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Existence and Ulam stability results
for nonlinear hybrid implicit Caputo
fractional differential equations

ADEL LACHOURI, ABDELOUAHEB ARDJOUNI, AHCENE DJOUDI

ABSTRACT. In this paper, we study the existence, uniqueness and es-
timate of solutions for nonlinear hybrid implicit Caputo fractional dif-
ferential equations by using the contraction mapping principle and the
generalization of Gronwall’s inequality. After that, we also establish the
Ulam stability for the problem at hand. Finally, an example is given to
illustrate this work.

1. INTRODUCTION

The concept of fractional calculus is a generalization of the ordinary dif-
ferentiation and integration to arbitrary non integer order. Fractional differ-
ential equations with and without delay arise from a variety of applications
including in various fields of science and engineering such as applied sciences,
practical problems concerning mechanics, the engineering technique fields,
economy, control systems, physics, chemistry, biology, medicine, atomic en-
ergy, information theory, harmonic oscillator, nonlinear oscillations, conser-
vative systems, stability and instability of geodesic on Riemannian mani-
folds, dynamics in Hamiltonian systems, etc. In particular, problems con-
cerning qualitative analysis of linear and nonlinear fractional differential
equations with and without delay have received the attention of many au-
thors, see [1]-]28], [30]-[36], [38]-[40] and the references therein. The study
of Ulam stability for fractional differential equations was initiated by Wang
et al. [39]. An overview on the development of theory of the Ulam-Hyers
and the Ulam-Hyers-Rassias stability for fractional differential equations can
be found in [39, 40] and the references given therein. Subsequently, many
authors discussed various Ulam-Hyers stability problem for different kinds
of fractional integral and fractional differential equations by using different
techniques, see [10, 14, 32, 39, 40| and the references therein.
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110 FRACTIONAL DIFFERENTIAL EQUATIONS

Hybrid differential equations arise from a variety of different areas of ap-
plied mathematics and physics, e.g., in the deflection of a curved beam hav-
ing a constant or varying cross section, a three-layer beam, electromagnetic
waves or gravity driven flows and so on [4, 20, 22, 21, 38|.

Dhage and Lakshmikantham [21]| discussed the existence of solutions for
the following first-order hybrid differential equation

(2@ ) rih0(t) ae
Cﬁ(w>_f(t, (1) a.e. t € [to,to+1T7,

X (to) = X9, To € R,

where tg, T € RwithT > 0, g : [to, to + T]xR — R\ {0} and f : [to, to + T]x
R — R are continuous functions. By using the fixed point theorem in Banach
algebra, the authors obtained the existence results.

The hybrid fractional differential equation

of T ) = x a.e
D (g(t,x(t))) f(t,z(t)) ae. t€]0,T],
x(0) =0,

has been investigated in [38], where D® is the Riemann-Liouville fractional
derivative of order 0 < aw < 1, ¢ : [0, 7] x R — R\ {0} and f : [0,T]xR — R
are continuous functions. By employing the fixed point theorem in Banach
algebra, the authors obtained the existence of a solution.

In [14], Benchohra and Lazreg established four types of Ulam stability for
the following implicit fractional differential equation

“Dex(t) = f (t,x(t),C Dx(t)), t€[0,T], 0 <a <1,
z(0) = zg, x0 € R,

where ¢ D is the Caputo fractional derivative, f: [0,7] x R x R — R is a
given continuous function.

In [10], Ardjouni and Djoudi studied the existence, interval of existence
and uniqueness of solutions for the hybrid implicit Caputo fractional differ-
ential equation

{ D (i) = £ (6200 D (580 ) ) » £ € 0,71,
z (0) =ng (0,2(0)), n €R,

where f : [0,T] x Rx R — R and ¢ : [0,7] x R — R\{0} are nonlinear
continuous functions and ©D® denotes the Caputo fractional derivative of
order 0 < ar < 1.

Motivated by the above works, we study the existence and uniqueness of
solution and the Ulam stability for the following nonlinear hybrid implicit
Caputo fractional differential equation

W { C pa ( z(t)— agt x(t))) —h <t,:1:(t) C po (x(t)—f(t»l’(t))>> L te 0,7,

g(t,z(t)) g(tx(t))
( ) =0g (07$(0)) +f (0733(0)) , 0 eR,
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where f: [0,T] xR =R, g:[0,7] xR — R\{0} and 2 : [0,T] x RxR —- R
are nonlinear continuous functions and ©D® denotes the Caputo fractional
derivative of order 0 < a < 1. To show the existence, uniqueness and esti-
mate of solutions of (1), we transform (1) into an integral equation and then
use the contraction mapping principle and the generalization of Gronwall’s
inequality. Further, we obtain Ulam-Hyers and Ulam-Hyers-Rassias stabil-
ity results of (1). Finally, we provide an example to illustrate our obtained
results.

