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Extended biorthogonal matrix polynomials

AYMAN SHEHATA

ABSTRACT. The pair of biorthogonal matrix polynomials for commuta-
tive matrices were first introduced by Varma and Tagdelen in [22]. The
main aim of this paper is to extend the properties of the pair of biort-
hogonal matrix polynomials of Varma and Tasdelen and certain gene-
rating matrix functions, finite series, some matrix recurrence relations,
several important properties of matrix differential recurrence relations,
biorthogonality relations and matrix differential equation for the pair
of biorthogonal matrix polynomials JS* (z;k) and K$*®) (z;k) are
discussed. For the matrix polynomials JT(LA’B)(JU; k), various families of
bilinear and bilateral generating matrix functions are constructed in the
sequel.

1. INTRODUCTION

There has become an increased interest important in the extension of
the notion of the theory of orthogonal matrix polynomials and many of
their properties in the last two decades. In [1-8,10,14,16-21|, Chebyshev,
Konhauser, Hermite and Jacobi matrix polynomials were studied and several
properties of our results were given for these families of matrix polynomials
for matrices in CV*V. In [22], Varma and Tagdelen introduced and studied a
pair of biorthogonal matrix polynomials T(LA’B)(QB; k) and K;LA’B) (x; k) where
all eigenvalues p of the matrices A and B with commutative matrices satisfy
the condition Re(u) > —1.

Motivated by the work of Varma and Tagdelen [22], on biorthogonal
matrix polynomials the present paper aims at an extension of the various

properties of the pair of biorthogonal matrix polynomials J7(1A’B) (z; k) and

KY(LA’B) (z; k) as have been already outlined in the abstract of this paper.
This paper is constructed as follows. In section 2, some matrix recurrence
relations, several important properties of matrix differential recurrence re-
lations, matrix differential equation and more generating matrix functions
are given for these biorthogonal matrix polynomials JT(LA’B) (z; k) given by

Varma and Tagdelen. The relations between Konhauser and biorthogonal
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28 EXTENDED BIORTHOGONAL MATRIX POLYNOMIALS

matrix polynomials in this study are also indicated, and the biorthogona-

lity of the matrix polynomials JnA’B) (z; k) of the first kind over the interval
(—1,1) with respect to a weight matrix function is shown. In section 3, the

biorthogonality of the biorthogonal matrix polynomials K}(LA’B) (x; k) of the
second kind over the interval (—1, 1) with respect to a weight matrix function
(1—2)4(1+x)B is given, several families of generating matrix functions and

finite summation formula for these matrix polynomials KD (x; k) of the
second kind are shown. Various families of bilinear and bilateral generating
matrix functions are derived for the matrix polynomials J,(lA’B) (z; k) of the

first kind. They obtained results are given as application of given in section
4.

1.1. Preliminaries. For the sake of clarity in the subsection, we recall be-
low definitions and some properties of matrix functional calculus, which will
be used throughout this paper. All through this paper, its spectrum is de-
noted by o(A) where is the set of all eigenvalues of a matrix A in CN*V,
The two-norm of a matrix A is described by

A
) = sup 12212
o#0 [|Z|2

where ||z||2 = (¥ x)% denotes the well-known Euclidean norm of a vector

x in CV. The identity and null matrix in CV*¥ will be denoted I and 0,
respectively.

Theorem 1.1. For functions U(z) and V(z) in an open set Q are holomor-
phic functions of the complex plane. The matrices P and Q in CN*N are
commutative with o(P) C Q and o(Q) C Q, then from the matriz functional
calculus [9], we have

U(P)V(Q) = V(Q)U(P) and PQ = QP.

Lemma 1.1. If A(k,n) is a matriz in CN*N for k,n € Ny, the following
relations are satisfied (see, Defez and Jodar [7])

(1.1) SO Alkn) =) Alk,n — k)

n=0 k=0 n=0 k=0

and

(1.2) SN Alkn)=>") Alk,n+k).
n=0 k=0 n=0 k=0

Definition 1.1 ([11]). For a positive stable matrix P in CV*¥ the Gamma
matrix function I'(P) is described by

(1.3)  T(P)= /Ooo e i at; 7T = exp ((P 1) lnt).
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Definition 1.2. For A in C¥*¥ such that ¢(A) does not contain 0 or a
negative integer (o(A) NZ~ = ) where () is an empty set), the matrix form
of the Pochhammer symbol is given by

(A)p=A(A+T)...(A+ (n—1I)
=T(A+nDT'(A); neN; (A)y=1I,

where I'(A) is an invertible matrix.

