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Fixed and coincidence point theorems on
partial metric spaces with an application

ROHIT KUMAR, NEERAJ GARAKOTI,
NAVEEN CHANDRA*, MAHESH C. JOSHI

ABSTRACT. The aim of this paper is to investigate some fixed and co-
incidence point theorems in complete, orbitally complete and (7, f)-
orbitally complete partial metric spaces under the generalized contrac-
tive type conditions of mappings. Moreover, our results generalize and
extend the several obtained results in the literature. Additionally some
non-trivial examples are demonstrated, and an application has discussed
to integral equations.

1. INTRODUCTION

Fixed point theory is an interdisciplinary branch of mathematical sciences
which can be applied in several areas of mathematics and other fields, viz.,
game theory, mathematical economics, optimization problems, approxima-
tion theory, initial and boundary value problems in ordinary and partial
differential equations, integral equations, variational inequalities, and many
others. The most fundamental result in fixed point theory that influenced
several researchers was due to the Polish mathematician Stefan Banach [9] in
1922, and this result is popularly known as the Banach contraction principle
(BCP).

Because new discoveries of spaces and their properties are always inter-
esting to researchers in mathematics, so many researchers have attempted
to generalize the metric space structure by weakening the properties of the
metric. Among them, Matthews [22| introduced the concept of the partial
metric space which is one of the most important generalization of the metric
space. Interestingly, Matthews explored applications of partial metric spaces
in the field of computer science, especially in the study of denotational se-
mantics of programming languages and algorithms. In fact, partial metrics
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play an important role to construct models in the theory of computation
and domain theory of computer science (see also [16]). Moreover, Matthews
[22] also extended the BCP in the setting of partial metric spaces. There-
after, in the view of several applications, this result has been generalized in
various ways in partial metric spaces, see [1-6,8,10, 13, 14,20, 24, 25, 28-30]
and references therein.

Throughout the further discussion, N and R* will denote the set of posi-
tive integers and set of non-negative reals, respectively. We now recall some
important definitions and lemmas as follow.

Definition 1 ([22]). A partial metric on a non-empty set X is a function
p: X x X — R, such that for all z,y,z € X:

(1) p(z,x) = py,y) = ple,y) < z=y;
(p2) p(z,z) < p(z,y);

(p3) p(z,y) = p(y, );

(pa) p(z,y) < plz,2) +p(2,y) — p(2,2).
The pair (X, p) is called a partial metric space.

)

Remark 1. Let (X, p) be a partial metric space. Then p(z,z) = 0 implies
x =y, but on the contrary p(z, z) need not be zero.

Remark 2. Let (X, p) be a partial metric space. Then open p-ball at z € X
with radius € > 0 is defined by By(z,€) = {y € X : p(z,y) < e+ p(z,x)}.
Also, the family of open p-balls {By(z,€) : © € X,e > 0} is a base for the
topology 7, on X, and with respect to this topology, the space (X,p) is a
Ty space.

Remark 3. Let (X, p) be a partial metric space. Then the functions p®, pt :

X x X — R* given by p*(z,y) = 2p(z,y) — p(z, ) — p(y,y) and p'(z,y) =
max{p(z,y) — p(x,z),p(x,y) — p(y,y)} are metrics on X.

Definition 2 ([3,19,22,23]). Let (X, p) be a partial metric space. Then,
(i) a sequence {x,} in X is convergent to a point z € X if and only if
pla.x) = lm pla,,2);
n oo

(ii) a sequence {z,} in X is called Cauchy sequence if lim p(zy, )
n,M—00

exists and is finite;
(iii) (X,p) is said to be complete if every Cauchy sequence {z,} in X
converges, with respect to 7,, to a point z € X such that p(z,z) =

lim  p(xn, zm);
n,Mm—00

(iv) a mapping 7' : X — X is said to be continuous at zg € X if for
every € > 0, there exists § > 0 such that T'(By(zo,9)) € Bp(T'zo, €).

Lemma 1 ([3,19,22,23]). Let (X,p) be a partial metric space. Then,
(i) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy
sequence in (X, p®);
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(i) (X,p) is complete if and only if (X,p®) is complete. Furthermore,
lim d(zy,z) =0 if and only if

n—oo

ple,a) = T p(ea, ) = T plra, o),

Lemma 2 ([17]). Assume z, — = as n — o0 in a partial metric space

(X,p) such that p(x,z) = 0. Then lim p(x,,y) = p(z,y) for every y € X.
n—oo

Recently, Kumar et al. [21] have proved a fixed point result on a complete
metric space (X, d) for a mapping 7' : X — X satisfying a non-expansive
type condition, such that for all x,y € X:

d(Tz,Ty) < ad(z,y) + Bld(z, Tz) + d(y, Ty)]
+ v [d(z, Ty) + d(y, Tz)] + 6 [M (2, y) + hm(z,y)],

where @« > 0; £,7,0 > 0; 0 < h < 1; a+28+2y+26 = 1; M(z,y) =
max{d(z,Ty),d(y,Tz)} and m(x,y) = min{d(x,Ty), d(y, Tz)}.

