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Refinements of Hermite-Hadamard inequality
for trigonometrically ρ-convex functions

Hüseyin Budak∗

Abstract. In this study, we obtain some refinements of Hermite-Hadamard
type inequalities for trigonometrically ρ-convex mappings.

1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex
functions are considerable significant in the literature (see, e.g., [5], [15],
[17, p. 137]). These inequalities state that if f : I → R is a convex function
on the interval I of real numbers and a, b ∈ I with a < b, then

(1) f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f (a) + f (b)

2
.

Both inequalities hold in the reversed direction if f is concave. We note
that Hermite-Hadamard inequality may be regarded as a refinement of the
concept of convexity and it follows easily from Jensen’s inequality.

Over the last twenty years, the numerous studies have focused on to es-
tablish generalization of the inequality (1) and to obtain new bounds for left
hand side and right hand side of the inequality (1).

The following Lemma will be very useful when we prove the main theo-
rems.

Lemma 1.1 ([20, 21]). Let f : [a, b] → R be a convex function and h be
defined by

h(t) =
1

2

[
f

(
a+ b

2
− t

2

)
+ f

(
a+ b

2
+
t

2

)]
.

Then h is convex, increasing on [0, b− a] and for all t ∈ [0, b− a],

f

(
a+ b

2

)
≤ h(t) ≤ f(a) + f(b)

2
.
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In [6], Dragomir obtained following important inequalities which refines
the first inequality of (1).

Theorem 1.1. Let f : [a, b] → R be a convex on [a, b] and f ∈ L1 [a, b].
Then H is convex, increasing on [0, 1] and for all t ∈ [0, 1], we have

(2) f

(
a+ b

2

)
= H(0) ≤ H(t) ≤ H(1) =

1

b− a

b∫
a

f(x)dx,

where

H(t) =
1

b− a

b∫
a

f

(
tx+ (1− t)a+ b

2

)
dx.

Moreover, Yang and Hong [22] prove the following result which refines the
second inequality of (1).

Theorem 1.2. Let f : [a, b] → R be a convex on [a, b] and f ∈ L1 [a, b].
Then P is convex, increasing on [0, 1] and for all t ∈ [0, 1], we have

(3)
1

b− a

b∫
a

f(x)dx = P (0) ≤ P (t) ≤ P (1) =
f(a) + f(b)

2
,

where

P (t) =
1

2 (b− a)

×
b∫
a

[
f

((
1 + t

2

)
a+

(
1− t

2

)
x

)
+ f

((
1 + t

2

)
b+

(
1− t

2

)
x

)]
dx.

For the some refinements of the inequalities (1), please refer to [12], [13],
[20], [21].

The definition of trigonometrically ρ-convex functions is given as follows:

Definition 1.1 ([1]). A function f : I → R is said to be trigonometrically
ρ-convex, if for any arbitrary closed subinterval [a, b] of I such that 0 <
ρ (b− a) < π. we have

(4) f(x) ≤ sin [ρ (b− x)]

sin [ρ (b− a)]
f(a) +

sin [ρ (x− a)]

sin [ρ (b− a)]
f(b)

for all x ∈ [a, b]. For the x = (1− t)a+ tb, t ∈ [0, 1], then the condition (4)
becomes

(5) f ((1− t) a+ tb) ≤ sin [ρ (1− t) (b− a)]

sin [ρ (b− a)]
f(a) +

sin [ρt (b− a)]

sin [ρ (b− a)]
f(b).
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If the inequality (4) holds with “≥”, then the function will be called
trigonometrically ρ-concave on I.

For some properties and results concerning the class of trigonometrically
ρ-convex functions, see ([1], [2]-[4], [8]-[11], [14], [16], [18], [19]).

The following Hermite-Hadamard inequality for trigonometrically ρ-convex
function is proved by S.S. Dragomir in [7].