The rest of this paper is organized as follows. Some definitions from
fractional calculus theory are recalled in Section 2. In Section 3, we will
prove the existence, uniqueness and estimate of solutions for (1). In Section
4, we discuss the Ulam stability results. Finally, an example is given in
Section 5 to illustrate the usefulness of our main results.

2. PRELIMINARIES

In this section we present some basic definitions, notations and results of
fractional calculus which are used throughout this paper.

Definition 1 ([30]). The fractional integral of order a > 0 of a function
z:RT — R is given by

t _sa—l
I%x (t) :/0 (tr‘w)[)az(s)ds

provided the right side is pointwise defined on R*.
Definition 2 ([30]). The Caputo fractional derivative of order o > 0 of a
function z : RT — R is given by

o S)nfafl

CDx(t) = 1" DMy (t) = /Ot (tF( 2™ (s)d s,

n—a)
where n = [a] + 1, provided the right side is pointwise defined on R™.

Lemma 1 ([30]). Let o > 0. Suppose z € C"~1 ([0, 4+00),R) and 2™ exists
almost every-where on any bounded interval of RT. Then

nel
(1°C D% (1) = w(t) = 3 k!(o)tk.

k=0
In particular, when 0 < a < 1, (I°“D%z) (t) = z(t) — x(0).
Lemma 2 ([30]). For all o, B € [0,00) and > —1, then

t — )it gt S—MaJrﬁ*l
/O(t ) d_F(a—f—B)t 7

and
I'(p+1)

Hta
F'(p+a+1)

2) 1o =
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The following generalization of Gronwall’s lemma for singular kernels
plays an important role in obtaining our main results.

Lemma 3 ([29]). Let = : [0,T] — [0,00) be a real function and w is a
nonnegative locally integrable function on [0,T]. Assume that there is a
constant a > 0 such that for 0 < a < 1

z(t) < w(t) + a/o (t—s) “x(s)ds,

then, there ezists a constant k = k(«) such that

(1) < w(t) + k:a/o (t— ) w(s)ds.

To define Ulam’s stability, we consider the following fractional differential
equation

(3) CD(t) = f(t,u(t)), 0<a<1,tel0,T].

Definition 3 ([36]). The equation (3) is said to be Ulam-Hyers stable if
there exists a real number k > 0 such that for each € > 0 and for each
y € C([0,7],R) solution of the inequality

(4) “Dy(t) = f(ty ()| <e te[0,T],
there exists a solution u of the equation (3) with

Definition 4 ([36]). The equation (3) is said to be Ulam-Hyers-Rassias
stable with respect to ¢ € C([0,7],R") if there exists a real number
kg s > 0 such that for each € > 0 and for each y € C'([0,7],R) solution of
the inequality

(5) “Dy(t) = [ (ty ()] < eg(t), t € [0,T],
there exists a solution u € C ([0, T],R) of the equation (3) with
[y(t) —u(t)] < kg po(t)e, t € [0,T].

Remark 1 ([36]). If there is a function ¥ € C ([0, 7] ,R) (dependent on y),
such that

1) |W(¢)| <e forall t €[0,T],

2) “Dy(t) = f(t,y @)+ ¥ (), t€[0,T].

Then a function y € C ([0,7],R) is a solution of the inequality (4).

Theorem 1 (Banach’s fixed point theorem [37]). Let Q be a non-empty

closed convex subset of a Banach space (S, ||.]]), then any contraction map-
ping P of Q) into itself has a unique fized point.
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3. EXISTENCE AND UNIQUENESS

In this section, we give the equivalence of the initial value problem (1)
and prove the existence, uniqueness and estimate of solution of (1).

