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Generalized Cg— rational contraction
and fixed point theorem with application
to second order differential equation

NAVEEN MANI

ABSTRACT. In this article, generalized Cg— rational contraction is de-
fined and the existence and uniqueness of fixed points for self map in
partially ordered metric spaces are discussed. As an application, we
apply our result to find existence and uniqueness of solutions of second
order differential equations with boundary conditions.

1. INTRODUCTION

From last 15 years, several authors have studied and derived various fixed
point results for many contractions in partially ordered sets. Ran and Reur-
ings [1] derived a fixed point result on partially ordered sets in which con-
tractive condition assumed to be hold on comparable elements. After that,
author in [9, 10] deduced some results to get fixed point for monotone,
non-decreasing operator with partially ordered relation on a set Y with-
out using the continuity of maps. They also discussed few applications of
their main findings and gave existence as well as uniqueness theorem or-
dinary differential equation of first order and first degree with restricted
boundary conditions. Number of results after that have been investigated
to establish fixed point in partially ordered metric spaces (for more detail
see [2,4, 7,8, 11, 12, 13, 15, 18, 19, 21, 22]).

In 1975, Jaggi [23] and Das and Gupta [24] derived some fixed point results
for rational type contraction. There exist several results in the literature for
self and pair of maps satisfying rational expression in different spaces |20, 25].

In 2007, Suzuki [16] introduced the weaker C- contractive condition and
proved some fixed point theorems. The existence as well as uniqueness of
fixed point of such types of operator have also been extensively studied in
[3, 17].
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Definition 1.1. [16] Let (Y, d) be a metric space. Then a map f on Y is
said to satisfies the C'— condition if, for all u,v € Y,

%d(u, fu) <d(u,v) implies d(fu,fv) <d(u,v).

We begin with the following definition and lemmas which are useful in
proving our result.

Definition 1.2. [14] Let ¥ denote the class of function ¢ : [0, 00) — [0, c0)
(called altering distance function), which satisfies the following assumptions:

(U1.) v is non-decreasing and continuous,
(¥2.) ¥(w) =0 if and only if w = 0.

Lemma 1.1. [5] Let 7 : [0,00) — [0,00) is a continuous function. If ¢ is
an altering distance function satisfying condition ¥ (w) > m(w) for allw > 0,
then 7(0) = 0.

Lemma 1.2. [6] Let (Y,d) be a metric space. Let {u,} be a sequence in'Y
such that

nh_}ngo d(tp, upt1) = 0.

If {u,} is not a Cauchy sequence in'Y then there exist an € > 0 and sequences
of positive integers (my) and (ny) with my > ng > k such that

d(Umy,, Uny,) = €, d(Umy—1,Un, ) <€
and
(Bl) hmk-*)oo d(umk—17 unk+1) = 67
(BQ) hmk-*)oo d(umk7u7Zk) =€
(B3.

B3.) limg o0 d(Umy—1,Un, ) = €.

In this paper, we first define a generalized C’g— rational contraction and
then prove the existence and uniqueness of fixed points for self monotone
map. We also consider a partially ordered set Y with comparable elements,
and a complete metric d with set Yto deduce our main result. As applica-
tion, we give an existence as well as uniqueness theorem for ordinary dif-
ferential equation of second order and first degree with restricted boundary
conditions.

2. FIXED POINT RESULT WITH PARTIAL ORDER
We define generalized C’g}f rational contraction as follows:

Definition 2.1. A mapping f on a metric space (Y,d) is said to satisfy
generalized C’g’— rational contraction if, for all u,v €Y,

(1) %d(u, fu) < d(u,v) implies (d(fu, fv)) < B(M (u,v)),
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where

@) au0) = ), N LI, Sl fu]|

[1+d(u,v)] * [1+d(u,v)]
B :[0,00) — [0,00) is continuous function and ¢ € W.

Main finding of this article is the following result.

Theorem 2.1. Let (Y,d, =) be a partially ordered complete metric space
and let f 1Y = Y be a non-decreasing, monotone map satisfying generalized
C’g— rational contraction. Also, suppose [ : [0,00) — [0,00) is continuous
function and ¢ € VU satisfying

(3) 0<pB(w) <Y(w), w>0.
Also assume that:
(4)  For every u,v €Y, there exists z € Y, such that u <z andv < z.

If there exists ug € Y such that ug < fug, then f has a unique fixed point in
Y.

Proof. Let ug € Y satisfy ug < fug. We define a sequence {u,} as follows:
(5) Up = fun_1, n € N.

