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Best proximity points of a—/3—1—proximal
contractive mappings in partially ordered
complete metric spaces

GUTTI VENKATA RAVINDRANADH BABU, LETA BEKERE KUMSSA,
PATHINA SUDHEER KUMAR

ABSTRACT. In this paper, we define a——1—proximal contractive map-
pings in partially ordered metric spaces and prove the existence of best
proximity points of these maps in partially ordered complete metric
spaces. These results extend/generalize the results of Asgari and Bade-
hian, J. Nonl. Sci. and Appl., 2015. We provide illustrative examples
in support of our theorems.

1. INTRODUCTION

In recent research in the field of nonlinear functional analysis, many re-
searchers are interested in dealing with non-selfmaps to determine the dis-
tance between two nonempty subsets of a metric space (X,d). Let A and
B be two nonempty subsets of a metric space (X,d) and T : A — B be a
non-selfmapping. Then d(z,Tz) > d(A, B), for all x € A, where d(A, B) =
inf{d(z,y) : x € A, y € B}. In general, for a non-selfmapping T': A — B,
the fixed point equation Tx = x may not have a solution. In such cases, one
intend to find an approximate solution = € A such that d(z, Tx) = d(A, B).
Best approximation theorems and best proximity point theorems are rele-
vant in this regard. For instance, let us consider the well known classical
best approximation theorem by Ky Fan [12].

Theorem 1.1 ([12]). Let A be a non-empty compact convexr subset of a
normed linear space X and T : A — X be a continuous function. Then
there exists x € A such that

lx = Tx|| = d(Tz, A) = inf{||Tx — a| : a € A}.
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On the other hand, though best approximation theorems only ensure the
existence of approximate solutions, in this case, such results need not yield
optimal solutions. But, best proximity point theorems provide sufficient con-
ditions that assure the existence of approximate solutions which are optimal.
In this regard, the best proximity point evolves as a generalization of the
best approximation. The authors Basha [5], Choudhury, Maity and Konar,
[9, 10] and Kutbi, Chandok and Sintunavarat [16| tried to reduce the prob-
lem of finding approximate solutions to that of finding optimal approximate
solutions.

In recent years, the existence of best proximity points is an interesting
aspect of optimization theory which attracted the attention of many re-
searchers. For example, Abkar and Gableh [2], Basha [6], Caballaro, Harjani
and Sadarangani |7|, Eldred [11], Gabeleh [13] and Karapinar [15] and the
related references cited in these papers, worked in this area.

A best proximity point becomes a fixed point if the underlying mapping is
a selfmapping. Therefore, it is concluded that best proximity point theorems
generalize fixed point theorems in a natural way. For more works on the
existence of best proximity points, we refer [1, 3, 8, 14, 17] and references
therein.

Our purpose here is to establish best proximity point theorems in partially
ordered metric spaces.

We recall the following notation and definitions. Let (X,d, <) be a
partially ordered metric space and let A and B be nonempty subsets of X.

Ap:={r € A:d(z,y) = d(A, B) for some y € B},
By :={y € B:d(x,y) = d(A, B) for some z € A}.
Definition 1.1 (|6]). A mapping 7' : A — B is said to be proximally

increasing if for all uy, ug, 21,22 € A, 1 < 29 and d(uy, Tx1) = d(ug, Txo) =
d(A, B) imply uj = ug.

We denote by ¥ a family of functions % : [0,00) — [0,00) such that for
each ¥ € ¥ and ¢t > 0,

(i) v is nondecreasing,

(ii) Z YP"(t) < 400, where 9™ is the n-th iterate of 9.
n=1

Remark 1.1. If ¢ € ¥, then ¢"(t) — 0 as n — oo, for all ¢ > 0 and
Y(t) < t, for all ¢ > 0.

Definition 1.2 (|4]). Let (X, <) be a partially ordered space with metric d.
We say that f: X — X is an a—f—1y—contractive mapping if there exist
three functions a, f: X x X — [0,00),% € ¥ such that

a(z,y)d(f(x), f(y)) < Bz, y)(d(z,y)),
for all z,y € X with x = y.
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Definition 1.3 ([4]). Let f: X — X, o, : X x X — [0,00) and C, >
0, Cg > 0. We say that f is an a—f—admissible mapping, if for all z,y € X
with = >~ y hold

(i) a(@,y) > Ca = a(fz, fy) = Cq,

(ii) Bz, y) <Cs = B(fz, fy) < Cs,

(iii) 0 < ﬁ <1.