(1.4)

Theorem 1.2 ([15]). For p and q are finite positive integers and if A;;
1 < i < p are matrices in CN*N | and Bj ;1< j <q are invertible matrices
in CN*N and all matrices are commutative. The generalized hypergeometric
matriz function satisfies the following matriz differential equation

(1.5) {9 ﬁ(0I+B —1I) —2H91+A)] E,=0.

j=1 i=1

Definition 1.3 ([11]). For positive stable matrices P and @ in CV*¥ with
commutative matrices, then Beta matrix function B(P, Q) is given as

1
(1.6) B(P,Q) = /O tP=1(1 — )9 1at.

Lemma 1.2 ([8]). Let P and Q be matrices in CVN*N with commutative
matrices such that

Re(z) > —1 forall z € o(P),
Re(w) > —1, forall w e o(Q).

Using (1.6), one can obtain

(1.7)

1

(1.8) / (1+2)P 11 - 2) 1 de = 2771 B(P, Q).
-1

Fact 1.1. For an arbitrary matrix A € CV*V,

(1.9)D* [tf‘”“] = (A4 Dp(A+ D)yt — 01,2, ...

Definition 1.4. The pair of the Konhauser matrix polynomials is given in
[21] as follows:

(1.10)
ZEAN (23k) = T(A+ (kn+ 1)1) zn: MF*M + (km +1)1)
n ’ 0 (n — m)'m'
and

(L11)  yAN( 1‘22 (;((s+1)I+A)>n,

0
where Re(u) > -1V p € o(A) for A € (CNXN and A € C with Re(\) > 0,
keN=Z".
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Definition 1.5 ([8]). Let A and B be commutative matrices in CV*V sa-
tisfying the condition

(1.12) Re(z) > —1, Vz € 0(A) and Re(w) > —1, Y w € o(B).
For n > 0, the n"Jacobi matrix polynomials P,gA’B) () is defined by the
hypergeometric matrix function

B+1), 1-—
(—'_,)2F1<A+B+(n—|—l)f,—nl;B—|—I; :C)

(AB) () —
(1.13) PAB) () = 5

Definition 1.6. In [22], Varma and Tagdelen defined the pair of the biort-
hogonal matrix polynomials suggested by Jacobi matrix polynomials have
the explicit representation as follows:

JAB) (4 k) =T(A + (kn + 1)]) zn: EV A By (et DD

(1.14) — (n—r)lr! .
« TN (A + (kr + 1)) @(1 - x))
and
(1.15)
K{) (k) = T(B+ (n 4+ 1)1) SN Sm@((sﬂ)fﬂm)

r=0 s=0
< T YB+ (n—r+1)I) (;(1 _ 1‘)>T @(x + 1)>M

(CNXN

where A and B are commutative matrices in satisfying the conditions

16 Re(u) > —1 for all eigenvalues p € o(A) and
(1.16) Re(v) > —1 for all eigenvalues v € o(B)

and ke N=27Z7.

Remark 1.1. If £ =1, (1.14) and (1.15) reduced to Jacobi matrix polyno-
mials (1.13).

Theorem 1.3 (|22|). The matriz polynomials JAB) (x; k) given by (1.14)
have the following generating matrix functions

o0

§ :(A + B+ Dp[(A+ D] TAB) (25 k)t = (1 — ¢)~ A= B~
n=0
A+B+I A+B+2I A+B+ (k+1)I
1.17 .
( ) Xk+1Fk( k+1 ) k+1 PR k+1 )

LA A (e ety
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k
k+1)(1—a —(k+1)t
for |t <1, |z] <1 and K( %l(c )> <(1(t)kll>' <1, and

D A+ D] P IAE D (5 )™ = €
n=0

<A+B+I A+B+21
X ka .