If up, = upyy for some n € N, then, clearly M (uy,un+1) = 0 and so, uy,
is the fixed point of f. So, assume that w, # u,y1 for all n € N. Let
an = d(up,up+1). Then, clearly a,, > 0. Since uy < fug = uj and f is
non-decreasing, then

(6) up JUp U DUy

On taking u = u, and v = fu, = up4+1 in (1), we obtain that
1 1
§d(una Jun) = §d(umun+1) < d(up, Unt1)

implies
(7) P(d(fun, funt1)) = Y(d(Unt1, unt2)) < B(M (tn, unt)),

where

d mny n d n s n
d(u”’u”+1)> - [chid)(u(:,uiﬂfﬁ +1)7

d(un+1,funt1)[1+d(un, fun)]
[1+d(un yUn+1 )]

d(u’na u’n+1)7 d(un+17 un+2);
= max .

M (up, upy+1) = max

A(un Un+1)d(Un+1,Un+2)
[1+d(un,unt+1)]

Since % < 1 for all n € N, therefore

d(una Un+1)d(un+la un—|—2)
[1 + d(una un+1)]

< d(un+17 Un+2),
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and hence

M(una un+1) < max {d(una un-‘,—l)a d(un-i—h un—l—?)} .

From (7), we have

(8) P(d(uny1, unt2)) < Blmax{d(un, uns1), d(tni1, unt2)})-

If d(up, unt1) < d(tns1,uni2), then (8) gives a contradiction to condition
(3) and hence

Y(d(Unt1, un+2)) < B(d(un, tnt1))-
Since 1 and § are continuous functions, therefore

d(un-‘rlv un+2) < d(unv un-i—l).
Similarly we get
d(un> un+1) < d(unfb un)

Thus, we get a sequence {d(uy, un+1)} of functions, which is non-increasing
and r > 0 such that

(9) nh_)rrolo d(Up, Upt1) = 7.

However, by taking lim,_,, on both side of (8), we get ¥ (r) < (r), which
is a contradiction to (2). Thus we have r = 0, and hence

(10) lim d(up, upt+1) =1 =0.

n—oo

Assume on contrary that sequence {uy,} is not Cauchy. Then for every € > 0,
we can find subsequences of positive integers my and ng, where ngy > my > k,
for all £ € N, such that

(11) A(Up,,, Un, ) > € and  d(Up, , Un,_,) < €.

Also for this € > 0, the convergence of sequence {d(up,u,+1)} implies,
there exists Ny € N such that d(up,unt1) < € for all n > Ny. Let
Ny = max {m;, No}. Then, for all my > n; > Ny, we have

d(unk7unk+1) <€ S d(unk7umk)7

where my > n; and hence
1
id(unmunk-&-l) < d(unk7umk)'

Now from (1), on substituting v = uy, and v = uy,,, we get
(12) ¢(d(funk7 fumk)) = ¢<d(unk+17 umk+1)> < ﬁ(M(unk7umk))

where,

d(un fun )d(um fum )
d(unk. y Umy, )7 k[l-}-d(znk ,umkk)] k )
d(umk 7fumk )[1+d(u’ﬂk, 7fu’ﬂk, )}
[T (g ey )]

M (unp,, , um, ) = max
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Aty ung g g )Wy )
d(unka Umk)7 [1+d(unk,umk ] 5

(13) = max

d(Umy sumy ) [1+d(uny ung )]
[1+d(unk yUmy, )]

On using Lemma 1.2 and letting k¥ — oo in (12) and (13), we obtain ¥ (e) <
B(€), that’s a contradiction to (3) and hence by Lemma 1.1, we get ¢ = 0.
This contradicts the assumption that € > 0. Therefore our assumption is
wrong. Hence {u,} is Cauchy. Since Y is complete, so {u,} converges with
all its subsequences to some limiting value, say z € Y.

Now assume for every n € N

1
d(un, z) < id(un,unﬂ)
and
1
d(uny1,2) < §d(un+1, Upt2)-
Then we have
d(unv un-l—l) < d(una Z) + d(un—f—h Z)
1
< 5 d(“nv un-l—l) + d(un-‘rlv un+2)]
S d(una ’U,n+1),

this is a contradiction. Hence we must have d(uy,2) > 3d(un, uns1) or
d(unt1,2) > 3d(uns1,Unt2), for all n € N. Thus for a sub-sequence {ny}
of N, we obatin

1 1
7d(unk7 funk) = id(unkvunk-i-l) S d(unkvz)v k € N7

2
which implies
(14) ¢(d(funk,fz)) = B(M(unk,z)),
where
d(un, ,f2)d(un, ,fun,)
At 2)s =l 2T
— nk’
(15) M(Unka Z) = maXx d(Z,fZ)[l—l—d(unk,funk S

Both, on letting k — oo, and using (15) in (14), we get
P(d(z, f2)) < Bd(z, f2)).