In 2015, Abgarl and Badehian [4], proved fixed point theorems for a—/3—
1)—contractive mappings in partially ordered space with complete metric.

Theorem 1.2 ([4]). Let (X,=) be a partially ordered space with complete
metric d. Let f : X — X be a nondecreasing, a—[3—1— contractive mapping
satisfying the following conditions:

(i) f is continuous,

(i) f is a—B—admissible,

(iii) there exists xo € X such that xo < fxo,
(iv) there exist Co > 0, Cg > 0 such that a(fxo,z9) > Co, B(fzo,x0) <

Cs.

Then, f has a fized point.

In Section 2, we introduce a notion of a— —proximal admissible mappings
and a—p—y—proximal contractive mappings that we consider to prove our
main results in Section 3. In Section 4, we draw some corollaries and provide
examples in support of our main results.

2. PRELIMINARIES

Definition 2.1. Let (X, d, <) be a partially ordered metric space, A, B be
two nonempty subsets of X, o, : A x A — [0,00) be functions, C, >
0, Cg > 0 be two constants and 7' : A — B be a non-selfmapping. We say
that T is an a—fB—proximal admissible, if for all z,y,u,v € A, with x <y
hold

d(v,Ty) = d(A, B) implies a(u,v) > Cl,
d(v,Ty) = d(A, B) implies B(u,v) < Cg,

Cg and d(u,Tx)

If (i), (ii) and (iii) hold for a(z,y) =1 = B(x,y), for all x,y € A, then we
say that T is proximal admissible.
Remark 2.1. If A = B = X in Definition 2.1, then 7" is an a— —admissible
mapping.
Example 2.1. Let X = [0,00) x [0,00) with the Euclidean metric d. Let
= {1} x [0,00), B = {2} x [0,00). We define a partial order < on X by

(x y) = (u,v) if and only if x < u and y < v, for all (z,y), (u,v) € X, where
= is the usual order on [0,00). We define T': A — B by

T(1,z) = (2,2%), ifz€[0,00).
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We also define functions a, f: A x A — [0,00) by

a((1,z), (1,y)) = {3 if (1, 2) = (1,y),

0, otherwise.

B((1,2),(1,y)) = {§7 if (1,2) =< (L),

0, otherwise.

We choose C,, =1 and C Clearly, 0 < CB <1

Let (1,2),(1,y), (1,u) an g(:, v) € A, suchthat
(i) a((1,2),(L,y) =3 > 1=Cq and
a((1,u), T(1, 7)) = d((1,v), T(1,)) = d(A, B) = 1
(if) B((1,2),(1,y)) = 5 < 5 = Cp and
a(1,u).7(1,2)) = d(1,0), T(1,y)) = d(A, B) = 1

(i) and (ii), we obtain u = 2% and v = 2Y.

Since (1,z) = (1,y), it follows that (1,u) < (1,v), so a((1,u),(1,v)) =
5>1=0C,an ,u), (1,v)) = 3 < 2 = Cg. Hence T is a—f-proximal
admissible.

o
@
=

—

Definition 2.2. Let (X,d, <) be a partially ordered metric space and A
and B be nonempty closed subsets of X. We say that T : A — B is
an a—f—1y—proximal contractive mapping if there exist functions «,f :
A x A—[0,00), ¥ € ¥ such that for all z,y,u,v € A with z < y holds:

) e e b = el < et )

If a(z,y) =1 = B(x,y), for all x,y € A in (1) then we say that T is a
w-proximal contractive mappings.

Remark 2.2. Here we observe that if A = B = X in Definition 2.2, then
T is an a—fB—1—contractive mapping.
Example 2.2. Let A = {0} x[0,00), B = {—1}x[0,00) and X = AUB, with
the Euclidean metric d. We define a partial order < on X by (z,y) < (u,v)
if and only if x < w and y < v, for all (z,y), (u,v) € X.

Clearly, holds d(A, B) = 1. We define T': A — B by

2

T(O I’) _ (_17 13_73;)7 ifze [07 1]7
’ (-1,22—3), ifz€[l,00).

