − x2

x6 − abx4 + (a+ b)x2 − 1

bx2 − 1

x6 − abx4 + (a+ b)x2 − 1

.

Multiplying Gb(x) by −1, −abx4, (a+ b)x2 and x6, respectively, we get

−Gb(x) = −Mp1x−Mp3x
3 −Mp5x

5 −
∞∑
k=3

Mp2k+1x
2k+1,

−abx4Gb(x) = −abMp1x
5 − ab

∞∑
k=3

Mp2k−3x
2k+1,

(a+ b)x2Gb(x) = (a+ b)Mp1x
3 + (a+ b)Mp3x

5 + (a+ b)
∞∑
k=3

Mp2k−1x
2k+1,

x6Gb(x) =
∞∑
k=3

Mp2k−5x
2k+1.

By the equalities above and using (10), we reach the following

Gb(x) =



ax5 − x3

x6 − abx4 + (a+ b)x2 − 1

ax3 − x

x6 − abx4 + (a+ b)x2 − 1

−x5

x6 − abx4 + (a+ b)x2 − 1
−x5

x6 − abx4 + (a+ b)x2 − 1

−x3

x6 − abx4 + (a+ b)x2 − 1

ax3 − x

x6 − abx4 + (a+ b)x2 − 1
ax3 − x

x6 − abx4 + (a+ b)x2 − 1

a2x3 − x5 − ax

x6 − abx4 + (a+ b)x2 − 1

−x3

x6 − abx4 + (a+ b)x2 − 1

.

Hence, we obtain

G(x) = Ga(x) +Gb(x)

=


ax5−abx4−x3+(a+b)x2−1

x6−abx4+(a+b)x2−1
−x4+ax3−x

x6−abx4+(a+b)x2−1
−x5+bx4−x2

x6−abx4+(a+b)x2−1
−x5+bx4−x2

x6−abx4+(a+b)x2−1
−x3+bx2−1

x6−abx4+(a+b)x2−1
−x4+ax3−x

x6−abx4+(a+b)x2−1
−x4+ax3−x

x6−abx4+(a+b)x2−1
−x5+(b−a)x4+a2x3−x2−ax

x6−abx4+(a+b)x2−1
−x3+bx2−1

x6−abx4+(a+b)x2−1

. □

Theorem 7. The series of the bi-periodic Padovan matrix sequence
{Mpn}n≥0 is

S(x) =



x6 − (a+ b)x4 + x3 + abx2 − ax

x6 − (a+ b)x4 + abx2 − 1

x5 − ax3 + x2

x6 − (a+ b)x4 + abx2 − 1

x4 − bx2 + x

x6 − (a+ b)x4 + abx2 − 1
x4 − bx2 + x

x6 − (a+ b)x4 + abx2 − 1

x6 − bx4 + x3

x6 − (a+ b)x4 + abx2 − 1

x5 − ax3 + x2

x6 − (a+ b)x4 + abx2 − 1
x5 − ax3 + x2

x6 − (a+ b)x4 + abx2 − 1

ax5 + x4 − a2x3 + (a− b)x2 + x

x6 − (a+ b)x4 + abx2 − 1

x6 − bx4 + x3

x6 − (a+ b)x4 + abx2 − 1

.

Proof. It is proven by substituting 1
x instead of x in the equality (11). □
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Theorem 8. The sum of the first n terms of the matrix sequence {Mpn} is
n∑

k=0

Mpk =
Mpn+2 +Mpn+1 +Mpn−2 +Mpn−3 + (1− ab) (Mpn−1 +Mpn)

a+ b− ab

+


2a+b−ab−1
a+b−ab

a−2
a+b−ab

b−2
a+b−ab

b−2
a+b−ab

b−2
a+b−ab

a−2
a+b−ab

a−2
a+b−ab

a2+b−2a−2
a+b−ab

b−2
a+b−ab

 .

Proof. Let
n∑

k=0

Mpk =

n
2∑

k=0

Mp2k +

n
2
−1∑

k=0

Mp2k+1.

The even part of the above function is solved as follows. Let’s start the proof
using the identity (9).

Mp2k −Mp2k−6 = (a+ b)Mp2k−2 − abMp2k−4.

Thence

Mp6 −Mp0 = (a+ b)Mp4 − abMp2,

Mp8 −Mp2 = (a+ b)Mp6 − abMp4,

Mp10 −Mp4 = (a+ b)Mp8 − abMp6,

...
Mpn −Mpn−6 = (a+ b)Mpn−2 − abMpn−4.

When it is summed side by side, the following equality is obtained:

Mpn+2 +Mpn +Mpn−2 − abMpn

+

a+ b− ab− 1 −1 b− 1

b− 1 b− 1 −1

−1 b− a− 1 b− 1



= (a+ b− ab)

n
2∑

k=0

Mp2k.

The odd part of the above function is also solved as follows. Using the
identity (10):

Mp2k+1 −Mp2k−5 = (a+ b)Mp2k−1 − abMp2k−3.

Thence
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Mp7 −Mp1 = (a+ b)Mp5 − abMp3,

Mp9 −Mp3 = (a+ b)Mp7 − abMp5,

Mp11 −Mp5 = (a+ b)Mp9 − abMp7,

...
Mpn−1 −Mpn−7 = (a+ b)Mpn−3 − abMpn−5.

When it is summed side by side, the following equality is obtained:

Mpn+1 +Mpn−1 +Mpn−3 − abMpn−1

+

 a a− 1 −1

−1 −1 a− 1

a− 1 a2 − a− 1 −1



= (a+ b− ab)

n
2
−1∑

k=0

Mp2k+1.

Using both results,

Tn =
Mpn+2 +Mpn+1 +Mpn−2 +Mpn−3 + (1− ab) (Mpn−1 +Mpn)

a+ b− ab

+


2a+b−ab−1
a+b−ab

a−2
a+b−ab

b−2
a+b−ab

b−2
a+b−ab

b−2
a+b−ab

a−2
a+b−ab

a−2
a+b−ab

a2+b−2a−2
a+b−ab

b−2
a+b−ab


is obtained. □

4. Conclusion

Special numbers and their generalizations and applications are important
in mathematics and applied sciences. In this study, a novel generalization
of the Padovan sequence, called the bi-periodic Padovan sequence, was dis-
cussed, and its matrix representation was provided. The Binet-like formula,
generating functions, series, partial sum formulae, and various identities were
found for the bi-periodic Padovan sequences.
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