Lemma 1.1 implies that d(z, fz) = 0. That is, fz = z.

To establish uniqueness, we suppose on contradictory that for all u,v € Y,
u = fu and v = fov provided u # v. Now we discuss following two case for
both elements.
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Case 1. Without loss of generality, suppose that v < v are comparable.
Then

0= sdu, fu) < d(u,v),

implies that
(16) P(d(fu, f)) = (d(u,v)) < B(M(u,v)) = B(d(u,v)),

Thus from (2) and Lemma 1.1, we get d(u,v) =0, i.e, u = v.

Case 2. Assume that v and v are not comparable then from (4), there
exists some z € Y comparable to u and v such that fz = z is comparable
u = fuand v = fo.

Clearly,

0=d(u,u) = %d(u,fu) < d(u,w)

implies that
(17) P(d(fu, fw) < B(M (u,w)),

where

Aauﬂ@::nmx{duhw%d““fwd@wfw)d@wfwﬂl+d@%fuﬂ}

14+ d(u,w) 1+ d(u,w)
= max d(u,w),0,0 = d(u,w).
Hence, from (17),

Y(d(fu, fw) < B(d(u, w)).
Consequently, we have
P (d(u, w) < Bd(u, w)).

On using Lemma 1.1, we have d(u,w) = 0.
Similarly, we can obtain d(v,w) = 0. This implies that u = v.
This completes the proof of Theorem 2.1.
O

Theorem 2.2. Let (Y, d, <) be a partially ordered complete metric space and
let f:Y —Y be anon-decreasing, monotone map such that for all u,v € Y,

(18) %d(u, fu) <d(u,v) implies P(d(fu, fv)) < B(N(u,v)),

and

d(u, fu)d(v, fv) d(v, fv)[1 + d(u, fu)]
L+duwo)] 7 [T+duwv)]

where Y € ¥, a; >0, Y a; <1, for alli=1,2,3 and : [0,00) — [0,00) is

continuous function such that

(20) 0<fB(w) <Y(w), w>0.

(19) N(u,v) = a1d(u,v) + az
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Also assume that, for every u,v € Y, there exists z € Y, such that u = z
and v = z. If there exists ug € Y such that ug = fug, then f has a unique
fized point in'Y .

Proof. Given that f : Y — Y be monotone, nondecreasing map such that
for all u,v €Y,

Sd(u, fu) < d(u,v) implies (d(fu, fv)) < BN (u,v)),

and
_ d(u, fu)d(v, fv) d(v, fo)[1 + d(u, fu)]
N(u,v) = ard(u,v) + az T+ d(u, 0] + ag T+ d(a.o)]
5y L oy A fdo, o) do, o)1+ dCu, o)
=2 o {d( O A dwe)] 0 [+ d(wv) }

Since all a; > 0 and ) _a; < 1, for all i = 1,2,3, then

u, fu)d(v, fv) d(v, fo)[l + d(u, fu)] }
1+d(u,v)] ’ 1+ d(u,v)]

d
N(u,v) < max {d(u, v), (
= M(u,v).
Rest of the proof follows directly from main result (Theorem 2.1). O

If we take ag = ag = 0,a; = 1 in Theorem 2.2, we obtain following result
of Yan et al. [5] satisfying weaker type of C’g’- condition.

Corollary 2.1. Let (Y,d,=) be a partially ordered complete metric space
and let f:Y — Y be a non-decreasing map such that for all u,v €Y,

S, fu) < d(u,v) implies (d(fu, fo)) < 5(d(u,0)),
where ¥ € ¥ and B : [0,00) — [0,00) is a continuous function such that
0<Bw) <Y(w), w>0.

Also assume that for every u,v € Y, there exists z € Y, such that u < z and
v X z. If there exists ug € Y such that uy < fug, then f has a unique fized
point in'Y.

If we take ¥(w) = w and f(w) = w in Theorem 2.2, we get the following
new result.

Corollary 2.2. Let (Y,d,=) be a partially ordered complete metric space
and let f:Y — Y be a non-decreasing map such that for all u,v €Y,

%d(u, fu) <d(u,v) implies d(fu,fv) < N(u,v),

and

d(u, fu)(v, fv) tag d(v, fv)[1 + d(u, fu)]
1+ d(u,v)] 1+ d(u,v)] ’

N(u,v) = a1d(u,v) + az
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where a; > 0, Y a; < 1, for all i = 1,2,3. Also assume that for every
u,v €Y, there exists z € Y, such that u =< z and v X z. If there exists
ug € Y such that ug = fug, then f has a unique fixed point in Y.