We also define functions «, f: A x A — [0, 00) by
if 2,y € 0,1], with (0,2) = (0,y),
0‘((0737)7(0,9)) = { .
otherwise.

O Aw

if 2,y € [0,1], with (0,2) < (0, ),
otherwise.

£((0,2),(0,9))

I
—
S wiro
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Let ¢(t) = %t, for all ¢ > 0. We will show that T is an a—3—1—proximal
contractive mapping.
Let (0,2),(0,y), (0,u) and (0,v) € A with (0,z) < (0,y) such that

(2) d((0,u), T(0,z)) = d((0,v),T(0,y)) = d(A,B) =1

If 2,y € [0,1], with (0,z) < (0,y), then a((0, ), (0,y)) = 2 and B((0,z),
(0,9) = 3.

From (2) we obtain u = H—x €[0,3] and v = % €0, 3.
Therefore,
a((0,2), (0,))d((0,u), (0,v)) = §|U—U|
_3 a? Y = 3(\ﬂf—y\(:ﬂ+y+wy)>
41+ac I+y 4\ (I+a)(1+y)
< Lo 1l = B(0.2). (0.)(d((0,2), (0.1)).

For the other possible cases, the inequality (1) holds trivially. Hence T is
an a—pF—y—proximal contractive mapping.

Here we observe that the inequality (1) fails to hold for any ¢ € W, if
a((0,2),(0,y)) = B((0,2), (0,y)) = 1 such that z,y € [1,00) with (0,z) =<
(0,y) and & # y. Let (0,),(0,y), (0,u) and (0,v) € A, with (0,z) < (0,y)
and x,y € [1,00), such that

(3) d((0,u),T(0,2)) = d((0,v),T(0,y)) = d(A, B) =
From (3), we get u = 2z — 3 and v = 2y — 3.
Therefore,

d((0,u), (0,y)) = 2z — y| £ ¥(|lz — y|) = ¥(d((0, ), (0,3)))-

This shows the importance of o and /3 in the inequality (1).

In the following, we prove our main results.

3. MAIN RESULTS

Theorem 3.1. Let (X,d, =) be a partially ordered complete metric space.
Let A, B be non-empty closed subsets of X with Ag is nonempty and closed.
Let T : A — B be a proximally increasing non-selfmapping such that the
following conditions hold:

(i) T is continuous,

(il) T is an a—pB—p—prozimal contractive mapping,

(iii) T is an a—pP—prozimal admissible,

(iV) T(Ao) Q Bo,

(v) there exist elements xo,x1 € Ao such that zo = 1 and d(z1,Tzo) =

d(A, B),

(vi) there exist Co > 0, Cg > 0 such that o(xg,x1) > Co, B(z0,21) < Cp.
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Then T has a best proximity point in Ag.
Proof. By condition (v), there exist xg, 1 € Ap such that zy < x; and
(4) d(l’l, Tx()) = d(A, B)

Since T'(Ap) € By, we have T'z; € By and hence there exists an element
x9 € A such that

(5) d(IEQ,T{L‘l) = d(A, B)

Since T is proximally increasing on A, from (4) and (5), we have z1 =< z2.
On continuing this process, we get a sequence {z,} in Ap such that

(6) d(zp, Txp—1) = d(A, B)
d(xpt1,Txy) = d(A, B)
satisfying
r1 222 223 = 22y Xy X -0, forn=1,2,3,...

If z,, = xpy+1 for some ng € N, then z,, is the best proximity point of
T and hence the conclusion of the theorem follows.

Now, we assume with out loss of generality that any two consecutive
elements of {z,} are distinct.

From condition (iii), condition (vi) and (6), the following holds:

a(xg,x1) > Cy and B(xo,x1) < Cg
d(l‘l, T.Z’o) = d(A, B) -
(7) d(z2, 1) = d(A, B)

a(xy,x2) > Cy and  f(z1,22) < Cp.

Since T is an a—f—1—proximal contractive mapping and by considering
(7), we have

Cod(z1,22) < afxp, x1)d(271, 22)
< B(wo, x1)¢ (d(zo, x1))
< Cgp(d(zo,21)),

therefore
(8) d(x1,m2) < gﬂlﬁ(d(fﬁo,xl) < (d(wo, x1).

