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New inequalities for ['-convex functions
pertaining generalized fractional integrals

HUSEYIN BUDAK, PINAR KOSEM, ARTION KASHURI

ABSTRACT. In this paper, the authors, utilizing F-convex functions
which are defined by B. Samet, establish some new Hermite-Hadamard
type inequalities via generalized fractional integrals. Some special cases
of our main results recaptured the well-known earlier works.

1. INTRODUCTION

Let f: I C R — R be a convex function on the interval I of real numbers
and a,b € I with a < b. If f is a convex function then the following double
inequality, which is well known in the literature as the Hermite-Hadamard
inequality, holds [17]:

(1) f(a;b>§bia/abf(1:)dxgw.

Both inequalities in (1) hold in the reversed direction if f is concave.

Over the last decade, this classical double inequality has been improved
and generalized in a number of ways, see [5, 7, 8, 13, 18], [23]-]25] and
the references therein. Also, many types of convexities have been defined,
such as quasi—convex in [6], pseudo—convex in [14], strongly convex in [20],
e—convex in [11], s—convex in [10], h—convex in [28], etc. Recently, Samet
in [21], has defined a new concept of convexity that depends on a certain
function satisfying some axioms, that generalizes different types of convexity.

Recall the family F of mappings F': R x R x Rx [0, 1] — R satisfying the
following axioms:
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(A1) If e; € L1(0,1), i = 1,2, 3, then for every A € [0,1], we have
1 1 1 1
/ Fler(t), ea(t), es(t), A)dt = F / er(t)dt, / ea (), / es()dt, A | ;
0 0 0 0
(A2) For every u € L' (0,1), w € L°°(0,1) and (21, z2) € R?, we have
1

1
/F w(t)z1, w(t)zo, t)dt = Ty /w(t)u(t)dt,21,22 ,
0

0

where Tp,, : R xR x R — R is a function that depends on (F,w),
and it is nondecreasing with respect to the first variable;
(A3) For any (w,eq,e2,e3) € R eq € [0,1], we have

wF (e1, €2, 3, e4) = F(wer, wez, wes, e) + Ly,
where L,, € R is a constant that depends only on w.

Definition 1. Let f : [a,b] — R, (a,b) € R?, a < b, be a given function. We
say that f is a convex function with respect to some F' € F (or F-convex
function), if and only if:

F(f(tz + (1 =t)y), f(x), f(y),1) <0, (z,9,t) € [a,b] x [a,b] x [0,1].

Remark 1. 1) Let € > 0, and let f : [a,b] — R, (a,b) € R% a < b, be an
e-convex function, see [1 1], that is

Flta+ (1= t)y) < t5@) + (L= () + & (@9, € [a,8] x [a,8] x [0,1].
Define the functions F' : R x R x Rx [0,1] — R by

(2) F(ei,ea,e3,e4) = €1 —egeq — (1 —eg)ez — €

and Trqy : R X R xR — R by

1 1

(3) Trw(ei, ez, e3) =€ — tw(t)dt | eq — (1 —=t)w(t)dt | es —e.
[roe)A]

For

(4) Ly = (1 —w)e,

it is clear that F' € F and

F(f(te+(1=t)y), f(z), f(y), 1) = f{te+(1-t)y)—tf(z)-(1-1)f(y)—e <0,

that is f is an F—convex function. Particularly, taking € = 0, we show that
if f is a convex function then f is an F—convex function with respect to F

defined above.
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2) Let h : J — [0,400) be a given function which is not identical to 0,
where J is an interval in R such that (0,1) C J. Let f : [a,b] — [0,400),
(a,b) € R? a < b, be an h-convex function, see [28], that is

[tz + (1 =t)y) <h(t)f(z) +h(1 =) f(y), (2,y,1) € [a,b] x [a,b] x [0,1].
Define the functions F': R x R x Rx [0,1] — R by

(5) F(ej,ea,e3,e4) =e1 — h(eg)ea — h(1 — eq)es

and Tr, : R xR xR — R by

1
(6) Truw(er, e, e3) =€ — /h ey — /h(l—t)w(t)dt es.
0

For L,, = 0, it is clear that F' € F and
F(f(tz+(1-t)y), f(x), f(y), 1) = ftz+(1-t)y)=h(t) f(x)=h(1-t)f(y) <0,
that is, f is an F—convex function.