Theorem 1.3. Suppose that f : I → R is trigonometrically ρ-convex on I.
Then for any a, b ∈ I with 0 < b− a < π

ρ , we have
(6)

2

ρ
f

(
a+ b

2

)
sin

[
ρ (b− a)

2

]
≤

b∫
a

f(x)dx ≤ f(a) + f(b)

ρ
tan

[
ρ (b− a)

2

]
.

Theorem 1.4. Suppose that f : I → R is trigonometrically ρ-convex on I.
Then for any a, b ∈ I with 0 < b− a < π

ρ , we have
(7)

f

(
a+ b

2

)
≤

b∫
a

sin

[
ρ

(
x− a+ b

2

)]
f(x)dx ≤ f(a) + f(b)

2
sec

[
ρ (b− a)

2

]
.

2. Main Results

The following theorem refines the first inequality in (6).

Theorem 2.1. Suppose that f : [a, b] → R is a positive function with 0 <
b − a < π

ρ , then Λ1 is monotonically increasing on [0, 1] and we have the
following refinement inequality

2

ρ
f

(
a+ b

2

)
sin

[
ρ (b− a)

2

]
= Λ1(0) ≤ Λ1(t) ≤ Λ1(1) =

b∫
a

f(x)dx,

where

Λ1(t) =
1

2

b∫
a

[
cos

(
ρ (1− t) (b− x)

2

)
+ cos

(
ρ (1− t) (x− a)

2

)]

×f
(
tx+ (1− t)a+ b

2

)
dx.
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Proof. By using the change of variable, we obtain

Λ1(t) =
1

2

a+b
2∫
a

[
cos

(
ρ (1− t) (b− x)

2

)
+ cos

(
ρ (1− t) (x− a)

2

)]

× f
(
tx+ (1− t)a+ b

2

)
dx

+
1

2

b∫
a+b
2

[
cos

(
ρ (1− t) (b− x)

2

)
+ cos

(
ρ (1− t) (x− a)

2

)]

× f
(
tx+ (1− t)a+ b

2

)
dx

=
1

4

b−a∫
0

[
cos

(
ρ (1− t)

(
b− a

4
+
u

4

))
+ cos

(
ρ (1− t)

(
b− a

4
− u

4

))]

× f
(
a+ b

2
− ut

2

)
du

+
1

4

b−a∫
0

[
cos

(
ρ (1− t)

(
b− a

4
− u

4

))
+ cos

(
ρ (1− t)

(
b− a

4
+
u

4

))]

× f
(
a+ b

2
+
ut

2

)
du

=
1

4

b−a∫
0

[
cos

(
ρ (1− t)

(
b− a

4
+
u

4

))
+ cos

(
ρ (1− t)

(
b− a

4
− u

4

))]

×
[
f

(
a+ b

2
− ut

2

)
+ f

(
a+ b

2
+
ut

2

)]
du.

From Lemma 1.1, we have h(t) = 1
2

[
f
(
a+b
2 −

t
2

)
+ f

(
a+b
2 + t

2

)]
is increasing

on [0, b− a]. Since

cos

(
ρ (1− t)

(
b− a

4
+
u

4

))
+ cos

(
ρ (1− t)

(
b− a

4
− u

4

))
is nonnegative for u ∈ [0, b− a] with 0 < b− a < π

ρ , thus Λ1(t) is increasing
on [0, 1]. As a result, using the facts that

Λ1(0) = f

(
a+ b

2

)
1

2

b∫
a

[
cos

(
ρ (b− x)

2

)
+ cos

(
ρ (x− a)

2

)]
dx

= f

(
a+ b

2

)
1

2

[
−2

ρ
sin

(
ρ (b− x)

2

)∣∣∣∣b
a

+
2

ρ
sin

(
ρ (x− a)

2

)∣∣∣∣b
a

]



Hüseyin Budak 91

=
2

ρ
f

(
a+ b

2

)
sin

[
ρ (b− a)

2

]
and

Λ1(1) =

b∫
a

f(x)dx,

we obtain the desired result. �

Remark 2.1. For ρ→ 0 we observe that

lim
ρ→0

2

ρ
sin

[
ρ (b− a)

2

]
= b− a

and

lim
ρ→0

Λ1(t) =

b∫
a

f

(
tx+ (1− t)a+ b

2

)
dx.