Again by condition (iii), condition (vi), (6) and (7), we have

(1(1:1,552) > Ca, B(IL’l,ZI?Q) < C5
d(z2,Tx1) = d(A, B) =
(9) d(zs, Txs) = d(A, B)

a(r2,73) > Cy and B(z2,23) < Cp.
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Therefore, by considering (9) and by the fact that 7" is an a——1—proximal
contractive mapping, we have

Cod(xa,x3) < a(xy, x2)d(22, T3)
< B(a1, m2) (d(z1, 22))
< Cgip(d(x1, 22)),
and hence
d(zg,x3) < giw(d(:rl,wg) < P (d(zq,22) < P2 (d(xg, x1)).
On continuing this process, we obtain
(Tp-1,2n) > Cay B(Tn-1,75) < Cp
d(xp, Trn—1) =d(A, B) =
d(xp41,Txy) = d(A, B)
a(xp, tpt1) > Cq and Bz, zp41) < Cp,
forn=1,2,3,... and
d(xp, Tpt1) < wn(d(xo,xl)).

Since 1 € ¥, we have ¥™ (d(fvo,xl)) —0 as n — oo.
Now, we show that {z,} is a Cauchy sequence. We fix ¢ > 0 and choose

oo
no € N such that E " (d(xo,x1)) < €. Let m,n € N with m > n > nyg.
n=ng

Therefore by applying triangle inequality, we have
d(ﬂ?n, $m) < d(l‘nv xn—i—l) + d(xn—i-l; mn—i—?) + ...+ d(l‘m_l,l‘m)
< ¢”(d(m0,x1)) + ¢ tL (d(mo, xl)) + ...+ wm_l(d(xo, $1))

m—1 0
=) ¢"(d(@o, 1)) < > Y"(d(z0,71)) < €.

n=ngo n=no

Hence {z,} is a Cauchy sequence. Since Ay is a closed subset of a complete
metric space and hence it is complete, there exists x € Ag such that x, — x.
Since T is continuous, by letting n — oo in (6), we obtain d(z,Tz) =
d(A, B). Hence x is a best proximity point of 7. O

If we drop the continuity assumption from Theorem 3.1, we obtain the
following result.

Theorem 3.2. Let (X,d, =) be a partially ordered complete metric space.
Let A, B be non-empty closed subsets of X with Ag is nonempty and closed.
Let T : A — B be proximally increasing non-selfmapping such that the
following conditions hold:

(i) T is an a—p—y—prozimal contractive mapping and T is an a—p—
proximal admissible;
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(i) T(Ao) € Bo;

(iii) there exist elements xo,x1 € Ao such that zo < x1 and d(z1,Tzo) =
d(A, B);

(iv) there exist Co > 0, Cg > 0 such that o(xo, 1) > Co, B(x0,21) < Cg;

(v) if {zn} is a sequence in A such that oy, Tpi1) > Co, B(Tn, Tnt1) <
Cg, for alln € N, &, — = as n — oo, then a(zy,x) > Cy and
B($n7x) < CB;

(vi) if {zp} is a nondecreasing sequence in A such that x, — x as n — oo,
then x, =< x for alln € N.

Then T has a best proximity point in Ag.

Proof. From the proof of Theorem 3.1, we have the sequence {z,} is Cauchy
and x, — x € Ap. Since T'(Ag) C By, then T'(x) € By and hence there exists
z € A such that

(10) d(z,Tz) = d(A, B).

In the proof of Theorem 3.1, we obtained that {z,} is a nondecreasing
sequence satisfying o(zy,, 2nt1) > Co and f(zn, ny1) < Cg. Therefore,
by condition (v), it follows that a(z,,z) > C4 and S(z,,z) < Cz, and
condition (vi), we have z,, = x for n € N.

We now claim that z = x. Since d(x,+1,T2,) = d(A, B), by combining
this equation with (10) and by the fact that 7' is an a—/—1—proximal
contractive mapping, we have

Cod(Tpni1,2) < oy, z)d(Tpi1, 2)
< B(@n, ) (d(xn, x))
< C,Bw (d($n,l‘)),

and therefore
C
d(xpy1,2) < C—ﬁw(d(xn,x)) < w(d(xn,x)).
Since ¢ € U, we get
d(xny1,2) < d(xp, ).

