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Some common fixed point theorems on partial
metric spaces satisfying implicit relation

G. S. SALUJA

ABSTRACT. The aim of this article is to prove some fixed point and
common fixed point theorems on partial metric spaces satisfying implicit
relation. Our results extend and generalize several results from the
existing literature.

1. INTRODUCTION AND PRELIMINARIES

The well known Banach contraction principle is the most celebrated result
in fixed point theory and its applications. Banach contraction principle
guarantees that any contraction map on complete metric space has a unique
fixed point. In 1969, Kannan [15] was the first, who gave a new contractive
condition for which a map need not be continuous even if it has fixed point in
complete metric space. In 1972, Chatterjae [13] also generalized the Banach
contraction condition and obtained a fixed point result. The well-known
Banach contraction theorem [8] is stated as follows.

Theorem 1. Let (X,d) be a complete metric space and let T: X — X be a
mapping satisfying the contractive condition

(1) d(T(x),T(y)) < cd(z,y)

for all z,y € X, where a € [0,1) is a constant. Then T has a unique fized
point in X and that point can be obtained as a limit of repeated iteration of
the mapping at any point of X.

A new space called a partial metric space (PMS) has been introduced
by Matthews (|24, 25]). After introducing partial metric space, Matthews
[25] also proved the partial metric version of the Banach fixed point theo-
rem which is an analogous of Banach contraction principle, this makes the
partial metric space relevant in fixed point theory. In 1999, Heckmann [14]
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established some results using a generalization of the partial metric func-
tion called a weak partial metric function. In 2004, Oltra and Valero [29]
also generalized the Matthews’s fixed point theorem in a complete partial
metric space in the sense of O’Neill. Then many authors gave some gen-
eralizations of the results of Matthews and proved some fixed point the-
orems on this space (see, e.g., |1, 2, 3, 4, 5, 16, 17, 18, 20, 29, 39|, see,
also [11, 12, 28, 34, 35, 37]). Also, the concept of PMS provide to study
denotational semantics of dataflow networks [24, 25, 38, 40].

In 2016, Kir and Kiziltunc introduced the concept of Tr contractive map-
pings in partial metric space and established a generalization of Banach’s,
Kannan’s and Chatterjae’s fixed point theorems for the concept of partial
metric space.

The study of common fixed point theorems using implicit relations was
introduced by V. Popa [31] in 1999. Later on various authors used implicit
relations and proved fixed point and common fixed point theorems in differ-
ent spaces (see, e.g., |7, 9, 10, 23, 27, 30, 32, 33, 36| and many others).

The definition of a partial metric space is given by Matthews (see [24]) as
follows.

Definition 1 (|24]). Let X be a nonempty set and let p: X x X — R be
a function satisfy:

(pml) z =y & p(z,z) = p(z,y) = p(Yy,y),

(pm2) p(x,x) < p(z,y),
(pm3) p(x,y) = p(y, ),
(pmd) p(z,y) < p(x, 2) +p(z,9) — p(2, 2),

for all x,y,2z € X. Then p is called partial metric on X and the pair (X, p)
is called partial metric space.

It is clear that if p(z,y) = 0, then from (pm1l) and (pm2) we obtain = = y.
But if x = y, p(x,y) may not be zero. Various applications of this space has
been extensively investigated by many authors (see [22], [39] for details).

Example 1 ([6]). Let X = RT and p: X x X — R" given by p(z,y) =
max{z,y} for all z,y € RT. Then (R*,p) is a partial metric space.

Example 2 ([6]). Let X = {[a,b] : a,b € R,a < b}. Then p([a, b], [c, d]) =

max{b,d} — min{a, c¢} defines a partial metric p on X.

Remark 1 ([19]). Let (X, p) be a partial metric space.

(1) The function d,: X x X — RT defined as d,(z,y) = 2p(z,y) —
p(z,x) — p(y,y) a (usual) metric on X and (X,d,) is a (usual)
metric space.

(2) The function dg: X x X — R* defined as dy(x,y) = max{p(z,y) —
p(x,z),p(z,y) — p(y,y)} is a (usual) metric on X and (X, d,) is a
(usual) metric space.
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Note that each partial metric p on X generates a Ty topology 7, on X,
whose base is a family of open p-balls {B,(z,¢) : © € X,e > 0} where
By(z,e) ={y € X : p(z,y) <p(xz,z)+¢} for all z € X and € > 0.