Remark 2.1. If we take ag = 0 in Corollary 2.2, we obtain the result of Dass
and Gupta [24] in fame work of partially ordered metric spaces satisfying C-
condition.

Remark 2.2. If we take a; = 0 and as = 0 in Corollary 2.2, we get new
result in the sense of partially ordered metric spaces satisfying C- condition.

3. APPLICATION: EXISTENCE OF SOLUTION OF SECOND ORDER
BOUNDARY VALUE PROBLEM

We consider following second order differential equation with boundary
condition
(21) —dz—u:f(w u(w)), weL=10,1], ue[0,00)
dw? ’ ’ Y T
u(0) = /(1) = 0.
If u € C%(L) is zero of (21), then v € C(L) is also a zero of following integral
equation

T
w(w) = /0 Glw,0)F(0,u(0))d0 for all w € I,

where G(w,#) is the Green function given by
fo<w<i<l1
Clw, 0) = w, .1 0<w<OL,
0, ifo<f<w<l.
Theorem 3.1. Consider a second order differential equation (21) with a
map f : L x R — R. Assume that f is weakly increasing with respect to
second variable and continuous. If there exist A € (0,2] such that
f(wvu) - f(wvv) < /\\/log[(u - U)2 + 1]7 u >,
then there exist a unique non negative solution for the problem (21).
Proof. If we let S ={u e C(L),L =[0,1] : u(w) > 0} be a cone, and (S, d)
be a metric space with metric defined as d(u, v) = sup {|u(w) — v(w)| : w € L};
for all u,v € E, then clearly (5, d) is complete.
Define H : C(L) — C(L) by

1
(Hu)(w) = /0 Glw, 0) £ (0, u(0))db.

If u € C(L) is a fixed point of H, then u € C*(L) is a zero of (21).
Clearly, with assumption on f and elements u,v € E, we obtain

(Hu)(w) = /0 Glw, 0)£(0, u(0))d6 > /O G(w, 0)£(0, 0(0))d0 = (Hv)(w).
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Since G(w,#) > 0, for w € L. This proves that H is also weakly increasing
mapping.

Also, for all u,v € E with u > v implies that
(22)  sup{Ju(w) — v(w)],w € L} > sup {|Hu(w) — u(w)|,w € L},

and so, in term of metric

(23) d(u,v) > d(Hu,u) > —d(Hu,u).

1
2
This implies

d(Hu, Hv) = sup | (Hu)(w) — (Hv)(w)| = sup((Hu)(w) — (Ho)(w))

wleL weL

= sup / G(w,0)[(0, u(6)) — 16, 0(6))]d8
weL

= sup/ G(w, 0)A/log[(u v(0))2 + 1]do
weL

= sup/ G (w, 0)M/log[d(u,v)2 + 1]db
weLl JO

(24) = \/log[d(u,v)2 + 516112/ G(w,0)d

It is easy to calculate that

1 — w2
/ Gw,0)dd = — +w,
0 2
and so

(25) sup /1 G(w,0)dd = -

wel JOo
On using (25) in (24), we get

(26) d(Hu, Hv) < %\/log[d(u,v)2 +1].
Since, A € (0, 2], we obatin
d(Hu, Hv) < \/log[d(u, v)? + 1],

and that
(27) d(Hu, Hv)? < log[d(u,v)? + 1].

Assuming ¥ (w) = w? and B(w) = log[w? + 1]. Then clearly, ¢ € ¥, and for

all u >0, ¥(u) > B(u).
Relation (27) implies that

P(d(Hu, Hv)) < 5(d(u, v))
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<

max {d(u,v),

(M (u, ).

d(u, fu)d(v, fv) d(v, fo)[1 + d(u, fu)] }

b 1+ d(u,v)] ’ 1+ d(u,v)]
B

Also,
1
H(0) = / Glw, 0)£(6,0)d0 > 0.
0

Thus one by one all assumptions of Theorem 2.1 are satisfied and therefore,
the function H has a unique non negative solution. U

4. CONCLUSION

In this manuscript, we have first defined a generalized Cg’— rational con-
traction and then derived our main result Theorem 2.1. Some consequence
results (Corollary 2.1, 2.2) and Remarks 2.1, 2.2 flaunted that our result
is a proper generalization and extension of some previous existing results.
As an application of our main result, we have presented an example to find
the existence and uniqueness of solutions of second order boundary value
problem.
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