If n — oo, we obtain = z. Hence z is a best proximity point of T'. O

Lemma 3.1. In addition to the hypotheses of Theorem 3.1 (Theorem 3.2),
if © is a best prozimity point of T with x < u, a(x,u) > Cq and B(z,u) <
Cg for some w € Ag, then there exists a sequence {u,} C Ao such that
d(tun, Tup—1) = d(A,B), © X uy, forn =1, 2, 3,... and u, — = as
n — oo.

Proof. Let x be a best proximity point of T, i.e.,
(11) d(z,Tx) = d(A, B).
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Let uw € Ap such that z < u. We set ug = wu. Since T'(Ag) C By and
u = ug € Apy, we have Tug € By. Hence there exists u1 € A such that

(12) d(u1, Tuo) = d(A, B).

From (12), by the definition of Ay and By, we have u; € Ap. Since T is
proximally increasing on Ag, from z < u = wug, (11) and (12), we have
T =< Uj.

On continuing this process we can construct a sequence {u,} in Ay such
that

(13) d(up, Tun—1) = d(A, B),
satisfying
(14) TS Uy, for m=1,23, ...

By assumption, from (11) and (12) we have

a(x,ug) > Cy and S(x,ug) < Cp
d(z,Tz) = d(A, B) =
(15) d(uy, Tug) = d(A, B)

a(z,u1) > Cy and S(z,ur) < Cp.

Since T is an a—f—y—proximal contractive mapping and by considering
(15), we have

and it follows that
d(z,u1) < g,ﬁﬂ)(d(%uo) < p(d(z,u0)) = P(d(z, u)).

From (11), (13), (14) and (15) we have

a(z,u1) > Cy and B(z,u1) < Cp
d(z,Tz) = d(A, B) —
(16) d(us, Tuy) = d(A, B)

a(l‘,UQ) > Ca and B(CC,UQ) < Cﬂ

Since T is an a—f—yY—proximal contractive mapping and by considering
(16), we have
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Now, it follows that
C
d(z,ug) < Cﬁw( (x,u1)

( T ul))
< ¥ (d(o w))
= ¥ (d(w,u)).
On continuing this process, we obtain
d(z,up) < Y™ (d(z,u)) -0 as n — oo.
ie., U, — T as n — o0. O

Theorem 3.3. Suppose that all the hypotheses of Theorem 3.1 (Theorem
3.2) are satisfied. We Assume the following hypothesis.
Condition (H): There exists u € Ay such that for every x,y € Ag with
z2u,y X u,

a(z,u) > Cy and B(xz,u) < Cg,

Oé(y, u) 2 Ca and 5(y7u) S C,B

Then T has a unique best proximity point in Ag.

(17)

Proof. By the proof of Theorem 3.1 (Theorem 3.2), the set of best proximity
points of 7" is nonempty. Let x, y be two best proximity points of T in Ay.
By our assumption, we have there exists u € Ay such that x < u, y < u,
a(z,u) > Cq and f(z,u) < Cg and a(y,u) > Cq and B(y,u) < Cg. Now
by applying Lemma 3.1, it follows that there exists a sequence {u,} C Ay
such that u, — x and u,, — y as n — oco. Hence by the uniqueness of limits
we have x = y. O

4. COROLLARIES AND EXAMPLES

Corollary 4.1. Let (X,d, <) be a partially ordered complete metric space.
Let A, B be non-empty closed subsets of X with Ag is nonempty and closed.
Let T : A — B be proximally increasing non-selfmapping such that for all
x,y,u,v € A with x <y hold:
(i) d(u,Tx) = d(v,Ty) = d(A, B) implies that d(u,v) < kd(x,y), for some
ke|0,1),
(ii) T is continuous and T'(Ap) C By,
(iii) T is v— prozimal contractive mapping and T is prozimal admissible,
(iv) there exist elements xg,x1 € Ay such that zo < x1 and d(x1,Txg) =
d(A, B),
Then T has a best proximity point in Ag.

Proof. Follows by choosing ¢ (t) = kt,t > 0, and «a(z,y) = (x,y) = 1, for
all z,y in A, with C, = Cg = 1 in Theorem 3.1. O
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If the continuity assumption is removed from Corollary 4.1, we have the
following result.