On a partial metric space the notions of convergence, the Cauchy se-
quence, completeness and continuity are defined as follows [24].

Definition 2 (]|24]). Let (X, p) be a partial metric space. Then:

(a1) a sequence {x,} in (X, p) is said to be convergent to a point xz € X
if and only if p(x, z) = limy, 00 p(zn, ),

(a2) a sequence {z,} is called a Cauchy sequence if lim,; 00 P(ZTm, Tn)
exists and finite,

(a3) (X,p) is said to be complete if every Cauchy sequence {z,} in X
converges to a point x € X with respect to 7,.

Furthermore,

lim plan, @) = lim plan, ) = pla, o).

(ag) A mapping F': X — X is said to be continuous at xy € X if for every
e > 0, there exists § > 0 such that F(Bp(azo,5)> C B, (F(xo),s).

Definition 3 ([26]). Let (X, p) be a partial metric space. Then:
(b1) asequence {z,} in (X, p) is called 0-Cauchy if limy, y—s00 P(Tm, Tn) =
0,
(b2) (X,p) is said to be 0-complete if every 0-Cauchy sequence {z,} in
X converges to a point x € X, such that p(x,z) = 0.

Lemma 1 (|24, 25]). Let (X,p) be a partial metric space. Then:
(c1) a sequence {x,} in (X,p) is a Cauchy sequence if and only if it is a
Cauchy sequence in the metric space (X, d,),
(c2) (X,p) is complete if and only if the metric space (X,dp) is complete,
(c3) a subset E of a partial metric space (X,p) is closed if a sequence
{zn} in E such that {z,} converges to some x € X, then x € E.

Lemma 2 (|2]). Assume that x,, — z as n — o0 in a partial metric space
(X,p) such that p(z,z) = 0. Then lim, oo p(xn,y) = p(z,y) for every
yeX.

Now, we introduce an implicit relation to investigate some fixed point and
common fixed point theorems in partial metric spaces.

Definition 4 (Implicit Relation). Let ¥ be the family of all real valued
continuous functions ) : Ri — R4 non-decreasing in the first argument for
three variables. For some p € [0,1), we consider the following conditions.
(Ir1) For z,y € Ry, if y < ¢z, T2, ZHY), then y < p z,
(Ir2) For x € Ry, if y < 9(y,0,y), then y = 0 since p € [0, 1),

Ir3) Forz e Ry, if y < 4(0,%,%), then y = 0.
272
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The purpose of this paper is to establish some fixed point and common
fixed point theorems in the setting of partial metric spaces satisfying implicit
relation. Our results extend and generalize several results from the existing
literature.

2. MAIN RESULTS

In this section we shall prove some fixed point and common fixed point
theorems using implicit relation in the framework of partial metric spaces.

Theorem 2. Let (X,p) be a complete partial metric space and let T: X —
X be a mapping satisfying the inequality

1

s, Tx) + p(y, Ty)],

p(Tz,Ty) < w{pm, Y3

@) S, Ty) + ply,T)] .

for all x,y € X and some 1p € V. If ¢ satisfies the conditions (Irl), (Ir2)
and (Ir3), then T has a unique fized point in X.

Proof. For each xyp € X and n € N, put z,4+1 = Tx,. It follows from (2)
and (pm4) that

p('xn; -Tn-i-l) = p(T-Tn—l, T$n)
1
< 0 p(@n-t,20)s 5 (01, Ton-1) + plon, Tan),

%[p(azn_l, Ta,) + plan, T 1))}

IN

¢{P($n—1, xn)y %[P(Cl?n—l, xn) + p(il?m xn-{—l)]v

% [P(Tn-1, Tnt1) + P(Tn, Tn)] }

IN

@/J{p(xn_h Tp), é[p(xn_h Tn) + D(Tn, Tnt1)],

1

5[}9(%”,1, Tn) + p(Tn, Tnt1) — (T, xn)]}

%Z){P(ﬂfnfl, $n)7 %[p(an, :L‘n) + p(l‘n, :L‘n+1)]a

IN

1
(3) 5[@(331171,1‘71) +p($na$n+1)]}
Since v satisfies the condition (Ir1), there exists u € [0,1) such that