Thus, refinement of Hermite-Hadamard inequality (2) follows from Theorem
2.1 in the limit ρ→ 0.

The following theorem refines the second inequality in (6).

Theorem 2.2. Suppose that f : [a, b] → R is a positive function with 0 <
b − a < π

ρ , then Λ2 is monotonically increasing on [0, 1] and we have the
following refinement inequality

b∫
a

f(x)dx = Λ2(0) ≤ Λ2(t) ≤ Λ2(1) =
f(a) + f(b)

ρ
tan

[
ρ (b− a)

2

]
,

where

Λ2(t) =
1

4

b∫
a

[
2 + tan2

(
ρt (b− x)

2

)
+ tan2

(
ρt (x− a)

2

)]

×
[
f

((
1 + t

2

)
a+

(
1− t

2

)
x

)
+ f

((
1 + t

2

)
b+

(
1− t

2

)
x

)]
dx.

Proof. By chance of variable, we have

Λ2(t) =
1

4

b∫
a

[
2 + tan2

(
ρt (b− x)

2

)
+ tan2

(
ρt (x− a)

2

)]

×f
((

1 + t

2

)
a+

(
1− t

2

)
x

)
dx

+
1

4

b∫
a

[
2 + tan2

(
ρt (b− x)

2

)
+ tan2

(
ρt (x− a)

2

)]
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×f
((

1 + t

2

)
b+

(
1− t

2

)
x

)
dx

=
1

4

b−a∫
0

[
2 + tan2

(
ρt (b− a− u)

2

)
+ tan2

(
ρtu

2

)]

×f
(
a+

(
1− t

2

)
u

)
du

+
1

4

b−a∫
0

[
2 + tan2

(
ρtu

2

)
+ tan2

(
ρt (b− a− u)

2

)]

×f
(
b+

(
1− t

2

)
u

)
du

=
1

4

b−a∫
0

[
2 + tan2

(
ρt (b− a− u)

2

)
+ tan2

(
ρtu

2

)]

×
[
f

(
a+

(
1− t

2

)
u

)
+ f

(
b+

(
1− t

2

)
u

)]
du

It follows that from Lemma 1.1 that h(t) = 1
2

[
f
(
a+b
2 −

t
2

)
+ f

(
a+b
2 + t

2

)]
and k(t) = b−a−(1−t)u are increasing on [0, b] and [0, 1], respectively. Thus,
h(k(t)) = f

(
a+

(
1−t
2

)
u
)

+ f
(
b−

(
1−t
2

)
u
)
is increasing on [0, 1]. Since

2 + tan2

(
ρt (b− a− u)

2

)
+ tan2

(
ρtu

2

)
is non negative for u ∈ [0, b] with 0 < b− a < π

ρ , then we deduce that Λ2 is
monotonically increasing on [0, 1]. Using the facts that

Λ2(0) =
1

2

 b∫
a

f

(
a+ x

2

)
dx+

b∫
a

f

(
x+ b

2

)
dx

 =

b∫
a

f(x)dx

and

Λ2(1) =
f(a) + f(b)

4

b∫
a

[
1 + tan2

(
ρ (b− x)

2

)
+ 1 + tan2

(
ρ (x− a)

2

)]
dx

=
f(a) + f(b)

4

×

[
−2

ρ

[
1 + tan

(
ρ (b− x)

2

)]∣∣∣∣b
a

+
2

ρ

[
1 + tan

(
ρ (x− a)

2

)]∣∣∣∣b
a

]
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=
f(a) + f(b)

ρ
tan

[
ρ (b− a)

2

]
,

then one can obtain the required result. �

Remark 2.2. For ρ→ 0 we observe that

lim
ρ→0

1

ρ
tan

[
ρ (b− a)

2

]
=
b− a

2

and

lim
ρ→0

Λ2(t) =

=
1

2

b∫
a

[
f

((
1 + t

2

)
a+

(
1− t

2

)
x

)
+ f

((
1 + t

2

)
b+

(
1− t

2

)
x

)]
dx.

