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New properties of the time-scale fractional
operators with application to dynamic equations

AMIN BENAISSA CHERIF, FATIMA ZOHRA LADRANI

ABSTRACT. We introduce new properties of Riemann—Liouville frac-
tional integral and derivative on time scales. As well as sufficient condi-
tions for existence and uniqueness of solution to an initial value problem
for a class differential equations on time scales.

1. INTRODUCTION

Fractional calculus was introduced and developed by Leibniz, Liouville,
Riemann, Letnikov, and Griinwald [15]. This branch was applied in physics,
natural and social sciences. In recent years, there has been much research
activity concerning the Fractional calculus of various dynamic equations.
The theory of time scales was introduced by Stefan Hilger in his PhD thesis
[22] in 1988, in order to unify and generalize continuous and discrete analysis.
For more detailed discussions on the time scale calculus we refer to the books
(Bohner and Peterson, 2001, 2003), see [17, 18].

In 2016, Benkhettou et al. [21], introduced a concept of fractional deriv-
ative of Riemann-Liouville on time scales. Several authors have obtained
important results about different subjects on time scales. See for instance
M. Rchid et al [19], A. Abdeljawad et al [25], T. Giilsen et al [26].

The main purpose of this paper is to be deduced some new properties of
the Riemann-Liouville fractional operator. As applications, we investigate
fon existence and uniqueness of solutions some classes fractional dynamic
equations.

The paper is organized as follows. In the next sections, we give some
definitions and facts of time scale calculus. In Section 3, we establish some
new properties of the Riemann-Liouville fractional operator. In Section 4,
we investigate some IVPs for some classes fractional dynamic equations. In
Section 5, we illustrate our results with examples.
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2. PRELIMINARIES

A time scale T is an arbitrary nonempty closed subset of the real numbers
R. The jump operators o, p : T — R are defined by:

o(t):=inf{seT:s>t}, p(t):=inf{seT:s>t}.
The point ¢t € T is left-dense, left-scattered, right-dense, right-scattered if
p(t)=1t,p(t) <t,o(t)=t, o(t) >t respectively. The graininess function
w, for a time scale, is defined by u (t) = o (t) — t. For a function f : T — R,

the function f° denotes f o 0. The A-derivative of f : T — R at a right
dense point t is defined by

A () = f(s)
f2 ) = lim == ——

If ¢ is right scattered, then the A—derivative is defined by

PO 0]
p(t)
A function f: T — R is said to be rd-continuous if it is continuous at each
right-dense point and if there exists a finite left limit in all left-dense points.
The set of rd-continuous functions f : T — R is denoted by C,4 (T, R).
In what follows, with C ([a,b]},R) we denote the Banach space of all con-
tinuous functions from [a,b]; into R, where [a,b]; = [a,b] N T, with the
norm

2]l := sup{|z (t)] : € [a, ]y} -
Definition 1. [17] Let [a, bl denote a closed bounded interval in T. A func-
tion F': [a,bl; — R is called a delta antiderivative function f : [a,b]; = R

provided F is continuous on [a, b]y, delta differentiable on [a, b), and F> (t) =
f(t), for all t € [a,b). Then, we define the A-integral of f from a to b by

b
/ )AL= F(b)— F(a).

Proposition 1. [1| Let [a,b] denote a closed bounded interval in T and f
is an integrable function on [a,bly. Then

b
t) At = t)dt ) f (1),
/af<> /[avb]Tf() I OrAG

teRN[a,b)
where R ={t € T : 0 (t) >t} is at most countable.