The proof of the following lemma is close to the proof of Lemma 6.2 given
in [19].
Lemma 4. If the functions f : [0,T] x R - R, g :[0,7] x R — R\ {0} and
h:[0,T] x R xR — R are continuous, then the initial value problem (1) is
equivalent to the nonlinear fractional Volterra integro-differential equation

x(t) = f (&, x(t) + Og(t,x (1))

t,x(t) [ -

+ g( ,.T( )) / (t_s)a—lh <8,.’B(8) ’CDa (CE(S) f(S,JZ(S)))) ds,

I'(a) Jo 9(s,z (s))
fort €[0,T.
Theorem 2. Let T > 0. Assume that the continuous functions f : [0,T] x
R—R,g:[0,7] xR — R\{0} and h : [0,7] x R x R — R satisfy the
following conditions:

(H1) There exists My € RY such that
|.g (tvu)‘ S Mga

for allu € R and t € [0,T).
(H2) There exists My, € RT such that
|h (t,u,v)| < My,

for all u,v € R and t € [0,T].
(H3) There exist K1, Ko, K3 € R, K4 € (0,1) with K1 + K5 |0] € (0,1)
such that

[f () = f(Eu)] < Kifu—vf,
g (t,u) =g (t,u”)] < Kylu—vf,
and
| (t,u,v) — h(t,u*,v")| < Ksu—u*|+ Ky |v— 07,
for all u,v,u*,v* € R and t € [0,T].
If

M K3 T
6 =K1 + K |0] + MpKy + —2
(©) P =Kit Ka o]+ MKy (1—Ky)T(a+1)
Then, the problem (1) has a unique solution x € C ([0,T],R).
Proof. Let

o (2t~ f(t2(0)
D( g (6.2(0))

< 1.

) = 2 (), 2(0) = 0 (0,2(0)) + £ (0,2(0)),
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then by Lemma 4, we have

2(t) = f (t(t) + Og(t,2 (1)) + £ L2 L0) [ -9 aas

I (@)
where
zp (8) = h(t, f (4 2(t) + 0g(t, 2 (1) + g (8,2 (8)) [72 (1) , 2 (1)) -
That is z (t) = f (¢, z(t )+ Og(t,x (t)) + g (t,x (t)) I*z; (t). Define the map-
ping P: C([0,7],R) — C([0,T],R) as follows

_ g(tz(t) [* o
(Pz)(t) = f(t,z(t)) + 0g(t,z (1)) + W /0 (t—s) L (s)ds.

It is clear that the fixed points of P are solutions of (1). Let z,y €
C (]0,7],R), then we have

[(Pz) (t) = (Py) (1)]

gtz (t) [t _
|0+ ogte.0 ) + L2 /Ot—s 2
~F (ty(0) ~ bg(t.y ¢ g(l’if’at 0

< |f (@) = £ (& y(@)] + 1019t 2 (1) — gty ()]

+lg @tz () -9, y(t))lr(loé)/0 (t—9)""" |z (s)|ds

t
+|g<t,y<t>>|r(1®/o (t— 57 24 (5) — 2y ()] ds
< K | () — y(t)] + K2 [6] 2 (t) — w(2)]

+Kalolt) ~ )] 5 [ (0= 9 as

My [ — ) 2, (5) — 2, (s)|d s
I T A AN PIOEENOILH

and

[ (t,2(t), 2z (£)) — R (t,y(2), 2y (1))]
Ks|z(t) —y(t)| + Ka |2z (t) — 2y (1)
) S Jalt) - (o)

By replacing (8) in the inequality (7), we get

[(Px) (t) — (Py) (1)] <
< Ky |z(t) — y(t)] + K2 0] |x(t) — y(t)|

+Ealet) ~ ()| gl [ (=9 as

|22 (8) = 2y (¢)]

IN A

IN
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Mg K3 ¢ a—1
t— — d
ST | = ) — vl
Mpt®
< Ky le - yll + Ko (ww o M ) e =yl
Mg K3 a 1
(t — _
i )1_K4( ) ds)uw yl
MKg
< | K Ko 6 My K. —
< (Kot malo)+ (e P25 ) o el

M, K T
< (K1 + K2 |0 + | MpK g — .
_< 1+ Ko | |+< h 2+1—K4)F( ))Hw vl

Then

[Pz — Py|| < Bz -yl
By (6), the mapping P is a contraction in C' ([0, 7] ,R). Hence P has a unique
fixed point = € C ([0,T],R). Therefore (1) has a unique solution. O

Theorem 3. Assume that f : [0,T] xR - R, ¢g:[0,7] x R — R\ {0} and
h:[0,T] x R xR — R satisfy (H1)-(H3) and (6) holds. Then (1) has a
unique solution x and
()] < ((1 —Ky)(1— (K1 +K20) T (e + 1) + MgKgKTO‘>
; (1—Ky) (1= (K1 + K210]))°T (o + 1)
M, Q3T
0 g9
<(@rmens T )

where Q1 = sup |f(t,0), Q2 = sup |g(t,0)[, Qs = sup |h(Z,0,0)| and
t€[0,7] t€[0,T] te[0,7]

K € RT is a constant.