Samet in [21], established the following Hermite-Hadamard type inequal-
ities using the new convexity concept:

Theorem 1. Let f : [a,b] = R, (a,b) € R?, a < b, be an F-convex function,
for some F € F. Suppose that f € L[a,b]. Then

a+b 1P I 1
F<f( 5 >’b—a/a f(x)da:,b_a/af($)dx,2>§0

i (525 [ 1, sta), 10)) <o

Definition 2. Let f € L'[a,b]. The Riemann-Liouville integrals J¢, f and
Jyt f of order av > 0 are defined by

I H@) = s [ @0 fa 2> a

and

b
ﬁﬂ@—&@/@—ﬁHﬂMux<a

respectively. Here, I'(«) is the Gamma function and
o f (@) = Ty f (@) = f(=).

Definition 3. Let f € L![a,b]. Then k—fractional integrals of order o, k > 0

are defined by
1
13+,kf($) =

T xa:— kL T>a
Mwml( DEF @, x> a
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and

1

b «
(7) @) = gy [ = 0F 0w b>a

where I'y(+) stands for the k-gamma function. For k = 1, the k—fractional

integrals yield Riemann—Liouville integrals. For o« = k = 1, the k—fractional
integrals yield classical integrals. For more details, see [9, 12, 15, 19].

It is remarkable that Sarikaya et al. in [26], first give the following inter-
esting integral inequalities of Hermite-Hadamard type involving Riemann—
Liouville fractional integrals.

Theorem 2. Let f : [a,b] — R be a positive function with 0 < a < b and
f € L' [a,b]. If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold:

® f (“;b) <pet

with o > 0.

fla)+ £ (b)
5 ,

[Ja F(0) + T f(a)] <

Budak et al. in [1], prove the following Hermite-Hadaamrd type inequal-
ities for F-convex functions via fractional integrals:

Theorem 3. Let I C R be an interval, f : I° C R — R be a mapping on
I°;a,be I° a < b. If f is F-convex on |a,b] for some F € F, then we have

F((M50) gm0, 5 g . )

(9) 1
+ / Lw(t)dt <0,
0

and
Trow (g Ve 10) + I (@) Fla) + £, (@) + 50))
(10) /
+ Lw(t)dt <0,
0

where w(t) = at® 1.
For other papers involving F-convex functions, see [1]-[4], [16, 27].

Now we summarize the generalized fractional integrals defined by Sarikaya
and Ertugral in [22].

Let’s define a function ¢ : [0,+00) — [0,+00) satisfying the following
conditions:

(11) /01 ‘pit)dt < 400,



H. Bubpak, P. KO6sEM, A. KASHURI 121

1 _ o(v) L _w
— < < <2<
(12) S o S Ay for 5SS 2,
u v
(13) (pz(ﬂ) < A ¢£2) for v < w,
o(u)  p(v) o(u) 1 v

where Ay, Ag, A3 > 0 are independent of u,v > 0. If p(u)u® is increasing
for some a > 0 and % is decreasing for some g > 0, then ¢ satisfies the
above conditions.

The following left-sided and right—sided generalized fractional integral op-
erators are defined respectively, as follows:

(15) a+I¢f(w):/x<p§U__tt)f(t)dt, x> a,
b — X
(16) b.@,f(:c):/ “Dit_m)f(t)dt, z < b.

The most important feature of generalized fractional integrals is that they
generalize some types of fractional integrals such as Riemann—Liouville frac-
tional integral, k—Riemann—Liouville fractional integral, Katugampola frac-
tional integrals, conformable fractional integral, Hadamard fractional inte-
grals, etc.

Sarikaya and Ertugral in [22], establish the following Hermite-Hadamard
inequality and lemmas for the generalized fractional integral operators:

Theorem 4. Let f : [a,b] — R be a convex function on [a,b] with a < b,
then the following inequalitz’es for fractional integral operators hold:

an (% b) sy ot 1o ) 40 Lo @) < 1O IO
where the mapping A : [0, ] — R is defined by
_ [elb-a))
U(x) —/tdt.
0

Budak et al. prove the following Hermite Hadamard type inequalities for
F-convex functions.

Theorem 5 ([4]). Let I C R be an interval, f: I° CR — R be a mapping
on I°, a,b € I° a <b. If fis F-conver on |a,b] for some F € F, then we
have

a+b 1 1 1 1
F (f( 2 > 7@ a+I¢f(b)7m bI@f(a)’2) —|—/0 Lw(t)dt < O7
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and
Tow (;D ot oS (8) + b Lo f(@)], £(a) + F(b), f(a) + f(b)>
1
+ Lw(t)dt <0,
/
where w(t) = W(E\%Zf))t)

Motivated by the above literatures, the main objective of this article is
to establish some new Hermite-Hadamard type inequalities via generalized
fractional integrals utilizing F—convex functions. Some special cases of our
main results recaptured the well-known earlier works. At the end, a briefly
conclusion will be given as well.