In this paper, we will present some fixed and coincidence point theorems
for generalized type contractions in partial metric spaces. The approach is
based on fixed point results obtained by Kumar et al. [21] in the settings of
the partial metric under similar type of contractive conditions. Our results
are the extensions of Banach’s contraction, Kannan’s contraction, Chatter-
jea’s contraction and Ciri¢’s contraction of metric spaces to partial metric
spaces. Moreover, we show that our results are also true in orbitally com-
plete and (T, f)-orbitally complete partial metric spaces, which generalize
and extend the conclusions obtained in the literature. In addition, we have
given some non-trivial examples to demonstrate our results, and applications
have obtained to integral equations.

2. MAIN RESULTS

Theorem 1. Let (X,p) be a complete partial metric space and let T : X —
X be a mapping satisfying

p(Tz,Ty) < ap(z,y) + Bp(z, Tx) + py, Ty)]
(1) +v[p(x, Ty) + p(y, T)]
+ 6 [Mp(z,y) + hmy(z, y)],

forallz,y e X, where 0 <h <1 and a>0,5,7,0 >0 with a4+ 26+ 2y +
26 <1, and

My(x,y) = max{p(z,Ty), p(y, Tx)},
myp(z,y) = min{p(z, Ty), p(y, Tx)}.
Then T has a unique fized point.
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Proof. Let g € X be an arbitrary. Now, we define a sequence {z, € X :
n € NU{0}} such that z,+1 = Tz, = T"xo. Then, by (1), we have
P(xn, Tpt1) = p(Txp—1,Txy)
< ap(@p—1,2n) + BP(Tn-1, Tn) + P(Tn, Tni1)]
+YP(@n—1, Tns1) + P(Tn, T0)]
+ §[Mp(xp—1,2n) + hmy(zn—1,2n)],
which implies
(T, Tny1) < (5[max{p(a}n_1,xn+1),p(mn,xn)}
(2) + h min{p(zn—1, Tni1), P(Tn, wn)}]
+ (@ + B+ 7)p(@n-1,2n) + (B + 7)p(Tn, Tni1).

If p(zpn, nt1) > p(xp—1,zy) for some n, then (2) implies

P(Tn, Tpt1) < 5[max{p(wn_1,xn+1),p(xn, Tn)}
+ h min{p(zn—_1, Tn+1),p(Tn, :cn)}]
+ (@ + 28 + 27)p(xn, Tni1)-
Now either p(zp—_1,Tnt1) = p(Zn, Tn) or p(Tn—1,Znt1) < p(Tn,zy,) in above
inequality. But, in both cases, we get p(xn, Tnt1) < p(@n, Tnt1), which is
not true. Hence, p(xy, Tnt1) < p(Xp_1,xy,) for all n. Also, by (2), we have
P(Tny Tnt1) < 5[max{p(:vn,1, Tpt1), P(Tny Tn) }
(3) + h min{p(zy—1, Tn41), p(Tn, xn)}]
+ (@428 + 27)p(xzn—1, Tn).
We consider the following two cases:

Case 1: If max{p(zn—1,Tn+1),0(Tn,Tn)} = p(Tn—1, Tnt1), then (3) implies

p(xnaxn—i-l) < 5[2p(xn—laxn) - (1 - h)P(ﬂUmen)]
+ (a+ 28+ 27) p(zp—1,xn)
< (a+2B842y+20)p(xp-1,z,), since h < 1.
Case 2: If max{p(zn—1,Zn+1),p(Tn, xn)} = p(xn,xy), then (3) implies

P(@n, Tnt1) < [p(Tn, Tn) + hp(@n—1, Tnt1)]
+ (o + 28 + 27) p(Tn-1,Tn)
<1+ h)p(xn, xzn) + (@ + 268+ 279) p(zp—1,Ty)
<61+ h)p(an—1,2n) + (@ + 28+ 27) p(an-1,2n) (by (p2))
< (a+2B+42y+2)p(rp-1,zn), since h < 1.

Thus, in both cases, we conclude that p(x,,xn+1) < kp(xn—1,2,) for all
n € N, where k = (a + 28 + 2y + 20) < 1.
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We now show that {z,} is a Cauchy sequence in X. Let m,n > 0 with
m > n, then by (p4), we have
P(@n, Tm) < P(Tn, Tnt1) + P(Tnt1s Tnt2) + oo+ P(Tntm—1, Tm)
= P(@nt1, Tnt1) — P(Tnt2, Tnt2) — - — P(Tntm—1, Tntm—1)
< k"p(wo, 21) + k" p(xo, 21) + o+ KT p(ao, 11)

1—km!
S kn <1k> p(x0,$1)-

Making n,m — oo, we get lim p(zy,z,) = 0. Hence {x,} is a Cauchy
n,Mm—00

sequence in X, so by Lemma 1, it is also a Cauchy sequence in the metric
space (X,p*). Thus the sequence {z,} converges to x € X because (X,p)
is complete. Moreover,

(4) lim p(zp,2m) = lim p(zy,x) = p(z,z) = 0.