Corollary 4.2. Let (X,d, =) be a partially ordered complete metric space.
Let A, B be non-empty closed subsets of X with Ag is nonempty and closed.
Let T : A — B be proximally increasing non-selfmapping such that for all
x,y,u,v € A with x <y hold:
(i) d(u,Tx) = d(v,Ty) = d(A, B) implies that d(u,v) < kd(x,y), for some
ke|0,1),
(i) T(4o) < Bo,
(iii) T is Yh—proximal contractive mapping and T is proximal admissible,
(iv) if {zn} is a sequence in A such that a(xn, Tp+1) > Cq, B(@n, Tnt1) <
Cs for alln € N and z, — x as n — oo, then a(x,,x) > C, and
ﬁ(xnp I) < Cﬂ;
(v) if {zn} is a nondecreasing sequence in A such that T, — x as n — oo,
then x, < x for alln € N.

Then T has a best proximity point in Ag.

Proof. By choosing ¢(t) = kt,k € [0,1) and a(x,y) = B(z,y) = 1 for all z,y
in A with C,, = Cg = 1 in Theorem 3.2, it follows that all the hypothesis of
Theorem 3.2 holds so that the conclusion of this corollary holds. O

Remark 4.1. If A= B = X in Theorem 3.1, then Theorem 1.2 follows as
a corollary to Theorem 3.1.

The following example is in support of Theorem 3.1.

Example 4.1. Let X = R?, with an Euclidean metric d. We define a
partial order < on X by (z,y) = (u,v) if and only if z > w and y > v, for
all (z,y), (u,v) € X, where > is the usual order on R.

Let A= {-1} x[0,4] = Ap, B = {1} x [0,4] = By. Clearly d(A, B) = 2.
We define T: A — B by

- (1’%)’ if x € [071]1
T(-1,z) = { (1,22 1), if ze[l,4].

Clearly T is continuous, proximally increasing on A and T'(Agy) C By.
Now, we define functions a, 8 : A x A — [0,00) by

3 if wi 1.z _
a((-La) (1) = { & Ry e 0 wh CLo < (L)
5((_17@7(_1&)):{ ., if z,y €[0,1] with (—1,2) < (-1,y),

)

, otherwise.

Let ¥(t) = % for all t > 0. We now show that T is an a—f—y—proximal
contractive mapping.
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Now, let (—=1,z),(—1,y),(—1,u) and (—1,v) € A with (-1,z) < (—1,y)
such that

(18) d((=1,u), T(=1,2)) = d((-1,0), T(=1,y)) = d(A, B) = 2
We consider the case for y € [0,1] w1th (—1,2) < (-1,9).
Then a((—1,2),(~1,y)) = 3 and B((—1,),(—1,y)) = 3. In this case from
(18), we obtain u = § and v=4¢€[0 ,%] Therefore
a((=1,2), (=1,9))d((=1,u), (=1,v))
[z —
<t ()

= B((=1,2), (=L y)p(d((=1,z), (-1,9))).
The inequality (1) holds trivially for the other possible cases. Hence T is an
a—p—yp—proximal contractive mapping.
We now show that 7" is an a——proximal admissible. For this purpose,
we choose C, = % and Cg = % Clearly 0 < g—i <1.
Let (—1,2),(—1,y),(—1,u) and (—1,v) € A with (—1,z) < (—1,y) with
z,y € [0, 1] such that:

() (( 17‘73)7( ) %Z%—C and
A((~1,u), T(~1,2)) = (1, 0). T(~1,)) = d(A, B) =2
(11) (( 17$)7( )) % S % = C[B and
A((—1,0), T(~1,2)) = d((1,0), T(~1,5)) = d(A, B) = 2
From (i) and (ii), we obtaln = 2 and v = 4. Since x < y, it follows that
u < v. Therefore
a((-Lu) (~10) = 3 = £ = Cay
6((_1771’)7 (_177))) = % < % = Cg.

Hence T is an a—f—proximal admissible.
We choose 29 = (—1,1), 1 = (—1,%) in Ap. Then zp < z; and
d((-1,%),T(-1,1)) = 2 = d(A, B). Also,

o(~1,1). (-1, ) = = 5 =Ca
BU-1,1),(-1,3) =5 < 5= C5.