1.18
( ) ]{3 ) ]{3 yeeey

A+B+kl A+1 At2  A+kl ((1-x)\"

Theorem 1.4 (|22|). The matriz polynomials JAB) (x; k) given by (1.14)

satisfy the following matrixz recurrence relations

(z — 1) DIAB) (2 k) = nkJ AP (2; k)
(1.19) (AB+1)
—k(A+ (kn—k+ 1)), 20 (x5 k)

and
(1.20) (z — 1)DJAP) (a;k) = (A + knD) JALBHD (20 k) — ATAB) (2 k).
Fact 1.2. For any matrix A in CV*¥ for |z| < 1, we give the following

relation (see Jodar and Cortés [12])

o0

(1.21) (1—2)"4 = 1 Fy(A;—2) = Z

n=0

1
n!

(A)n2".

2. SOME PROPERTIES OF BIORTHOGONAL
MATRIX POLYNOMIALS J\ )(x;k)

This section is devoted to introduce the finite summation, biorthogona-
lity, some matrix recurrence relations, several matrix differential recurrence
relations, matrix differential equation and more generating matrix functions
for the biorthogonal matrix polynomials JAB) (x; k) of the first kind.
Theorem 2.1. For matrices A, B and B+mlI in CN*N satisfying the con-
dition (1.16) and all matrices are commutative. Then biorthogonal matriz
polynomials satisfy:

r—1\" < 1 -
1R =(57) 3 A+ Dinl( A+ Dol
(2.1) m
k m
| (21) —] A,

r—1
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Proof. If we put y = 15“” in (1.18) and replace ¢ by tz¥, we have

n=0

A+B+21 A+B+kl A+1 A+2] AJrkI'—txk 3
k? goeey k ) k 9 k goeey k; ; Y .

Interchange of x and y yields

e*tykZ[(A_F[)kn]*lJ?(lA,Bnt)(l_Qx;k)tnykn: ka<+1€+
n=0

A+B+21 A+B+klI A+1 A+21 A+k[._tkk
k ge ey L ) k ) L genuy 2 ; Ty .

It is easy to see the right-hand sides of the above two expressions are the
same. Thus, we get

S HA+ D] HIAETD (1 — 2y Bt =
n=0

et(g;k_yk) Z[(A + I)kn]_lg]?gA7B_nI)(1 o 2x’ k)tnykn
n=0

Equating the coefficients of ¢ on both sides gives the formula (2.1). O

Theorem 2.2. The matriz polynomials J,gA’B)(x;k) satisfy the following
biorthogonality condition

1
s(1_.\A B 71(AB) /... =0, s=0,1,2,...,.n—1;
(2.2) /11' (1—2)?(14+2z)"J; (x,k)dw{ 20 s—n,

with respect to the weight matriz function W (z, A, B) = (1—x)4(1+x)7 over
the interval (—1,1) and the matrices A and B are commutative in CN*N
satisfying the condition (1.16).



AYMAN SHEHATA 33

Proof. If we replace J52)(z; k) by the form (1.14) in the left-hand side of

(2.2), then carry out the permissible interchange of summation and integra-
tion to obtain

/1 2°(1— )2 (1 + 2)BJAP) (2 k)de = T(A + (kn+ 1)I)
1

X Z N(AJF B+ (n+ 1)), I YA+ (kr +1)I)

— )1l
— (n—nr)lr

X /_11 (1 — )21 4 2)Bde = T(A + (kn + 1))

X Z W(A + B+ (n+ DD, I YA+ (kr 4+ 1))

(n—r)lr!

5 1
mgl
« § : m' S — / (1 - $)A+krl(1 +x)B+mIdJU.

m=0

Replacing = by (1 +z) — 1, we get

/1 2*(1— )2 (1 + 2)BJAP) (2 k)de = T(A + (kn+ 1))
-1

r—i—m
D B) PP

r=0 m=0

(A+ B+ (n+ 1)),

—m)Imlr!