n,m—00 N—00
Further, we show that x is a fixed point of T. Also, for every n, we have
p(z,Tz) < p(z,Txy,) + p(Txy, Tx) — p(Txn, Txy).
Taking n — oo in this inequality, we get p(z,Tz) < p(Tx,Tx). Hence, by
(p2), we get
(5) p(z,Tx) = p(Tx,Tx).
Again from (1), we have
p(z, Tx) < p(x,Txy) + p(Txp, Tx) — p(Txy, Ty)
< p(@, 2n41) + ap(@n, @) + Blp(an, Ten) + p(z, Tz)]
+v[p(xn, Tx) + p(x, Ta,)] + 0[My(xn, ) + hmy(xy, x)]
< p(@, Tny1) + op(an, 7)
+ Blp(an, x) + p(x, Tny1) — p(z, 7) + p(z, Tx)]
+7Ip(@n, x) + p(z, Tz) — p(, ©) + p(z, Tni1)]
+ 6[Mp(xn, x) + hmp(xn, x)]
< 1+ B+7)p(@, 2n41) + (@ + B+ 7)p(zn, ) + (B + 7)p(2, Tx)
+ d[max{p(xn, Tx),p(x, Txy)} + h min{p(x,, Tx),p(x, Tx,)}].
Again we consider the following cases:
Case 1: If max{p(zpn,T2),p(z,Txy)} = p(zn, Tx), then
p(z,Tx) < (W)P(%l‘nﬂ) + (W
Case 2: If max{p(z,,Tz),p(x,Tx,)} = p(x,Txy,), then

1+B8+y+0 +B+y+ho
plo ) < (=5 o)+ (50 oo

)p(xn,a:).
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Thus, taking n — oo in both cases, we get

(6) p(z,Tx) = 0.

From (4), (5) and (6), we get

(7) p(Tx,Tz) = p(z,Tx) = p(z,z) = 0.

Hence, by (p1) and (7), we get x = Tz, i.e., x is a fixed point of T.
To show the uniqueness, we suppose that y is another fixed point of 7.
Then, by (1), we get
p(z,y) = p(Tz, Ty)
< ap(z,y) + Blp(z, Tz) + p(y, Ty)] + v[p(z, Ty) + p(y, T'z)]
+ d[max{p(z, Ty),p(y, Tx) } + hmin{p(z, Ty), p(y, Tz)}]
< [+ 2y + (1 + h)o]p(z, y),
which implies p(z,y) = 0, that is, z = y. This completes the theorem. [

We now consider the following example in the support of Theorem 1.

Example 1. Let X = [0,400). Then (X, p), where p(x,y) = max{z,y}, is
a complete partial metric space. Define T': X — X by

Lo ifo<t<1;
Tt)=9 ¢ .
ift>1.

Then T satisfies all the conditions of the Theorem 1 for o = %, B,7,6 € (0, %)
and 0 < h < 1. Moreover, 0 € X is the only fixed point of T'.

Next we prove another result for a pair of mappings as follows.

Theorem 2. Let (X,p) be a complete partial metric space and let T, f :
X — X be mappings satisfying

p(Tx, Ty) < ap(fz, fy) + Blp(fx, Tx) + p(fy, Ty)]
(8) +vp(fz,Ty) + p(fy, Tz)]
+ 0[M (z,y) + hm)(z,y)],

forallz,y € X, where0 <h <1 and a>0,8,v,0 >0, with o+ 25+ 2y +
20 <1, and

M (z,y) = max{p(fz, Ty). p(fy, Tx)},
mj (,y) = min{p(fz,Ty), p(fy, Tx)}.

If T(X) C f(X) and f(X) is a complete subspace of X, then T and f have
a unique coincidence point.
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Proof. Let zp € X be an arbitrary. Since T(X) C f(X), we define a se-
quence {fz, : n € NU{0}} such that fz,4+1 = Tx,. Then, by (8), we
have
P(fTnt1, fons2) < ap(fan, fongr) + Blp(fan, Tan) + p(fTni1, Tony1)]
+[P(f2n, Teni1) + p(fons1, Ton)]
+ 5[M;{(xm Tnt1) + hm;{(xna Tnt1)),
which implies
P(fTnt1, frnsa) < 6[max{p(frn, frnia), P(fTnt, fTns1)
+ hmin{p(fn, frn+2), P(fTni1, fTni1)}]
+(a+ B +7)p(fen, frni)
+ (B4 7)p(fons1, foni2).
If p(frnt1, frnt2) > p(fan, frnsr) for some n, then (9) implies
P(fTni1, fony2) < S[max{p(fen, foni2), p(fTni1, fTni1)
+ hmin{p(fn, fen+2), P(fTni1, fTni1)}]
+ (a+ 26+ 29)p(font1, fonya)-

Now, in above inequality, either p(fxn, foni+2) > p(fopt1, fTne1) or

p(fn, frni2) < p(fTni1, frni1). But, in both cases, we get p(f@ni1, fTni2)
< p(frps1, frni2), which is not true.

Hence, p(f2ns1, fEnt2) < p(fen, fras1) for all n. Also, by (9), we have

(9)

P(fens1, fenie) < [ max{p(fan, frni2), p(fTnt1, frnir)
(10) + hmin{p(fn, frni2), p(frni1, f$n+1)}]
+ (@ + 26+ 29)p(fon, foni1).
We consider the following two cases:
Case 1: If max{p(fzn, frni2), D(fTn+t1, fTn+1)} = p(fTn, [Tni2), then (10)
implies
p(fony1, frny2) < O02p(fn, foni1) — (1 — R)p(frnit, foni1)]
+ (@ + 26+ 29)p(fon, frns1)
<(a+2B8+2y+20)p(fen, frny1), since h < 1.