(4) p(ﬂjn, xn—&-l) < H P(l’n—l, xn) < an(ﬂfo, 351)-
Set F,, = p(xp, Tpt1) and F,_1 = p(zp—1,%y), then from (4), we obtain

FnS/Lanl§M2Fn72§"‘§,unF0-
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Now we show that {z,} is a Cauchy sequence in X. Let m,n > 0 with
m > n, then by using (pm4) and equation (4), we have

p(l’n, xm) < p($n7 xn—i—l) +p($n+17 xn+2) + - +p(xn+m—1a wm)
—P(Tn41, Tn+1) — P(@nt2, Tnt2) =+ = P(Tntm—1, Tntm—1)

< p"p(o, m1) + p"p(wo, w1) 4 - 4+ " p(o, 1)

= p"[p(xo, 1) + pp(wo, x1) + -+ + ™ p(ao, 71)]

= Wl pt " E

1— m—1
< (=N,
I—p

Taking n,m — oo in the above inequality, we get p(zy,zm,) — 0 since
0 < p < 1, hence {z,} is a Cauchy sequence in X. Thus by Lemma 1 this
sequence will also Cauchy in (X, d,). In addition, since (X, p) is complete,
(X,d,) is also complete. Thus there exists v € X such that x,, = u as
n — oo. Moreover by Lemma 1,

(5) p(u,u) = lim p(u,x,) = lm p(a,,z,) =0,
n—00 n,M—00

implies

(6) nlglolo dp(u, xy,) = 0.

Now, we show that u is a fixed point of T'. Notice that due to (5), we have
p(u,u) = 0. By using inequality (2), we get

p(xpi1, Tu) = p(Txy, Tu)

< 0{p(en ), 5lp(en, Tan) + plos, Tu),
5 p(n, Tw) + plu, T}

[p(2n, 2ny1) + p(u, Tw)],

DN =

= ¥{p(n.2),

1

Slp(@a, Tw) + plu,ai1)] .
Note that ¢ € ¥, then taking the limit as n — oo and using (5) and Lemma
2, we get

p(u, Tu) < {0, 2p(u, Tw), Zp(e, Tw)}.

Since 1 satisfies the condition (Ir3), then p(u,Tu) = 0. This shows that
u = Tu. Thus u is a fixed point of T'.
Now to show that the fixed point of 7" is unique. Let u1, ue be fixed points

of T with u; # wug. We shall prove that u; = us. It follows from equation
(2) and (5) that

p(ur,u2) = p(Tu1,Tus)
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< w{plur, ua), 3o, Tur) + pluz, T,

b1, Tuz) + pluz, T}

2
= ofplun, uz), 3o, w0) + pla,ua)],
1

5[]’(“1,”2) —i—p(m,uﬂ]}

= ¢{p(u17u2)707p(u1,u2)}-
Since 1) satisfies the condition (I72), then we get

p(ui,uz) < pplur, uz)
= pu,ug) =0, since 0 < p < 1.

This shows that uq; = uo. Thus the fixed point of T"is unique. This completes
the proof. O

Theorem 3. Let F' and G be two mappings on a complete partial metric
space (X, p) and

p(Fr,Gy) < 1/1{1)(% Y), %[P(ﬂ% Fz) +p(y, Gyl

(7 bl Gy) + ply, Fa)]

for all x,y € X and some ¥ € V. Then F and G have a unique common
fized point in X.

Proof. For each g € X. Put x9,41 = Fx9, and x9p,4+2 = Gxay4q for
n=0,1,2,.... It follows from (7), (pm4) and Lemma 1 that

p(Ton+1,220) = p(Fron, GTan—1)
< ¢{p(9€2n, Ton-1), %[p(@m Fra,) + p(r2n-1, Gran-1)],
%[p(ﬂﬂzm Gxon—1) + p(r2-1, szn)]}

¢{p($2n, T2n-1), %

[p(z2n, Ton+1) + P(x2n—1, Z2n)],

1
5 P(220, @20) + D@21, 72011)] |

2
1
< ¢{P($2n, Ton—1), §[p($2m Ton+1) + P(T2n—1,T2n)],
1
§[p(:vzn—1, Ton) + p(T2n, Tont1) — p(z2n, xQn)]}
1
< 1/1{P(9€2n, Ton—1), 5[29(962717 ZTont1) + P(T2n—1, T2n)]s
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(8) %[p($2n—l, Ton) + p(T2n, Tant1)] }

Since v satisfies the condition (Ir1), there exists u € [0,1) such that

(9) P(@20415220) < pp(Ton, £20-1) < (21, o).