1

YA+ (kr + 1)) / (1 — z)A+hrl(1 4 z)B+ml gy
-1

= (—1)52BHD(A + (kn+ 1)DT(B+ )T YA+ B + (n + 1)I)

_1\+m
X Z Z 2kr Tl —(7’)'1()8 _ )|m' ‘(A+ B +I)n+kr(B +I)
r=0 m=0

-1
X [(A + B+ I)mmﬂ] = (—1)524BHD(A + (kn + 1)T(B + 1)
YA+ B+ (n+ 1))
r=0 m=0

(- (A+B+1)
2k (n — r)l(s — m)!ml!r! ke

X (B+ 1)y, D" ™ Yo A+ B+ (kn+n)I

x=1
= (—1)2*BHD(A+ (kn + 1)DT(B+ DT YA+ B+ (n+1)I)

_1\r+m
X Z Z ri n —(T)'1<)S _ )‘m' ‘(A + B+ I)nJrkr(B + I)
r=0 m=0

DV e A4 B4 nI(1 — 2*)"

=1
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This matrix is a zero matrix or a null matrix for 0 < s < n —1 and different
from zero matrix or a null matrix for s = n.
By using integration by parts n times yields

1
[ @@=+ )PP s s
1

(2.3) = 2ATBH(DIP(A 4 (kn 4+ 1D)I)D(B 4 (n+ 1)I)

A+ B+ (n+2)1)[<1+ LA+ B+t 1))>J_1'

k
Thus, the formula (2.3) means that
1
s(1 _ A B 1(A,B) /(... =0, s=0,1,2,...,n—1;
/1x(1 ) (14 2)7Jy (x,k)daz{#o’ s—n,
which gives (2.2). O

Theorem 2.3. For the biorthogonal matriz polynomials J,(LA’B)(a;;k), we
have the matriz differential recurrence relations

2.4 DF [(w — )AH DJAB) (g /-c)] = k(=D)*27 (A + B+ (kn +1)I);
2.4

X (A+ (kn—k+1)I),(1 - az)AJné’lBHkH)I)(J:; k);n>1

and
(2.5)

Dk [(x — 1)AH D AP (4, k)] — k(=1 2 ¥ A+ B+ (n+ D)D)i(1 —z)"
X [(1 — ) DJABHEEDD (3 By 4 ke JABHRD (42 k) |
where A, B, B+ kI and B + (k + 1)I are commutative matrices in CN*N

satisfying the condition (1.16).
Proof. From (1.19), we get

T —

(z — 1)DJAP) (2 k) = D(A+ (kn+ D)D" YA+ B+ (n+ 1))

n r ‘ kr—1
X z% (_21)(77})F(A + B+ (kr+n+ 1) YA+ (kr + 1)) <;(1 - :c)) .

This expression can be rewritten as

(z — 1)DJAP) (21 k) = T(A+ (kn+ D)D" Y (A4 B+ (n+ 1))

k
(n—1)!

1 kr
XZ T(A+ B+ (kr+n+1)I )I‘_l(A~I—(k:r—|—1)I)<2(1—x)) .
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Multiply both sides by (1 — )4 and taking the k-th derivative, we have

DF | (z — AT DJAB) (4 k)] = HF(A + (kn+ 1))

T‘

A+ B+ (n+1)I Z
r=0

ri T(A+ B+ (kr +n+ 1))

 \ko—k
A+ (kr—k+ 1)) (1 — )T = k(z1)"2%

(n—1)!
T(A+ (kn+ )OI YA+ B+ (n+ )I)(1 —2)” i (;kl) (1)
r=0

1 (r—1)k
xT(A+ B+ (kr +n+ 1DDT YA+ (kr — k+1)]) (2(1 — 1:)>

_ W(A+ B+ (kn+ DI)n(A + (kn— k + D)I)(1 — 2)"
n—1 r
YA+B+ (k+n+1D)DT(A+ (kn—k+1)I) (;klr) (™1
r=0

1 rk
T(A+ B+ (kr+n+ DD YA+ (kr + 1)I) <2(1 - a:)) .

Hence yields the matrix differential recurrence relation in (2.4). The relation
(2.5) can be obtained similarly from (2.4) and (1.19). O

Theorem 2.4. For the matrices A, A— I, A+ kI, B and B + I in CN*N
with commutative matrices satisfying the condition (1.16). The biorthogo-

nal matriz polynomials J,SA’B) (x; k) satisfy the interesting matriz recurrence
relation
26 k(1= 2)"(A+ B+ (n+ 1)1 JATHED (0 )

1
=2k A JAB) (11 k) — 28 (A + knD) JATLBTD (g0 k) 0 > 1.