Thus, refinement of Hermite-Hadamard inequality (3) follows from Theorem
2.2 in the limit ρ→ 0.

The following theorem refines the first inequality in (7).

Theorem 2.3. Suppose that f : [a, b] → R is a positive function with 0 <
b − a < π

ρ , then Λ3 is monotonically increasing on [0, 1] and we have the
following refinement inequality
(8)

f

(
a+ b

2

)
= Λ3(0) ≤ Λ3(t) ≤ Λ3(1) =

b∫
a

f(x) sin

[
ρ

(
x− a+ b

2

)]
dx,

where

Λ3(t) =
1

b− a

b∫
a

sec

[
ρt

(
x− a+ b

2

)]
f

(
tx+ (1− t)a+ b

2

)
dx.

Proof. By using the change of variable and by using the fact that secx is is
an even function, we obtain

Λ3(t) =
1

b− a

a+b
2∫
a

sec

[
ρt

(
x− a+ b

2

)]
f

(
tx+ (1− t)a+ b

2

)
dx

+
1

b− a

b∫
a+b
2

sec

[
ρt

(
x− a+ b

2

)]
f

(
tx+ (1− t)a+ b

2

)
dx

=
1

2 (b− a)

b−a∫
0

sec

[
−ρtu

2

]
f

(
a+ b

2
− ut

2

)
du
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+
1

2 (b− a)

b−a∫
0

sec

[
ρtu

2

]
f

(
a+ b

2
+
ut

2

)
du

=
1

2 (b− a)

b−a∫
0

sec

[
ρtu

2

] [
f

(
a+ b

2
− ut

2

)
+ f

(
a+ b

2
+
ut

2

)]
du.

From Lemma 1.1, we have h(t) = 1
2

[
f
(
a+b
2 −

t
2

)
+ f

(
a+b
2 + t

2

)]
is increasing

on [0, b− a] . Since sec
[ρtu

2

]
is nonnegative for u ∈ [0, b− a] with 0 < b−a <

π
ρ , thus Λ3(t) is increasing on [0, 1]. This completes the proof. �

Remark 2.3. If we choose ρ = 1 in Theorem 2.3, then the inequality (8)
reduces to the inequality (2).

The following theorem refines the second inequality in (7).

Theorem 2.4. Suppose that f : [a, b] → R is a positive function with 0 <
b − a < π

ρ , then Λ4 is monotonically increasing on [0, 1] and we have the
following refinement inequality

b∫
a

sec

[
ρ

(
x− a+ b

2

)]
f(x)dx(9)

= Λ4(0) ≤ Λ4(t) ≤ Λ4(1)

=
f(a) + f(b)

2
sec

[
ρ (b− a)

2

]
,

where

Λ4(t) =
1

2 (b− a)

b∫
a

sec

[
ρ

(
t (x− a) + (b− x)

2

)]

×f
((

1 + t

2

)
a+

(
1− t

2

)
x

)

+
1

2 (b− a)

b∫
a

sec

[
ρ

(
t (b− x) + (x− a)

2

)]

×f
((

1 + t

2

)
b+

(
1− t

2

)
x

)
dx.

Proof. Theorem 2.4 can be proven similar to Theorem 2.2. The detail is
omitted. �
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Remark 2.4. If we choose ρ = 1 in Theorem 2.4, then the inequality (9)
reduces to the inequality (3).

References

[1] M.S.S. Ali, On certain properties of trigonometrically ρ-convex functions, Advances
in Pure Mathematics, 2012 (2) (2012), 337–340.