Hence all the hypotheses of Theorem 3.1 are satisfied and (—1,0) and
(—1,4) are two best proximity points of 7.

Here we observe that Condition (H) of Theorem 3.3 fails to hold: if
u = (—1,z9) € Ao with zyp > 0, we choose z = (—1,0),y = (—1,4) so
that z = (=1,0) A (=1,z9) = w; if w = (=1,0) then z < w and y =
(-1,4) X (-1,0) = u, a(z,u) = 3 > % = Ca, B(:c,u) = 3 = Cp and
B(y,u)zO<%—C’5.Buta u)=0%3%=



G. V. R. BaBu, B. K. LeTa, P. S. KumaR 27

Hence Condition (H) of Theorem 3.3 fails to hold.

The following example is in support of Theorem 3.3 in which T is not
continuous.

Example 4.2. Let X = [0,2] x [0, 2] with an Euclidean metric d.

We define a partial order on X by (z,y) < (u,v) if and only if © > u and
y > v, for all (z,y), (u,v) € X, where > is the usual order on R.

Let A= {0} x [0,2] = Ay, B ={1} x[0,2] = By.

We define T': A — B by

1,-Z), ifz€0,1],
(1,22), ifze(1,2).
Clearly, d(A, B) = 1, T is not continuous, T' is proximally increasing on A
and T(Ao) - B().
Now, we define functions a, 8 : A x A — [0,00) by

3 I T W1 T
a((o,x),(o,y)):{ 1 Ofthel%lwiio ;1] with (0,2) < (0,y),

2 if 2,y € [0,1] with (0,z) < (0,7),
_ & ifay w y
B((0,2),(0,y)) { 0, otherwise.
Let ¢(t) = £t for all t > 0. We now show that T is an a—3—¢—proximal
contractive mapping.
Now, let (0,z), (0,y), (0,u) and (0,v) € A with (0,z) < (0,y) such that
(19) d((0,u),T(0,z)) = d((0,v), T'(0,y)) = d(A, B) =

Let us consider the case z,y € [0,1] with (0,z) < (0,y). Then «((0,x),
(0,9)) = 7 and B((0,2), (0,)) = 3. 2
From (18), we obtain u = 112235 €[0,3] and v = {5, € [0, 3].

Therefore

=

a((0,), (0,4))d((0,u), (0,v))
B §| B | _ § $2 B y2
AT T T e 142y
_3 (Iw —yl(:r+y+2:cy)!>
4 (14 22)(1+2y)
For the other possible cases the inequality (1) clearly holds. Hence T is

an a—p—y—proximal contractive mapping.
We now show that T is an a—f— proxmlal admissible. For this purpose,

Clearly 0< B < 1.
,v) € A Wlth 2 > y such that

we choose C,, = % and Cg =
Let (0,2), (0, ), (0,u) and

f\l\')h—‘
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(a) O‘((Oaw)v <O7y)) - % > % = Cq,
d((0,u), T(0,)) = d((0,v), T(0,y)) = d(A, B) = 1,
d((0,u), T(0,z)) = d((0,v), T'(0,y)) = d(A, B) = 1.
From (a) and (b), we obtain u = 1f23: €0,4] and v = % €[0,3].

Since z > y, it follows that u > v. Therefore a((0,u), (0,v)) =2 > 2 =
Co and B((0,u), (0,v)) = 2 < § = Cp.

Hence T' is an a—(—proximal admissible.

Now, we choose zg = (0,3),z1 = (0, 3), such that d((0, 3),7(0,3)) = 1,
a((O, %)a (07 %)) = % > % = Ca, B((Ov %)7 (Oa %)) = % < % = C,B and xTo X 1.

Finally, if {z,, } is a sequence in A such that o(zy,, zp+1) > Co, B(Tn, Tnt1)
< Cp for all n € N and x, = = as n — oo, then by definition of o and 23,

€ [0,1]. Thus z € [0,1]. i.e., a(xn,x) > Cq and B(xy,x) < Cg. Further,
{z,} is a nondecreasing sequence, then z, < z for all n € N.

Hence all the hypotheses of Theorem 3.3 are satisfied and (0,0) is the

unique best proximity point of T
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