2. MAIN RESULTS

In this section, we establish some inequalities of Hermite-Hadamard type
including generalized fractional integrals via F—convex functions.

Theorem 6. Let I C R be an interval, f : I° CR — R be a mapping on I°,
a,b e I° a <b and let F be linear with respect to the first three variables.
If f is F-convex on [a,b] for some F € F, then we have

F(H("57) 01 ooy o O 55 oy 1o @)1 5)

(18) 1
+/0 Lyypydt <0,
and
TF’w<A(11) |:<a-2kb)+ltpf (b) + (%b)—lapf (a):| )
(19)

1
F(@) + Fb). fla) + f(b)> + [ Lue <0,
0

7°)!) and the function A : [0,1] — R is defined by

where w(t) = %
A(z) = / @dt.

~—

2
A
t

0

Proof. Since f is F—convex, we have

F((552) @15 5) <0 Vewe o,
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t 2—1t 2—1t t
€r = §a+ <2> band Yy = (2)(I+2b,
we have

() o (5 ()0 ) o

e((55%)1)

for all ¢ € [0,1]. Multiplying this inequality by w(t) = —atry— and using

For

axiom (A3), we get

(G (45) 2 o (5))
(t(;?l)) )f(<2;t> + b> 1>+Lw(t)<0

for all t € (0,1). Integrating over (0,1) with respect to the variable ¢ and
using axiom (A1), we obtain

. (f[(\z%r)b) /01 77 <(bt_2a)75> ar, A(ll) /01 ® (U)t_ga)t) f <;a + <22_t> b) dt,
] CE(C5 )t o s

Using the facts that

s b :
and
o (B520) oy t
/0 t f(< . )a+b>dt
[ e = () Lt @),
we obtain
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which gives (18).
On the other hand, since f is F—convex, we have

F (f (;a+ <22_t> b) ,f(a),f(b),t) <0, vtelo,1],

and

F <f ((2;t> a+;b> ,f(a),f(b),t) <0, Vtelo,1].

Using the linearity of F, we get

o ()9 ((59)3).

f(a) + F(). fla) + f<b>,t) <0,

(bfa)t
for all ¢t € [0, 1]. Applying the axiom (A3) for w(t) = %, we obtain

(2 (o (99) (35 9]

SD((bQG)t) 80<( t)
W [f(a) + f(b)] ) W [f(a) + f(b)] U]+ Lw(t) <0,

b—a)

for all ¢ € (0,1). Integrating over (0, 1) and using axiom (A2), we have

([ L [ (o (252)) 1 ((252) o+ 20

1
F(a) + F(b). fla) + f(b)> + [ Lt <o

The proof of Theorem 6 is completed.
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Remark 2. If we choose ¢(t) =t in Theorem 6, then we have the following
inequalities

F f(”b) _a/f dt/f dt—

1
—I—/ Lw(t)dt <0,
0

b 1
@) Tow | 420 [ FOF@+ 10 5@+ 10) | + [ Lugdt <0,
a 0

(20)

and

where w(t) = 1.

Remark 3. If we choose p(t) = % in Theorem 6, then we have the

T
following inequalities for Riemann-Liouville fractional integrals

atb) 2°T(a+1) ., 2°T(a +1) 1
F<f< 2 > b—ap (= )+f(>WJ(a2+b)-f(a)72)

1
-l-/ Lw(t)dt <0,
0

and
2°T(a+1) [ o o ]
TF,’w< (b—a)a J(GTH))JFf( )+J(a+b) f(a) )
1
@)+ 50 £@)+ 70)) + [ Lugye <0
0
where w(t) = at®~! which is given by Budak et al. in [5].

o

Corollary 1. If we take p(t) = #E(a) in Theorem 6, then we have the
following inequalities for k—Riemann—Liouville fractional integrals

a+b\ 28Th(a+k)

25Tl + k) ., 1 /1
Y = Loypydt <0,
b—a)F ()~ wf (@) 2) ), Lww

and

Q%I‘k(a + k‘) o
Truw <W [I(+)+7 of 0) 4 Tlasny kf(a)] ,
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1
F(@) + F(b). fla) + f(b)> + [ Lue <0,
0

where w(t) = %t%_l.