[2] E.F. Beckenbach, Convex functions, Bulletin of the American Mathematical Society,
54 (5) (1948), 439–460.

[3] F.F. Bonsall, The characterization of generalized convex functions, The Quarterly
Journal of Mathematics Oxford Series, 1 (1950), 100–111.

[4] A.M. Bruckner and E. Ostrow, Some functions classes related to the class of convex
functions, Pacific Journal of Mathematics, 12 (1962), 1203–1215.

[5] S.S. Dragomir and C.E.M. Pearce, Selected topics on Hermite-Hadamard inequalities
and applications, RGMIA Monographs, Victoria University, 2000.

[6] S.S. Dragomir, Two mappings in connection to Hadamard’s inequalities, Journal of
Mathematical Analysis and Application, 167 (1992), 49–56.

[7] S.S. Dragomir, Some inequalities of Hermite-Hadamard type for trigonometrically
ρ-convex functions, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art 9, 12 pages.

[8] S.S. Dragomir, Some inequalities of Fejer type for trigonometrically ρ-convex func-
tions, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art 10, 10 pages.

[9] S.S. Dragomir, Some inequalities of Ostrowski and trapezoid type for trigonometrically
ρ-convex functions, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art 11, 13 pages.

[10] S.S. Dragomir, Further inequalities of Hermite-Hadamard type for trigonometrically
ρ-convex functions, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art 12, 10 pages.

[11] S.S. Dragomir, Some inequalities of Jensen type for trigonometrically ρ-convex func-
tions, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art 16, 12 pages.

[12] F. Ertuğral, M.Z. Sarıkaya, H. Budak, On refinements of Hermite-Hadamard-Fejér
type inequalities for fractional integral operators, Applications and Applied Mathe-
matics: An International Journal (AAM), 13 (1) (2018), 426–442.

[13] A.E. Farissi, Simple proof and renement of Hermite-Hadamard inequality, Journal of
Mathematical Inequalities, 4 (2010), 365–369.

[14] J.W. Green, Support, convergence, and differentiability properties of generalized con-
vex functions, Proceedings of the American Mathematical Society, 4 (3) (1953), 391–
396. doi:10.1090/S0002-9939-1953-0056039-2.

[15] J. Hadamard, Etude sur les proprietes des fonctions entieres en particulier d’une
fonction consideree par Riemann, Journal de Mathématiques Pures et Appliquées,
58 (1893), 171–215.

[16] M.J. Miles, An extremum property of convex functions, American Mathematical
Monthly, 76 (1969), 921–922. doi:10.2307/2317948.

[17] J.E. Pečarić, F. Proschan and Y.L. Tong, Convex Functions, Partial Orderings and
Statistical Applications, Academic Press, Boston, 1992.



96 Refinements of Hermite-Hadamard inequality

[18] M.M. Peixoto, On the existence of derivatives of generalized convex functions, Summa
Brasilian Mathematics, 2 (3) (1948), 35–42.

[19] M.M. Peixoto, Generalized convex functions and second order differential inequli-
ties, Bulletin of the American Mathematical Society, 55 (6) (1949), 563–572.
doi:10.1090/S0002-9904-1949-09246-7.

[20] R. Xiang, Refinements of Hermite-Hadamard type inequalities for convex functions
via fractional integrals, Journal of Applied Mathematics and Informatics, 33 (1-2)
(2015), 119–125.

[21] G.S. Yang and K.L. Tseng, On certain integral inequalities related to Hermite-
Hadamard inequalities, Journal of Mathematical Analysis and Applications, 239
(1999), 180–187.

[22] G.S. Yang and M.C. Hong, A note on Hadamard’s inequality, Tamkang Journal of
Mathematics, 28 (1997), 33–37.

Department of Mathematics
Faculty of Science and Arts
Düzce University
Düzce
Turkey
E-mail address: hsyn.budak@gmail.com