Definition 2 (Fractional integral on time scales). [21] Suppose T is a time
scale, [a,b] is an interval of T, and h is an integrable function on [a,b]. Let
0 < a < 1. Then the (left) fractional integral of order « of h is defined by

T ro o t(t_s)a_l s s
frni) = [ i) A

where I' is the gamma function.
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Definition 3 (Riemann-Liouville fractional derivative on time scales [21]).
Let T be a time scale, t € T, 0 < o« < 1, and h : T — R. The (left)
Riemann—Liouville fractional derivative of order « of A is defined by

gt = ([ s As)A = (Tnw)”

Proposition 2. If T = R, the Riemann—Liouville fractional integral satisfies

(1) TP ol e =T 177 for a >0 and 8 > 0.

3. MAIN RESULTS

In this section, we present some of the new properties of the time-scale
fractional operators.

The following counter example, to prove that the equality (1) is not always
satisfied on time scales.

Example 1 (Counter example). We take T=N, a = 1 and h : T — R,
h(t) =1. Let @ > 0 and b > 0, then by Definition 2, we have

Nra _ L ! —s a—1 s = LS:t_l _ s a—1
0 = gy G- =i X
1 a— a— a—
:m[(t—l) Trt—2t4+. 41 1]
s=t—1

[u—y

:m SZ:; s = (t).

By, the last equality, deduce

s=t—1
1
NIPh () = —— ath-1,
1+t () F(O[—Fﬁ) SZ:; S
On the other hand, we have
(et ) n =11 ) = g5 [ (=9 o) As
1 s=t—1
B—1
= = t—s p(s
5 X e
Thus,
(F7 T 1) h (@) = e and YIP0(2) = ot
I'(a)T(B) I'(a+8)
and

(T of 12) @) £ 157 (2).
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Remark 1. By counter example 1, we conclude that gItﬁ ol = aTIf+a,
for « > 0, 8 > 0 are not always correct on the time scales, which are
proposition 16 in [21]. If you suggest a counterexample to > D$ o ' I = Id
and TI¢ o TD® = Id, a > 0, you leave to provide exact calculations in
Example 1. Example 1 is a for g[tﬁ ol + g[f+a only.

Before starting to introduce the properties of the time scale fractional
operators, we present a new generalization for the Beta function on time
scales.

Definition 4 (Beta function on time scales). We will define the function
Bf’b (ar, B) as follows

b
Blr’b (v, B) = / (s — a)ﬁ_1 (b—s)*"'As, fora>0,5>0.

Remark 2. If T=R, a =0 and b = 1, then Definition 4 takes the form
B(I;&J (o, 8) = B(a,B), fora>0 and g >0,
where B is the classical beta function.

Proposition 3. The function ng (a, B) satisfies the following inequality
ng (a,8) > B(a,8) (b—a)*™P™1 fora>0 andp>0.
Proof. By Proposition 1, we have
By (a,f) > /b (s =)’ (b= 8)* " ds = B, (o, B).
By setting s =a + r (b —aa) , 7 € [0,1], we obtain that
Byy(a.8) 2 (b—a)*™7! / -
a

= (b—a)**"7 B, (. B)
=B (o, 8) (b—a)* 1,

The proof is complete. O
Example 2. If T =N, let a,b € N, by Definition 4, we have
s=b—1
Bﬁb(a,ﬂ) = Z (s—a)’ T(b—s)*"1, fora>18>1.
S=a

Definition 5. Let A € R and a € R we define the time scales AT and T + a
by:
AT :={\t:teT}, T+a:={t+a:teT}.

Definition 6. Let A € R, a € R and let be the function v : T — A (T + a)
defined by
Uaa(s) =A(s+a), for all s € T.