Proof. Theorem 2 shows that the problem (1) has a unique solution. Let

C na ﬂf(t)—f(t,ﬂi(t)) — " _ . .
D( 9t 2(0)) )— + (), 2(0) =0g(0,2(0)) + f (0,2(0)),

then by Lemma 4, z(t) = f (¢t,z(t)) +0g(t,x (t)) + g (t,z (t)) [“2; (t). Then
by (H1), (H2) and (H3), for any ¢t € [0,7] we have
[z ()] < [f @& x@)] + 10119t 2 @)+ |g (¢ = ()] "2 (2)]
< |f (6 x(t) — f (& 0)[+|f (£,0)]
+10[ (lg (&, (1)) — g(t, 0)| + [g(¢, 0)[) + My |12 (t)]

< Kilo (0] + Qo + 0] (K2 |2 (1) + Q2) + Mg [I%2 (£)] -

On the other hand, for any t € [0,T] we get
|22 ()] = [ (8,2 (2) ; 2 (1))]
< btz (1), 2 (1) = h(2,0,0)[ +[R(£,0,0)|
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< Ksl|z (t)] + K4 |25 (t)] + | (¢,0,0)]

3 Q3
< 1—K4| (t)|+1_K4-
Therefore
lz (t)] < K|z ()] + Q1+ [0] (K2 |x ()] + Q2)
« K3 QS
+M,T <1K4 @ ()] + 1K4).
Thus
(1— (K1 + K210])) |z (1)
M, Q3T
SQUHIOIQ: + T T

M9K3 «
i <(1 KD (1 (K + K |9;))> (A0 = (K + K [0) |z ()] -

By Lemma 3, there is a constant K = K («) such that

(1 — (K1 + K2 10])) [ (2)]

M, Q3T

QA+ TR T e

. < M,K3KT® )
(1 - Kq) (1= (K1 + K2[0))) T (o + 1)
M,QsT*

(@ mens )
< ((1 = Ky) (1 = (K1 + K2(0])) T (a+ 1) + MgKgKTO‘>
- (1—K4) (1—(K1+K2]6?|))F(a—|—1)

X <Q1 + 10| Q2 + My Q51" > .

(1-Ky)T'(a+1)

Hence

(0] < (

(1-Ky)(1— (K1 +K200)T (a+1) + MgKgKTa>
(1= K1) (1= (K1 + K2 [0]))° T (a +1)

X (Ql + 10| Q2 + M,y Q51" ) )

(1-Kgy)I'(a+1)
This completes the proof. O

4. ULAM STABILITY

In this section, we study two types of Ulam stability of the hybrid implicit
Caputo fractional differential equation (1) which are Ulam-Hyers and Ulam-
Hyers-Rassias stabilities.
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Lemma 5. Assume that g satisfies (H1). If y € C ([0, T],R) is a solution
of the fractional differential inequality for each € > 0
(9)

o (L) - (o oo (M) <<

then, y is a solution of the following inequality
eM,T*

10 t) — _—

(10) W)~ (P (0] < ooy

Proof. Lety € C([0,T],R) be a solution of the inequality (9) for each € > 0.
Then, from Remark 1 and Lemma 4 for some continuous function ¥ (¢) such

that |¥ ()] <€, t € [0,T], we have
) [ e
=9

y(t) = f(tylt)) +0g(t,y (1) + ‘%
C ra (Y(8)— f(s,y(s))
X (h <s,y(s), D ( 955 (5) >> —l-\I/(S))ds.

Then, by Remark 1 and (H1), we obtain

() - (Py) (1) ='9$f“”/“@—>“1w<>d

t
< y |/t—sa1 (s)|ds

€M TO‘
I'la+1)
which is satisfied inequality (10). This completes the proof. O

Theorem 4. Assume that the assumptions (H1)-(H3) are fulfilled and (6)
holds. Then the problem (1) is Ulam-Hyers stable.

Proof. Under (H1)-(H3) and (6), the problem (1) has a unique solution in
C([0,T],R). Let y € C([0,7],R) be a solution of the inequality (9), then
for each ¢ € [0, T, we have

v (t) — 2 (1)
— |y (6) — f (t2(8)) + B9t (£)
IRI0) <» et £(9) (526D 4.
rw> A h( ( 952 (3)) >>d
= |y (t) — Py (t) + Py (t) — Pz (t)|
< ly(t) — Py ()] + [Py (t) — Pz ()]

eM,T*
< —9 —z|.
<ty Al el
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Then
ly — 1 < eMy,T*
b=l sy
By setting
j— M,T¢
(1-8)T(a+1)
we obtain

ly () —x ()] < ke.
Therefore, the problem (1) is Ulam-Hyers stable.
This completes the proof. O
In the next, we introduce the following function.
(H4) The function ¢ € C([0,T],R") is increasing and there exists a
constant Ay > 0 such that, for each ¢ € [0, 7], we have
I (t) < Ao (2) .