Case 2: If max{p(fzn, frnt2),p(fTnt1, frnt1)} = p(fTn+1, fTny1), then
(10) implies
P(fn+1, font2) < OP(fontr, frns1) + ho(fon, fTni2)]
+ (0 + 28+ 29)p(fzn, frni1)
< O[(L+ h)p(fn, fenia)] + (@ + 28+ 29)p(fan, foni1)
<(a+284+2y+20)p(fen, frny1), since h < 1.
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Thus, in both cases, we conclude that p(fznt1, fXni2) < kp(fTn, frni1),
for all n € NU {0}, where k = (a 4+ 28 + 2y + 20) < 1.

We now show that {fz,} is a Cauchy sequence in X. Let m,n > 0 with
m > n, then by (p4), we have

p<f$n7 fl'm) S p(fxm fmn—i-l) +p(fxn+1v fxn-‘rQ) + - +p(fxn+m—17 fxm)
—p(frpt1, fons1) — oo = P(fTnsm—1, [Tnym—1)
< K"p(fro, fr1) + k" p(fxo, fr1) + -+ KT p(Fao, far)

_ 1m—1
<E" <1lfk> p(fxo, fr1).

Making n,m — oo, we get lim p(fz,, fx,) = 0. Hence { fx,} is Cauchy
n,1Mm—00

sequence in X, so by Lemma 1, it is also a Cauchy sequence in the metric
space (X,p®). Thus the sequence {fz,} will converge to z € X because
(X, p) is complete. Moreover,

(11) n,},illloop(fx”’ frm) = lim p(fr,, fr) =p(fz, fz) = 0.

Further, we show that x is a coincidence point of f and T. Also, for every
n, we have

p(fx,Tx) < p(fx,Txy) + p(Txpn, Tx) — p(Tx), Txy).
Taking n — oo in this inequality, we get p(fz,Tx) < p(Tz,Tx). Hence, by
(p2), we get
(12) p(fx,Tx) = p(Tx,Tx).
Again from (8),
p(fx,Tx) < p(fx,Tz,) + p(Txn, Tx) — p(Txn, Try)
< p(fz, fepi1) + ap(fan, fz) + Blp(frn, Txy) + p(fz, Tx)]
+[p(fan, Ta) + p(fo, Te,)] + S[M (2, 2) + hmj (zn, 2)].
< p(fz, frpt1) + ap(fan, fz)
+ Blp(fn, fx) + p(f2, fons1) — p(fz, fz) + p(fz, Tz)]
+p(fan, fz) +p(fz,Tx) — p(fz, fz) +p(f, fonii)]
+ O[M (20, 2) + hm] (2, 2)]
< (1+B+Mp(fz, fens1) + (@ + B+ 7)p(fn, f2)
+ (B+y)p(fr,Tx) + 6[max{p(fzn, Tx), p(fr, Txy)}
+ h min{p(fx,, Tz),p(fx, Ta:n)}} )
Again we consider the following cases:
Case 1: If max{p(fzn, Tz),p(fz,Txy)} = p(fz,, Tx), then

hé )

we have

)p(fl’n, fx).
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Case 2: If max{p(fzn, Tz),p(fz,Txy)} = p(fz,Tx,), then

plfa o) < (T Yol a4 ($ 2 ol fa),
Thus, taking n — oo in both the cases, we get

(13) p(fx,Tx) <0 = p(fz,Tz)=0.

Using equations (11), (12) and (13), we get

(14) p(Tx, Tx) = p(fz,Tx) = p(fz, fz) = 0.

Hence, by (p1) and (14), we get fx = Tz, i.e., x is a coincidence point of f
and T

To show the uniqueness, we suppose that y is another coincidence point
of fand T, ie., fy =Ty, fo = Tx. Then, from (8), we get

p(Tz, Ty) < ap(fz, fy) + Blp(fz, Tx) + p(fy, Ty)]
+[p(fx, Ty) + p(fy, Tx)] + [max{p(fz,Ty), p(fy, Tx)}

+ hmin{p(fz,Ty),d(fy, Tx)}]
= p(Tz,Ty) < (a+2y+ (1+h)d)d(Tz,Ty),

which implies Tx = Ty, and so fx = fy. This completes the proof. U
We further provide the following example in the support of Theorem 2.

Example 2. Let X = [0,1]. Then (X,p), where p(z,y) = max{z,y}, is a
complete partial metric space. Define mappings f and T on X by
x

f(x)=2 and T(x)za

Then f and T satisfy all the conditions of the Theorem 2, and zero is the
only coincidence point of f and T

Remark 4. Theorem 2 represents Theorem 1 for f = I (identity mapping).
Moreover, Theorem 5.3 of [22], Theorem 3 of [21]|, Theorem 1 of [18] and
Theorem 2.1 of [12] are special cases of Theorem 2.

Now we recall the notions of orbitally continuous mappings and orbitally
complete partial metric spaces defined by Karapinar and Erhan [19].