AMIN BENAISSA CHERIF, FATIMA ZOHRA LADRANI 127

Remark 3. Let A € R and a € R, such as A # 0, then function v, , is
bijective and the inverse function v;}l given by

v;i(s) = ; —a:v§7_a)\(s), forall s e A(T +a).
Notation 1. We define the time scales T, ; by:
Top = b (T—a).
’ b—a
Proposition 4. The Beta function on time scales satisfies the following
useful property:
Blr’b (a, B) = (b—a) ! Bg{‘i’b (B,a), fora>0 and (>0,

where

1
T, _ o
B2 (8,0) = / 11— Ap

0

Proof. The function u,p =v_1__, is bijective and the inverse function u;ll)
b—a’ ’

given by
U;zla (r)=a+r(b—a), foralreT,y.
By the chain rule [17], we see that

g (b)
By p) = 0=a) [ =0 6o o () Anr
Uq p(a
1

= (b—q)Ptol /0 Al =)t Ar, 7
a—1 pTq

= (b—a)"" 7 55" (B,a).

The proof is complete. O

Proposition 5. For any function h integrable on [a,bly, the Riemann—
Liowville A-fractional integral satisfies

t Tou,t o
(17 oE 1) (o) = o [ h0) (e wm

for a>0 and 8 > 0, where B(’)ﬂ:”{’t (B, «) is defined as in Proposition 4.

Proof. By Definition 4, we get

(Freor 1) (o) =2 17 (P10 (1)
_ r(la) /at (t— )" (3171(5)) As

_ F(O[)lr(ﬁ)/alt (t — 5)°7 (/ (s — w0’ h (u) Au) As.
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From Fubini’s theorem, we interchange the order of integration to obtain

(aTIta of IE) (h(t)) = F(a)lr(ﬁ) /at h(u) </: (s — )P~ (t — 5)* As) Au
:m/a h(u) BT, (a, ) Au.

By Proposition 4, we obtain that

(2172 1) ) = i / ) (¢ = w0 B (B0 A
a“t “a “t _I‘(a)I‘(ﬁ) )
Boit" (B,a)
_ B+a 1701 \ =)
S T(a+p) / bl Ba,f) "
The proof is complete. O

Remark 4. If T = R, we have ,Bgf{’t (8,a) = B(a, ), then Proposition 5
gives the classic result.

Corollary 1. For any function h integrable and positive on [a,bly, the
Riemann—Liouville A-fractional integral satisfies

(517 o7 1) (h () =5 17 (h (1)),
fora >0 and 8 > 0.
Proof. Form Proposition 5 and Proposition 3, we have

. Tt a
(17 o7 1) (h (1)) = F(al+6>/ ) ¢ =) 163((i,65)>m

1 t
>— — | hw)(t-uwftetA
> w0 =0 A
=l (h (1)
The proof is complete. O

Proposition 6. Let h : [a,bl; — R be a function A is differentiable, such
that h® integrable on [a,bly. Then

h(a)

a _ 1 ! e o o
TS () = e [ = (9 As— 2B =

-2
for all a > 1, with n (t,s) fo { h“(s ] dh.

Proof. By Definition 2, we have
Tropd (t) = / G (s) As
ot ~Jo T(a)
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1 ! a— o
= _F(a)/a [(t - 5) 1} [h7 (s) = h(t)] As
T (o) (t—a)® " [h(a) = h(t)]

By Po6tzsche’s chain rule, we have

_F(la) [(t—s)aﬂ}As _ (;(_03 /01 (L= R)(t— )+ h(t—o ()" 2dh
a—2
_ (=9 /1 [l_mht;a(s)} i

" T(a-1)
“ra o]

(li( i )n(t,s).

LR [(t - s)a_l] M as - (t—a)*" [k (a) = h(t)]

r (CY a r (Ot)
__ 1 ' o o h(t) o
F(al)/a(t_s) "n(t,8) 7 (s) As = o5 (=)
g " @) k)
_ 1 ¢ a— o I’L (CL) a—
=D ), ¢ TNt () As -t - @)
The proof is complete. 0

Corollary 2. Let h : [a,bl; — R be a function A is differentiable, such that
h® integrable on [a, by, then

h _
fent o) < [T ]+ gy,

for all a > 1.
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Proof. Form Proposition 6, we have