Lemma 6. Assume that (H1) and (H4) are satisfied. If y € C ([0,T],R) is
a solution of the fractional differential inequality for each € > 0

(11)
Cra (V@) = Fy@®)Y) e (Y@ — F(Ey@)) .
o (M ) o (v oo (MOTEGE) )< o,
then, y is a solution of the following inequality
(12) ly(t) = (Py) (O)] < eMgAgo (t) .

Proof. Let y € C([0,T],R) be a solution of the inequality (11) for each
€ > 0. Then, from Remark 1 and Lemma 4 for some continuous function
W (t) such that |U (¢)| < e (t), t € [0,T], we have

0 - P 01 =| D [ -t as
D)

0
‘g(tay( ‘ _Sa—l s s
< LV [t o)

eM t
< g/ t—5)*"tg(s)ds
Do) Jy 770
< Mo (1)
which is satisfied inequality (12). This completes the proof. O

Theorem 5. Assume that the assumptions (H1)-(H/) are fulfilled and (6)
holds. Then the problem (1) is Ulam-Hyers-Rassias stable.

Proof. Under (H1)-(H4) and (6), the problem has a unique solution in
C([0,T],R). Let y € C([0,7],R) be a solution of the inequality (11),
then for each ¢ € [0, 7], we have

ly (t) — = (1)
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glta®) (1
=0 - oty + atta )+ LD [
o) € oo (FE) =P aeD Y |
Xh(’ o () )
(1)~ (Py) (1) + (Py) (1) — (Px) ()
10— (PR O]+ P~ ) 0

< eMgAgo (t) + B lly — =]

Then At (1)
eMgApo (t
t) —x(t
(0~ (0] < 220
By taking a constant
A¢>

we obtain

ly () =z ()] < kg peq ().
Therefore, the problem (1) is Ulam-Hyers-Rassias stable. This completes
the proof. O

5. EXAMPLE

Consider the following nonlinear problem
CD§ ( a(t)— L tsin(z(t)) )
1+ﬁ exp(—t2) cos(x(t))

1
(13) t cos (:I: (t)) + c 3 z(t)— tsln(z(t)) )
5+|“ D4 1. ( t2)cos(z(t)))

#(0) = g (0.2(0)) + £ (0.2(0))
where 0 = 1, f (t,x (t)) = tsin (z (1)), g (t,z(t)) = 1—1—% exp (—t?) cos (z (t))

and
h<uquCDa<$“;@Z%§@»2>

5+ )C Di (Hgi)xjiig;(i(si)i(t))) ‘ |

te0,1],

1
= gt cos (z (t)) +

Set h (t,u,v) = ttcos (u) +
have

5+|| For any u,v,u*,v* € R and t € [0, 1], w

|f (8 u) = f ("))

‘g (t7u) -9 (tv U’*)|

N
\
B
|
S

A
E
|
Q

|h (t,u,v) — h (t,u™,v")|

A\
E
|
:
_|_
?
|
@



120 FRACTIONAL DIFFERENTIAL EQUATIONS

and 1
’g (tv ’U,) S E7 |h(t7 u,'l))‘ S

Hence, all conditions of Theorem 2 are fulfilled and 8 = 0.6393 < 1, with
11 2 1 1 1 1

— My =—-, Ki=-, Ke=—, Kz=—-, K4 = —.

10° h 5’ 1 4’ 2 10° 3 5’ 4 25

Then the problem (13) has a unique solution z € C ([0,7],R). And from
Theorem 4 we deduce that (13) is Ulam-Hyers stable.

Now, we choose ¢ (t) = t? and in view of (2), we have

Cﬂ\l\D

M, =

'@ . 2
I (6) = g 1 S 2 = Mg (1)
I'(3+a) (g) ¢
Thus condition (H4) is satisfied with ¢ (t) = ¢t and Ay = F(7) = 151\6[, i

follows from Theorem 5 that the problem (13 ) is Ulam-Hyers-Rassias stable.
Acknowledgements. The authors are grateful to the referees for their
valuable comments which have led to improvement of the presentation.
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