Definition 3 ([19]). Let (X, p) be a partial metric space. A mapping T :
X — X is called orbitally continuous if

lim p(T"™x, z) = p(z,2) = lim p(TT"x,Tz) =p(Tz,Tz), foreach x € X.
1—00

1—+00
Definition 4 ([19]). A partial metric space (X, p) is called orbitally com-
plete if every Cauchy sequence {T™iz} converges in (X, p), i.e., if

dim p(T"x, T"z) = lim p(T™x, z) = p(z,2), for each x € X.
1—00

1,]—0Q
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We further prove the following fixed point result under the assumption of
orbitally continuous mapping on orbitally complete partial metric spaces.

Theorem 3. Let (X, p) be an orbitally complete partial metric space and let
T:X — X be an orbitally continuous mapping satisfying

p(Tz,Ty) < ap(x,y) + Blp(x, Tx) + p(y, Ty)]
(15) +7[p(z, Ty) + p(y, Tx)]
+ 5[Mp(l‘, y) + hmp(z, y)],

forallz,y e X, where 0 <h <1 and a>0,5,7,0 >0 with a4+ 26 + 2y +
26 < 1, while My(z,y) and my(x,y) are defined as in Theorem 1. Then T
has a unique fized point.

Proof. Let xg be an arbitrary. We define a sequence {z,, € X : n € NU{0}}
such that zp,41 = Tz, = T"xo. If there exist n € N U {0} such that
p(Tn, Tn—1) = 0, then by (p2), we have p(xn—_1,2n—1) = p(xn,zy). Thus,
by (p1), we get p,—1 = x, = Txp_1. Suppose that p(x,,zp4+1) > 0 for all
n > 0. Now, using (15), we get
P(Tn+1, Tpt2) < ap(Tn, Tn1) + BIP(Tn, Tnt1) + P(Tnt1, Tnt2)]
(16) +YP(@n, Tnt2) + P(Tnt1, Tnt1)]
+ 0[Mp(Tn; Tpt1) + hmp(2p, Tny1)]-
We consider the following two cases:
Case 1: If max{p(zy,Zn+2), P(Tnt1, Tnt1)} = p(Tn, Tni2), then (16) implies
P(Tnt1, Tnye) < (a4 B+ +0)p(xn, Tni1) + (B+7+90) p(Tnt1, Tni2)
— (1 = h)op(zni1, Tnt1)
< (a +B+y+9
TNl ===

= klp(xn7$n+1), where k£, = <

)P(Cﬂmﬂfnﬂ) (since h < 1)
a+pB+v+0

—— 1.

5= <

Case 2: If max{p(zn,Tn+2),P(Tnt+1,Tn+1)} = D(Tn+1,Tns1), then (16) im-

plies
P(Tnt1, Tnye) < (a+ B+v+ hd) p(xn, Tpt1) + (B+ 7+ ) p(Tnt1, Tnia)
< (M
1-8—~v-9

= kop(zpn, Tnt1), where ko = (

)p(xmxn-i-l)

a+ﬂ+’7+h5) <l
1-8—v-9¢
Thus, in both cases, we conclude that p(x,41, Zni2) < kp(zp, Tne1) for all
n € NU {0}, where k = min{k, ka2 }.

Now, we show that {z,} is a Cauchy sequence in X. Without loss of
generality, we assume that n > m. Then, using above inequality and (p4),
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we have

P(Tns Tntm) < P(Tn; Tnt1) + P(Tnt1, Tny2) + D(Tnt2, Tngm)
= P(Tnt1, Tnt1) — P(Tnt2, Tnt2)
< p(@n, Tnt1) + p(Tnt1, Tnt2) + oo+ P(Tntm—1; Tntm)
< k"p(xo, x1) + K" p(xo, m1) + ...+ KT p(ao, 21)

1—kmt
<k — ,
<k ( T % )p(l“o,ﬂh)

Making n,m — oo, we get lirg p(xn, zy) = 0. Thus, by (p2), we
,M—00

have lim p(zp,z,) = 0 and lim p(zp,2m) = 0. Hence p*(zy,xm) =
n—oo m—0o0

20(xn, Tm) — P(Tn, Tn) — P(Tm, Tm) — 0 as n — o0o0. So, we conclude that
{zn} = {T"x0} is a Cauchy sequence in (X,p®). Since (X,p) is orbitally
complete, the sequence {T™z(} converges in the metric space (X,p®) to
ze X, ie., Jin;ops(T"xo, z) = 0. Again from Lemma 1, we have

(17) p(z,2z) = lim p(T"xzg,2) = lim p(T"xze, T™x) = 0.
n—oo

n,m—00
Suppose that p(z,Tz) > 0. Since T is orbitally continuous, by (17) we get
(18) T}Ln;op(T"xo,z) =p(z,2) = HILH;OP(TTH“TO’TZ) =p(Tz,Tz).
Now, we have

p(z,T2) < p(z, T ag) + p(T" g, Tz) — p(T" ag, T ag)

< p(z, T" M ag) + p(T™ g, T2).

Taking n — oo and using Lemma 2 with (18), we get

p(z,Tz) < T}i_}ngop(z,xn_i_g) + nli_)rrolop(Tono,Tz) =p(Tz,Tz).
From (pg) this is possible only if
(19) p(2,Tz) =p(Tz,Tz).
Hence, by (15), we get

p(2,12) < p(z,2n+41) + p(@n41,T2) — p(Tpt1, Tns1)

< p(z, xn—&-l) + ap(acn, Z) + ,B[p(.%'n, $n+1) +p(z, TZ)]
+p(@n, Tz) + p(z, Tan)] + 0[Mp(z,y) + hmp(z, y)].