1 t _ |h (a)] _
’]I‘Ia A < / a2 30 A o ha—1
RS O] S pra gy @ T I @) A+ - a)
_ [ Tya—1 ‘h’(a)‘ _ a—1
= |, I h(t)|+ () (t—a) .
The proof is complete. O

We consider the following initial value problem:

@) { A2 (t) +5 DE (p () z () = f (tx (1), {t €lo(a), by,
Az? (a) + (EIQ—Q)" (p(a)z(a)) =0, 0<ac<l,

where T D¢ is the Riemann-Liouville fractional derivative operator of order

« defined on T. The problem (2) will be studied under the following as-

sumptions f € C([o (a),bly x R,R), pe C([o (a),b];,R), and A € R—{0}.

Our main results give necessary and sufficient conditions for the existence

and uniqueness of solution to the problem (2).

Lemma 1. Let a € (0,1) and f : [0 (a),bl; x R — R. Function = €
C ([o (a),bly,R) is a solution of the problem (2) if and only if it is a solution
of the following integral equation:

1/t 1 ¢ u
m(t)—x g(a)f(s’x(s))AS_)\F(l—a)/a (t—s) " p(s)x(s)As.
Proof. By Definition 2, we have

. A
22 0=t 0) - i ([ -9 w00 8s)

A

= fta®) - (i p 2 )
= f(t.x(t) —a DP (p(t) (1))
The proof is complete. O
Our first main result is based on the Banach fixed point theorem [2].

Theorem 1. Let a € (0,1) and f € C([o(a),bly x R,R), there exists a
positive and continuous function r: [o (a),bly — R, such that

3 If () = fEyl <) |z -yl
forall z,yeR and teo(a),b]y.

If

@ (RO @) <AL forall te o (a).bly,

then the problem (2) has a unique solution on [o (a) ,b|y.
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Proof. We transform the problem (2) into a fixed point problem. Consider
the operator L : C ([0 (a),b]y,R) = C([o (a),b]y,R) defined by

5 Lew=7 [ . () = g =9 (9) As

We need to prove that L has a fixed point, which is a unique solution of
(2) on [0 (a),b]y . For that, we show that F'is a contraction. Let z,y €
C([o (a),bly,R). For t € [0 (a),b]y, we have

t

Lo ()~ Ly < — [ 1f (5.2(5)) — f (5,9 (5))] As
‘)“ o(a)

1 t Cu
g L 0 bl () v () As

< 57 (2 O+ 20 ) o - ).

By (4), L is a contraction and thus, by the contraction mapping theorem,
we deduce that L has a unique fixed point. This fixed point is the unique
solution of (2). O

Now, we give our second main result guarantees the existence of at least
one solution of the problem (2). This result is based on the Schauder’s fixed
point theorem [2].

Theorem 2. Let o € (0,1) and f € C([o(a),bl; x R,R), there are two
functions r € C ([0 (a) b, [0,00)) and ¢ € C (R, [0,00)), such that

If(t,z)| <r(t)e(x), forall yeR and teo(a),bly.
Then the problem (2) has a solution on [o (a),b]y.

Proof. We use Schauder’s fixed point theorem to prove that L defined by
(5) has a fixed point. The proof is given in several steps.

Step 1: L is continuous. Let z, be a sequence such that z, — x in
C ([o (a),b]y,R). Then, for each t € [0 (a), b]y,

Lan () = Lo ()] < 1 [ 1f (520 (5)) = £ (5,2 (5))] A
Al Jo(a)
1 ! —a
FEgea [ 9 @ e () — e ()]s
< m sup |f(s,zn(s)) — f(s,2(s))]

L teo(a) b,

+ sup (T p(0)]) Jlan — 2l
te[avb]']l’
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_b-ola) — (s,
= 1 Cozn (1)) = F(s,2 ()]l

+ |5 1ol llzn — o).

Since f is a continuous function, we have Lz, — Lz in C ([0 (a),b]y,R).