Now we show that {z,} is a Cauchy sequence in X. Let m,n > 0 with

m > n, then by using (pm4) and equation (9), we have

P(TnsTm) < P(Tny Tot1) + D(Tnt1, Tny2) + 0+ P(Tntm—1, Tm)
—p(iL‘n+1, Tpy1) — p($n+2, Tpy2) = = P(Tngm—1, Tngm—1)

< p"p(wo, 1) + " p(wo, x1) + -+ T p(wo, 31)
W p(wo, 1) + p(wo, 1) + -+ + p" " p(wo, 21)]
= WL+ pt e+ g™ p(xo, )

1— m—1
< Mn<ﬁ)]9($o,$1)-

Taking n,m — oo in the above inequality, we get p(zy,zm,) — 0 since
0 < p < 1, hence {z,} is a Cauchy sequence in X. Thus by Lemma 1 this
sequence will also Cauchy in (X, d,). In addition, since (X, p) is complete,
(X,d,) is also complete. Thus there exists v € X such that z,, — v as
n — oo. Moreover by Lemma 1,

(10) p(v,v) = lim p(v,zp) = lm  p(@n, 2m) =0,
implies
(11) nh—>Holo dy(v,2,) = 0.

Now we have to prove that v is a common fixed point of F' and G. For this,
consider

p(x2n+17Fv) = p(Fl’anFv)
< w{p(xgm v), %[p(xgn, Fxa,) + p(v, Fv)],
S (20, ) 4 p(o, Foao)]}
= Qﬁ{p(@m v), %[p(@n, Ton+1) + p(% FU)],
1

5[]9(56277,, Fv) + p(v, $U2n+1)]}-

Note that ¢ € ¥, then using (10), Lemma 2 and taking the limit as n — oo,
we get

p(v, Fv) p(v, Fv) ) .

Fv) < (00
p(va U>_¢ s Uy 92 ) 2
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Since 9 satisfies the condition (/r3), then p(v, Fv) = 0. This shows that
v = Fo for all v € X. Similarly, we can show that v = Gv. Thus v is a
common fixed point of F' and G.

Now to show that the common fixed point of ' and G is unique. For this,
let v' be another common fixed point of F' and G, that is, Fv' = Gv' = v/
with v' # v. Then we have to show that v = ¢'. It follows from equation
(7) and (10) that

p(v,v") = p(Fv,Gv')

< o {plo, ), lpl, Fo) + p(0!, G,
1 /
5[ p(v,Gv") + p(v ,Fv)]}
= o{po), 5lp(0,0) + o0, 0],

Slp(v.0) + o0/ )] )
= ¥{p(v,v),0,p(v,)}.

Since v satisfies the condition (/72), then we get
p(v,v") < pp(v,v)
= p(v,v") =0, since 0 < pu < 1.

Thus, we get v = v’. This shows that v is the unique common fixed point
of F and G. This completes the proof. O

Theorem 4. Let Fy and Fy be two continuous mappings on a complete
partial metric space (X,p) and

P Fy) < {pley), 5lple, FT') + ply, Fy)

bl F59) + p(y, ')}

for all x,y € X, where m and n are some integers and some b € W. Then
Fy and Fy have a unique common fized point in X.

(12)

Proof. Since F{" and F3' satisfy the conditions of Theorem 3. So F|" and
F3 have a unique common fixed point. Let z be the common fixed point.
Then, we have

"z =2z= Fi(F["2z) = F1z
= Flm(Flz) = Fiz.

If Fiz = 1, then F["rg = r9. So, Fiz is a fixed point of F". Similarly,
F5(F}z) = Fyz. Now, using equation (12) and Lemma 1, we obtain

p('z?FlZ) = p(Flmza Flm(Flz))
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< {ple, Fr2), 5l F2) + p(Frz, B (R,

%[p(z, F"(F12)) + p(F1z, Ff”Z)]}

= 0{p(e Fi2) 500 2) (R Fr2))