We also consider the following two cases:
Case 1: If My(z,y) = p(xy,Tz), then

1+ B+7+ho
1—-B—q—6

a+B+y+4

p(T2) < ( Ry e

)p(27$n+1) + ( )p(azn,z).
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Case 2: If My(z,y) = p(z,Tx,), then

1 0 hd
P T2) < (T e ) + (§ g0 ot )

Thus, taking n — oo in both cases, we get

(20) p(2,T2) <0 = p(z,Tz)=0.
Using (17), (19) and (20), we have
(21) p(Tz,Tz) =p(z,Tz) =p(z,z) = 0.

From (p1) and (21), we get z = T'z, i.e., z is a fixed point of T.
Furthermore, let ¢ be another fixed point of 7', then from (15), we have

p(,t) = p(T2,Tt) < ap(z,1) + Blp(z T=) + p(t, T)]
+7[p(z, Tt) + p(t,Tz)] + 6| max{p(z, Tt),p(t, Tz)}
+ hmin{p(z, Tt), p(t, Tz)}]
< (a+2y+4+ (1+h)d)p(z,t)
p(z,t) <0 = p(zt)=0, thatisz=t,
which completes the proof. O

In 2012, Aydi et al. |7] introduced the concept of a partial Hausdorff metric
with CBP(X), the collection of all non-empty closed and bounded subsets
of X with respect to partial metric p. Thereafter, in 2016, Abdessalem
Benterki [11] used the concept of collection of closed subsets of X with
respect to partial metric p (say, CLP(X)) instead of closed and bounded
subsets of X. For any A, B,C € CLP(X) (resp. CBP(X)):

(i) p(a,C) =inf{p(a,x) : x € C}.
(ii) 4 (A, B) = sup{p(a, B) : a € A}.

(iii) d,(B,A) = sup{p(b, A) : b € B}.

(iv) pp(A, B) = sup{p(a,b) : a € A,b € B}.

Moreover, for all A, B € CLP(X) (resp. CBP(X)), we have

H,(A, B) = max {0,(A, B),0,(B, A)}.

Then H, is called the generalized partial Hausdorff metric (resp. partial
Hausdorff metric) induced by p.

We also cite the following definitions which are very useful to our next
result (see also, N. Chandra et al. [13] and references therein).

Definition 5. Let T be a self mapping of a partial metric space X. Then,
an orbit of T at a point z¢ € X is a sequence {z, : ©,, € Txp_1}.

Definition 6. Let T be a multi-valued mapping on a partial metric space
X. Then X is said to be T-orbitally complete if every Cauchy sequence of
the form {x, : x, € Tx,_1} is convergent in X in the sense of the partial
metric.
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Definition 7. Let f and T be a self mapping and a multi-valued mapping
on a partial metric space (X, p), respectively. If, for 2o € X, there exists a
sequence {x,} such that fx, € Tz,_1,n € N, then Of(x¢) = {fz, : n € N}
is called the orbit of (7 f) at xy. Furthermore, Of(x¢) is called a regular
orbit of (T, f) at xo, if p(fan, fens1) < Hy(Txp—1,Txy,), for every n € N.

Definition 8. Let f and T be a self mapping and a multi-valued map-
ping on a partial metric space (X,p), respectively. Then X is said to be
(T, f)-orbitally complete if every Cauchy sequence of the form {fz, : fz, €
Tx,_1} is convergent in the sense of the partial metric.

Lemma 3 (|7,8,13]). Let (X,p) be a partial metric space. Then,

(i) (X,p) is T-orbitally complete if and only if (X,p®) is T-orbitally
complete;

(ii) (X,p) is (T, f)-orbitally complete if and only if (X,p®) is (T, f)-
orbitally complete.

Lemma 4 (|7,8,13]). Let A,B € CLP(X) and a € A. Then, for any ¢ > 0
there exists a point b € B such that p(a,b) < Hp(A, B) +e.

Furthermost, we prove the following result for a pair of mappings under
the assumption of (7', f)-orbitally complete as follows.

Theorem 4. Let (X,p) be a partial metric spaces. Suppose that T : X —
CLP(X) and f : X — X are such that T(X) C f(X). If f(X) is (T, f)-
orbitally complete and, for oll z,y € X, the following condition is satisfying:

Hy(Tz, Ty) < ap(fz, fy) + Blp(fz, Tz) + p(fy, Ty)]
(22) +[p(fz, Ty) + p(fy, Tz)]
+ 0[M] (2,y) + hm}(2,y)],

where 0 < h <1 and a>0,8,7,6 >0 with a+28+27+26 < k < 1, while
Mg(x,y) and m},c(x,y) are defined as in Theorem 2. Then T and f have a
coincidence point, i.e., there exists a point z € X such that fz € Tz.