Step 2: The map L maps bounded sets into bounded sets in C([o(a), b]T, R).
Indeed, it is enough to show that for any € there exists a positive constant
0 such that, for each z € B (0,¢), we have Lx € B (0,6). By hypothesis, for
each t € [0 (a),b], we get

L (t)| < &‘ r(s)cp(x (s)) As
*wm—a)/ (t— )" |p(s)]]a ()| As
1 ’ € || e
mxél[lagcsw( )/U(a) r(s) As+ 7 |lady ‘p|H =0

Step 3: The map L maps bounded sets into equicontinuous sets of C([o(a), b]T,
R). Let t1,t2 € [0(a),bly, t1 < t2 and B(0,¢) be a bounded set of
C([o (a),b]y,R). For all z € B(0,¢), we get

Lz (t2) — Lz (t1)] < |i‘ t 27‘(8)90(56 (s)) As
1 t2 .
s [ e ol )] 8
1 t .
_wma)/a (t1 =) [p(s)| 2 ()| As
1 ta
Wxé?afa]@(l“) /t1 7 (s)As

e [lp / o
+ —_ t — S AS
ANT(1—-a) ), (2 =5)

R rE<H1p[ o) / it =7 = (1 - 9) s

On the other hand, by Proposition 1, we get

/2(t2—s)—msg/2(t2—s)—ads+ S () (-9

t1 t1 sE[tl,tQ)ﬂR

(=) %+ > (ta—s)"°

Se[tl,tz)ﬁR

—_
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1

<
T 1-«

(ta — t1) 7% + (tg — t1)*>72.

Similarly, we get

/ (2 — 57 — (f1— 5)| As

1 —a —a
S m |:(t2 — tl)l + (tQ — (I)l
~(t— a)lfa] + Y (-9t
s€la,t1)NR
- ) (-8 (ta—s) .
s€la,t1)NR

As t; — t9, the right-hand side of the above inequality tends to zero. As
a consequence of Steps 1 to 3, together with the Arzela—Ascoli theorem,
we conclude that L : C([o (a),b]y,R) = C([o(a),b]y,R) is completely
continuous. As a consequence of Schauder’s fixed point theorem, we conclude
that L has a fixed point, which is solution of the problem (2). O

4. CONCLUSION

If we take A = 0 in the problem (2), we get

(6) { D (0 ()2 (t) = f (.2 (1), for t € [0 (a) by, a € (0,1),
(ali ™) (p(a) () = 0.
We consider the following integral equation
1 t

M) 0= gy [ €= 97006 2 () As,for 1€ fo (@) By
Since L D§ ol I = Id, and LI o} D¢ = Id, for a > 0 are not always correct

defined on the time scales. Then, if z is a solution to the problem (6), it has
no permanent relationship the solution of integral equation (7).

5. EXAMPLE

Remark 5. Let f : [a,b]l; — R and a is right-scattered. By Definition 2,
we have
g 7@ (0 (a) — 5)*" (p(a))™h
T ra o a) (CL)
I = —_— As=—2L—=,
(a th> (a) A F(OJ) h(S) S F(a)
Example 3. Let T = hZ, a = h and b = mh, where h > 1 and m € N.
Then o (t) =t + h and p(t) = 0.
We consider the following initial value problem:

1
Az (t) +h2 DZx (t) = t2x (t), for t € [h,mh],,,

® Az (2h) = —\fh (h) .
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Here, A > 0, « :%, p(t)=1and f(t,z) = t?z, for t € [h,mh],; and = € R.
By Remark 5, we find that the problem (8) is a private case of the problem
(2) in T = hZ. Then (3) holds, and

1 3m
(0 + 1P ()] < 25 (h—1).

If 3m (h — 1) < 2, then (4) holds, Thus, the conditions of Theorem 1 are
satisfied, and we conclude that there is a function = € C ([h, mh],, ,R) the
unique solution of (8).
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