%[p(z, Fi12) + p(Fiz, z)]}

= ¢{p(27F12)707p(zaF12)}'
Since 1) satisfies the condition (/72), then we get
p(z, Fiz) < pp(z, Fiz)
= p(z,F12z) =0, since 0 < pu < 1.
Thus, we have z = Fjz for all z € X. Similarly, we can show that z = Fjz.
This shows that z is a common fixed point of F; and F5. For uniqueness of
z, let 2/ # z be another common fixed point of F; and F5. Then clearly 2’

is also a common fixed point of F|" and F}' which implies z’ = z. Hence F}
and F5 have a unique common fixed point. This completes the proof. U

Theorem 5. Let {U,} be a family of continuous mappings on a complete
partial metric space (X, p) satisfying

PUat Usy) < {ple,0), 5ol Uat) + ol Usy)l,

(13) %[p(:v, Usy) + p(y, Uw)])

for a, 8 € ¥ with a # B and x,y € X. Then there exists a unique z € X
satisfying Upz = 2z for all € W.

Proof. For g € X, we define a sequence as follows:
Ton+1 = Uaszn, Ton+2 = U5$2n+1, n = 0, 1, 2, P
It follows from (13), (pm4) and Lemma 1 that

P(xony1,22n) = p(Uaton, Uston—1)

1
< @b{p(l‘Zn,xanl) [p(22n, Uaan) + p(22n—1, UgTon—1)],

)
1
g[P(JUzn, Usxon—1) + p(z2n—1, Uaﬂﬁzn)]}
1
= ¢{P($2n, Ton—1), §[p($2m Ton+1) + P(T2n—1,T2n)],
1

§[p(:v2n, Tan) + p(T2n-1, x2n+1)]}

1
1/1{P(9€2n, Ton—1), 3 [p(T2n, Tant+1) + D(T2n—1, Z2n)],

IN
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1
i[p(qfﬁn—l, 37271) + p(x2n> $2n+1) - P(932m xQn)]}
1
< ¢{P($2n, Ton—1), 3
1
(14) 5[13(56271—1, Ton) + p(Tan, Tan+1)] }

Since 1) satisfies the condition (Ir1), there exists u € (0, 1) such that

[p($2n7 $2n+1) + p(xQn—la xQn)]y

(15) P(x2n41, %9n) < pp(wan, Tan—1) < p?"p(ar, xo).

Now we show that {z,} is a Cauchy sequence in X. Let m,n > 0 with

m > n, then by using (pm4) and equation (15), we have

P(@n, Tm) < p(Tn, Tnt1) + P(@nt1, Tnt2) + 0+ D(@ngm—1, Tin)
—P(Tnt1,Tnt1) = P(Tnt2, Tny2) — = P(Tntm—1, Tntm—1)

< wp(wo, 21) + p" (o, @) + - 4 T p (o, 1)
1 p(zo, 1) + pp(zo, 1) + -+ + p" " p(x0, 1))
P+ e ™ p(@, 1)

m—1

< (T
Taking n,m — oo in the above inequality, we get p(xy,z;,) — 0 since
0 < u < 1, hence {x,} is a Cauchy sequence in X. Thus by Lemma 1 this
sequence will also Cauchy in (X, dp). In addition, since (X, p) is complete,
(X,dp) is also complete. Thus there exists r € X such that z, — r as
n — oo. Moreover by Lemma 1,

(16) p(r,r) = lim p(r,z,) = lim p(x,,zmn) =0,
n—00 n,M—00

implies

(17) nlg]go dp(r, zy) = 0.

By the continuity of U, and Usg, it is clear that U,r = Ugr = r. Therefore
r is a common fixed point of U, for all a € W.

In order to prove the uniqueness, let us take another common fixed point
" of Uy and Ug where r # r’. Then from equation (13) and (16), we obtain

p(r,7") = p(Uqr,Ugr’)
9 {p(r,), 510, Fur) + 90", U,

%[p(r, Ugr') + p(r’, Uar)]}
= o{p(rr), 5lplrr) + 0071,

[p(r,7") +p(, )]}

IN

[N R
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= o{prr),0.p( 1) }.
Since v satisfies the condition (/72), then we get
p(r,r') < pp(r,r’)
= p(r,r') =0, since 0 < pu < 1.
Thus, we get r = r/ for all » € X. This shows that r is a unique common

fixed point of U, for all a € ¥. This completes the proof. O

Next, we give an analogues of fixed point theorems in metric spaces for
partial metric spaces by combining Theorem 1 with ¢ € ¥ and 1 satisfies
conditions (Ir1), (Ir2) and (Ir3). The following corollary is an analogues
of Banach’s contraction principle.