Proof. Let € > 0 such that u = k+¢€ < 1, and x( be an arbitrary point of X.
Since T'(X) C f(X), we choose a point x; € X such that fz; € T'zg. Clearly
p(fx1,Txy) > 0. If p(fx1,Tz1) = 0, then nothing to prove because in this
case fry € Txy. Assume p(fxq,Tx1) > 0, then by Lemma 4, there exists
fxo € Txy such that p(fzi, fre) < Hy(Txo, Tx1)+ep(fai, Txr). Similarly,
if p(fxe,Txs) > 0, then there exists fxg € Txo such that p(fxs, frs) <
H,(Tzy,Tx2) + ep(fra, Txz). Continuing this process, we construct a se-
quence {fz,} C f(X) such that p(fxpi1, fense) < Hp(Txp, Tany1) +
ep(fan, Txy) and frpy1 € T, for all n € NU {0}. Using (22), we get
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p(fxn—i-l: f$n+2) < Hp(Txm Twpi1) + ep(fon, T@"n)

< ap(fan, frni1) + Blp(frn, Ten) + p(frni1, Toni1)]
+y[p(fon, Teni1) + p(frnt1, Tzn)]
+ [max{p(fzn, Ton+1),p(fTnt1, Ton)}
+ hmin{p(fzn, Txni1), p(fTni1, T2n)}]
+ ep(fan, Txy,)

< ap(fan, frnt1) + Blp(fn, frnt1) + p(fTni1, frnio)]
+P(fn, frni2) + p(frni1, Tan)] + 6[p(fTn, fTni2),
+ hp(frns1, Ten)| + ep(fon, frni1)

< ap(fn, frni1) + Blp(fon, frnt1) + p(fTni1, fTni2)]
+p(fTn, frni2) + 0p(fn, frni2) + ep(fTn, frni1).

Now, ifp(fmm fxn—l—l) < p(frni1, frnye) forsomen € N, thenp(fxn+1, fxn+2)
< ap(frnt1, frnt2) < p(fTnt1, fTni2), which is a contradiction.
Hence p(fznt1, frnt2) < p(fzn, frns1) for all n € NU {0}, and so
P(frns1, frnyo) < pup(fon, froi).

Continuing in this way, we get

p(fxns1, fens2) < p"p(fro, f21).
Since p < 1, taking n — oo, we get p(fznt+1, fTni2) — 0 implies {fx,}
is a Cauchy sequence in f(X). Since f(X) is (T, f)-orbitally complete, the
sequence { fxz,} is convergent to a point a € f(X), that is,
(23) p(fZni1, fony2) = pla,a) = 0.
Also, a € f(X) implies that there exists a point z € X such that fz = a.
Now, we get
p(fz,Tz) <p(fz, fen+1) + p(frni1,Tz)
<p(fz fong1) + Hy(Tap, Tz)
< p(fz, fangr) + ap(fan, f2) + Blp(fon, Ten) + p(f2,T2)]
+7p(fon, T2) + p(fz, Tn)] + 6[Mp(x, y) + hmy(z, y)].
We now consider the following cases:
Case 1: If My(z,y) = p(fzpn,Tz), then

p(fZ, TZ) < p(fzv fanrl) + ap(fxn, fZ) + ﬁ[p(fxn, fl‘nJrl) + p(fzv TZ)]
+Yp(frn, T2) + p(f2, frn) + D(fTn, fat1)] + 6[p(frn, T2)
+ h{p(fzv f.CEn) + p(fxna ffl/‘n+1)}]-

Making n — oo, we get p(fz,Tz) < (B8 + v+ §)p(fz,Tz) which
implies p(fz,Tz) =0, since S +v+ 0 < 1.
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Case 2: If My(z,y) = p(fz,Txy), then

p(fz,Tz) < p(fz, fepi1) + ap(fn, f2) + Blp(fon, foni1) + p(fz,T%)]
+[p(fzn, T2) + p(f2, frn) + p(fon, frni1)] +0p(f2, fon)
+p(fon, frni1) + hp(fon, T2)].
Making n — oo, we get p(fz,Tz) < (8 + v+ hd)p(fz,Tz) which
implies p(fz,Tz) =0, since S+ v+ hd < 1.
Thus, in both cases, we conclude that fz € Tz, i.e., z is the coincidence

point of f and T. a

Remark 5. Theorem 4 is a proper generalization of Theorem 3 whenever
f = I (identity mapping) and X is T-orbitally complete. Moreover, The-
orem 5.3 of [22], Theorems 3 and 4 of [21], Theorems 1 and 2 of [18] and
Theorem 2.2 of [12] are also special cases of Theorem 4.

3. AN APPLICATION TO INTEGRAL EQUATIONS

In this section, we study the existence of the solution to a nonlinear
integral equation by using a result obtained in the previous section. First,
we consider the following integral equation:

T
(24) u(t) = /0 G(t,s)f(s,u(s))ds, forallte[0,T],

where T'> 0, f : [0,7] x Rt — Rt and G : [0,T] x [0,7] — [0, 00) are con-
tinuous functions. Let X = C(]0,7]) be the set of positive real continuous
functions on [0,7]. We endow X with partial metric D, defined by

Dy(u,v) = trer[l(?)T(] {u(t),v(t)}, for all u,v € X.

Obviously, (X, D,) is a complete partial metric space. Let (a,3) € X x
X, (ap, Bo) € RT x RT be such that

(25) ag < at) < B(t) < By, foralltel0,T].
Assume that for all ¢ € [0, 7], we have
T
(26) o)< [ Gl (s Bls)s
and
T
(27) B(t) > /0 G(t,s)f(s,a(s))ds.