Theorem 7. Let I C R be an interval, f : I° CR — R be a mapping on I°,
a,b € I°, a < b and let F' be linear with respect to the first three variables.
If f is F-convex on [a,b] for some F € F, then we have

F(f a—2H)>,A(1) SDf<a+b>

(22) 1 a+b\ 1 !
AL at+lpf <2> 72> +/0 Lypydt <0,
and
1 a+b a+b
ity o (55) (23]
(23)

Proof. Since f is F-convex, we have

F <f <x;y> ,f(w),f(y),;) <0, Va,y€lab].

1-—t¢ 1+¢ 1+¢ 1—-t¢
x—<2 )a—i—( 5 >b and y—<2 >a+(2 >b,

we have F<f<a;b),f(<1;>“+<l2+t>b>’
() (5)1) 1) =0

for all ¢ € [0,1]. Multiplying this inequality by w(t) =

For

axiom (A3), we get

(R (5) i () (5)9)
(p(t(/i%:))t)f<<1—2i_t>a+ <12 >b);> + Ly <0,
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for all ¢ € (0,1). Integrating over (0,1) with respect to the variable ¢ and

using axiom (A1), we obtain

1
0

Using the facts that
(b—a

[ (150 e (159))

b _ atb
:/L Pr” o) (v a+2b )f(x)dx

=

2 2
a+b
= b—Igof< 9 ))
and
(b—a)
1 t —
PS50 e (15 )
0 t 2 2
atb a+b
are _—x
_/ SJF% m)f(x)dx
a 2
a+b
a+I¢f< ) >a
we obtain

() awm e (5) s (7))

1
0

which gives (22).
On the other hand, since f is F—convex, we have

F <f ((12”> ot (12_15) b) ,f(a),f(b),t) <0, vtelo1],
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F (f ((12_t> o+ (1"2”> b) ,f(a),f(b),t) <0, vtelo1].

Using the linearity of F, we get

P () (559 o () (557)2)

ﬂ@+f@%ﬂ®+f@i>§& vt e[0,1].

and

Applying the axiom (A3) for w(t) =

(b—a) t

(P () e (5)9)

for all ¢ € (0, 1). Integrating over (0, 1) and using axiom (A2), we have

[ P (5o (55))
(5o (2]

1
f@Hﬁ%%ﬂ@+ﬂ®>+Al%m&§&

that is
1 a+b a+b
trw sy o1t (57) + o107 (1) |
1
@) + 50 £@) + 70)) + [ Lugyat <0
0
The proof of Theorem 7 is completed. 0

Remark 4. If we take ¢(¢) = ¢ in Theorem 7, then the inequalities (22)
and (23) reduce to the inequalities (20) and (21)
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Remark 5. If we take ¢(t) = %;) in Theorem 7, then we have the following

inequalities for Riemann-Liouville fractional integrals

a+b\ 2°T(a+1) a+b
P(r(50) St ()
2°T(a+1) ., . (a+Db\ 1 !
G 2t () 3) + [ Bt <0

(D e (532) s ()]

1

ﬂ@+f®%ﬂ®+f@>+/immhéa
0

and

where w(t) = at®~! which is given by Budak et al. in [5].
Corollary 2. If we take p(t) = #ﬁ(a) in Theorem 7, then we have the
following inequalities for k—Riemann—Liouville fractional integrals:

a+b\ 2FTh(a+k) a+b
F(f( 2 >> (b—CL)% Ib,kf( 92 >>

25Tk (a + k) <a+b> 1 /1
A AT 5 —— ).z |+ | Lypdt<o,
(b_a)% +, k‘f 2 9 0 (t)

and

2iT(a+k) [ o, +b o +b
o (e e (15 o (15°)]

1

ﬂ@+f®%ﬂ®+f@»+/meﬁ§Q

0
where w(t) = %t%fl.

Remark 6. One can obtain several results for convexity, e-convexity,
h-convexity, etc by special choice of the function F' in Theorems 6 and 7.

3. CONCLUSION

In the development of this work, using the definition of F'-convex functions
some new Hermite-Hadamard type inequalities via generalized fractional
integrals have been deduced. We also give several results capturing Riemann-
Liouville fractional integrals and k-Riemann-Liouville fractional integrals as
special cases. The authors hope that these results will serve as a motivation
for future work in this fascinating area.
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