Corollary 2.1. Let (X,p) be a complete partial metric space. Suppose that
the mapping T: X — X satisfies the following condition:

p(Tz,Ty) < fp(z,y)
for all x,y € X, where f € [0,1) is a constant. Then T has a unique fized
point in X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 2 with (v, ve,v3) = fv; for
some f € [0,1) and all v, v9,v3 € R4. This completes the proof. d

The following corollary is an analogues of R. Kannan’s result in [15].

Corollary 2.2. Let (X,p) be a complete partial metric space. Suppose that
the mapping T: X — X satisfies the following condition:

p(Tz,Ty) < gp(z, Tx) + p(y, Ty)]
for all x,y € X, where g € [0, %) is a constant. Then T has a unique fized
point in X. Moreover, T is continuous at the fized point.
Proof. The assertion follows using Theorem 2 with (vy,va,v3) = gve for
some g € [0,1) and all v1,v2,v3 € Ry. Indeed, % is continuous. First, we
have ¥ (z, Z5¥, ZX) = g(x“”) So, if y < ¢(z, T5¥, ZX¥), then y < (2 g):c

with ( ) < 1. Thus, T satisfies the condition (Ir1).

Next, if y < ¢(y,0,y) = g.0 = 0, then y = 0. Thus, T satisfies the
condition (Ir2).

Finally, if y <4(0,%,%) = g(%) =0, then y = 0 since g < 3 < 1. Thus,
T satisfies the condition (Ir3). O

The following corollary is an analogues of S. K. Chatterjae’s result in [13].

Corollary 2.3. Let (X,p) be a complete partial metric space. Suppose that
the mapping T: X — X satisfies the following condition:

p(Tz,Ty) < hip(z,Ty) + p(y, Tx)]
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for all z,y € X, where h € [0, %) is a constant. Then T has a unique fized
point in X. Moreover, T is continuous at the fized point.

Proof. The assertion follows using Theorem 2 with (v, ve,v3) = hvs for
some h € [0,1) and all v1,v9,v3 € R4. Indeed, 1 is continuous. First, we
have oz, £ £ty — h(”y) So, if y < ¥(z, ZH¥, THY) then y < (2 h)x

with ( ) < 1. Thus, T satisfies the condition (Ir1).

Next, if y < ¥(y,0,y) = h.0 = 0, then y = 0. Thus, T satisfies the
condition (Ir2).

Finally, if y < 1(0,4,%) = h( ) =0, then y = 0 since h < 1 < 1. Thus,
T satisfies the condition (Ir3). O

Example 3. Let X = [0,1]. Define p: X x X — R as p(z,y) = max{x,y}
with T: X — X by T(z) = §. Clearly (X,p) is a partial metric space.
Now, let z < y. Then choose z = % and y = 1, we have p(Tz,Ty) = ¥
p(z,y) =y, p(z,Tx) =z, p(y, Ty) = y, p(z, Ty) = z, p(y, Tx) = y.

(i) Now, we consider

p(Tx,Ty) = = < fy,

or f > i. If take 0 < f < 1, then T satisfies all the conditions of
Corollary 2.1. Hence by application of Corollary 2.1, T" has a unique
fixed point. Here it is seen that 0 € X is the unique fixed point of
T.

(ii) Now, we consider

<

Y

p(Tz,Ty) =7 < gz +y),
putting x = % and y = 1 in the above inequality, we get
1 3
< Z
1= 29

or g > %. If take 0 < g < 5, then T satisfies all the conditions of
Corollary 2.2. Hence by application of Corollary 2.2, T has a unique
fixed point and the unique fixed point T"is 0 € X.

(iii) Now, we consider

p(Te.Ty) = T < h(x +y).

putting z = % and y = 1 in the above inequality, we get

1 3

= < —h,

4 — 2
or h > %. If take 0 < h < 57 then T satisfies all the conditions of
Corollary 2.3. Hence by application of Corollary 2.3, T has a unique
fixed point and it is 0 € X.
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3. CONCLUSION

In this article, we prove some fixed point and common fixed point the-
orems satisfying the implicit relation in the framework of complete partial
metric spaces. Our results extend, unify and generalize several results from
the existing literature in the context of partial metric spaces.
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