Let f(s,-) be a decreasing function for all s € [0, T], that is,
(28) zyeR T withy<z = f(s,2) < f(s,y).
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Assume that

T
(29) max/ G(t,s)ds < 1.
te[0,7] Jo

Moreover, for any mapping 7 : X — X, we suppose that for all s € [0,7],
and for all z,y € RT with (z < 8y and y > ) or (z > o and y < ),

max {f(s,a:), f(s,y)} < amax{z,y}
+ ﬂ(max{x, Tz} + max{y, Ty)})
+ ’y(max{:c, Ty} 4+ max{y, Tx})
+6(M(z,y) + hm(z,y)),
where 0 < h < land o >0, 5, 7, § > 0 such that a +25+2v+4+2§ < 1, and
M (z,y) = max { max{z, Ty}, max{y, Tm}},
m(x,y) = min { max{z, Ty}, max{y, Tx}}

Theorem 5. Under assumptions (25)-(30), the integral equation (24) has a
solution in {u € C([0,T]) : a« < u(t) < B, forallt € [0,T]}.

Proof. We consider the closed subsets A; and As of X, defined by
Al ={ue X:u<pg}

(30)

and
Ay={ue X :u>a}.
Also, we define a mapping T': X — X by

T
Tu(t) = /0 G(t,s)f(s,u(s))ds, forallte [0,T].

Let us prove that
(31) T(Al) C Ay and T(AQ) C Ay

Suppose that u € A;, that is, u(s) < B(s) for all s € [0,T]. Since G(t,s) >0
for all ¢, s € [0,T], by (28) we obtain

G(t,s)f(s,u(s)) > G(t,s)f(s,B(s)), forallt,se[0,T].
This inequality and condition (26) imply that

T T
/0 G(t,s)f(s,u(s))ds > /0 G(t,s)f(s,B(s))ds > a(t), forallte[0,T].

Hence, Tu € Ay. Similarly, let u € As, that is, u(s) > «a(s), for all s € [0,T].
Since G(t,s) > 0 for all ¢, s € [0,T7], by (28) we obtain

G(t,s)f(s,u(s)) > G(t,s)f(s,a(s)), forallt,se[0,T].
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This inequality and condition (27) imply that
T T
/ G(t,s)f(s,u(s))ds < / G(t,s)f(s,a(s))ds < B(t), forallte[0,T].
0 0
Hence T'u € A;, and therefore condition (31) holds.

Now, let (u,v) € A; x Ay, that is, u(t) < B(t), v(t) > a(t), for all
t € [0, 7). Thus condition (25) implies that

u(t) < By, wv(t) > ag, forallte|0,T].
By conditions (29) and (30), for all ¢ € [0,T], we have

max{Txz,Ty} = maX/Gts s, x( /G’ts (s,y(s ds}
< [ Gt max{ (6,26 5w s
< /T G(t,s) {amax{x y}

+ ,B(max{x Tz} + max{y, Ty)})
(max{a: Ty} + max{y, T:E})

(M (z,y) + hm(x y))}ds
:/0 G(t,s) a max{a:,y)})}ds
) :5<max{x, Tz} + max{y, Ty)})} ds

/ G(t, s
+ /OT G(t,s) :’Y(max{a:,Ty} + maX{y,Tx})}ds
[t

) :5(M($, y) + hm(:v,y))}ds.
Thus, we have

Dp(Tx,Ty) < [O‘Dp(x7 Y)
+5(Dp(w Tz)+ D (y,Ty)) 7<D (z,Ty) +Dp(y,Tw))
+o(M (:Ey—l—hm:cy /Gts
< aDp(z,y) + B[ (2, Tx) + Dy(y, Ty)}

+ v [Dp(ac, Ty) + Dy(y, Tx)} + (5[M(x, y) +hm(z,y)|.
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Now, if M(z,y) = max{z, Ty}, we have
Dp(Tz, Ty) < aDy(w,y) + 5| Dy(w, ) + Dy(y, Ty)|
+7|Dy(@, Ty) + Dy(y, T)|
+6 [Dp(x, Ty) + hD,(y, Tg;)} ,
and if M (z,y) = max{y, Tz}, we have
Dp(Tx,Ty) < aDy(x,y) + [Dp(ac, Tx)+ Dp(y, Ty)}
+9[Dy(@, Ty) + Dy(y, T)|
+ 6| Dy(y, T) + hDy(w, Ty)|.

By a similar method, we can show that the above inequality holds if (u,v) €
Ao x Aq. Thus, all the conditions of Theorem 1 hold, and therefore, T has
a unique fixed point z in the set

AiNAy={ueC(0,T) :a<u(t) <p, foralltel0,T]}.s
That is, z € A1 N Ay is the solution to (24). O

4. CONCLUSION

We have established some fixed and coincidence point results for general-
ized contractive type conditions in complete partial metric spaces. Also, we
prove the results are valid for analogous contractive conditions on orbitally
complete and (7', f)-orbitally complete partial metric spaces. Established
theorems extend and generalize several theorems due to various researchers
in the literature to partial metric spaces, for example, see G. S. Saluja [26,27],
M. Dinarvand [15], R. Kumar et al. [20,21], and others. Moreover, we have
given some examples for justification as well as provided an application for
our obtained results. Henceforth, our theorems open a direction to new fixed
point results and applications in partial metric spaces.
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