Proof. If we denote the right-hand side of (1.18) by F' = F(z,t; A, B; k), one
can easily verified that

A+B+ (k+1)I A+B+(k+2) A+ B+2kI
kFE , ey
k k k
A+ (k+1)I A+ (k+2)  A+2kI )
) L ) 2 Yooy 2 32,
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which satisfies the following :

A+ B+ (k+1)I

kzT(A+ B+ (k+10)DT YA+ (k+ 1)) ka(

k )
A+B+(k+2)T  A+B+2kI A+ (k+ 1) A+ (k+2)I
k AR k ) k ) k )

A+ 2k A+B A+B+1

. 2ﬁ3w>:rm+¢m?%mk@< o2 A

A+B+(k—1I A A+l A+ (k-1I
MR k 7k;7 k?"'? k 7'2
A+B+1 A+B+2I

k0 k0

—~AA+B) ' TA+B+ DT HA+T) ka(

A+B+kI A+1 A+2T  A+kI
e ? R 12 .

k
Multiply both sides by e! after putting z = —t (1595 , and taking account
into the generating matrix function (1.18), we have the matrix recurrence

relation (2.6) for the matrix polynomials JAB) (z; k). O

Theorem 2.5. Let A, A—1, A+ kI, B, B—1I and B + I be commutative
matrices in CN*N satisfying the condition (1.16). The biorthogonal matriz
polynomials satisfy the matriz differential recurrence relations

(x—1) [(A + B+ nl)DJAB) (@ k) + k(A + (kn — k+ 1)I);
2.7)  xDJAP) (a; k:)} = (A+ B +nl) [nJ,(LA’B) (z; k)

—k(A+ (kn—k+ 1)I)kJT(£’1B)(ac; k)],n >1,

(z — 1)DJAP) (2, k) — nJAB) (2 k)
n—1

(28) = A+ DA+ B+ 07" Y (A+ B+ Dl(A+ D] ™

m=0

x |k(A+ B+ 1) (@ k) + (k+ 1)z =)D (@ k) [in > 1
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and
(2 — >DJ<AvB> (2 k) = ISP (@i k) = (A + Dinl(A+ B+ 1))

X Z )" A+ B+ D [(A+ 1) ™

X (A + B+ (km+m+1)I1)JAB) (2 k);n > 1.

Proof. In order to prove the formulas (2.7), (2.8) and (2.9), differentiate
partially the formula

F(z,t;A,B;k) =Y (A+ B+ 1)u[(A+ Do) TSP (2 k)"
n=0

with respect to x and ¢ where F' = F(x,t; A, B; k) is the right-hand side of
eq. (1.17), we have the partial differential equation

(2.10) (1-2)01 +kt)gF +kt(1 —t)%f (A+ B+ DktF.
This equation (2.10) can be rewritten in the following forms

OF oF _ 2 OF OF

OF OF (A+ B+ 1)kt (k—1)(1 —2)toF
(212)  (Il-a)g +htg = F T
and
2

(2.13) (1- )8£+k8F (A+B+I)kF k(k+ 1)t OF

Ox ot 1+ kt 1+kt ot
If we substitute for F' in (2.11), we give

i@‘l + B+ Dal(A+ Djen] ™! [(1 — ) DI (k) + n g0 (s k) | ¢

n=0
o)

=(A+B+DkY (A+ B+ 1Du[(A+ Do) TP (2 k)t

n=0

+ k> (A4 B+ Dpl(A+ Dip) 0 (2 ket
n=0

oo
k(1 —2) Z A+ B+ Du[(A+ Dn) ' DIAB) (2 k) +
Equating the coefficients of t™ on both sides and simplifying, we obtain (2.7).
The matrix differential recurrence relations (2.8) and (2.9) can be obtained

from (2.12) and (2.13) respectively, as the technique used in the proof of
(2.7). O
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Remark 2.1. For k = 1, formulas (2.7), (2.8) and (2.9) reduced to the well-
known matrix differential recurrence relations for Jacobi matrix polynomials
in [8].

In fact Jqu’B) (z; k) has the generalized hypergeometric matrix function
in the following form (see [22])

A+ B+ (n+ I

1
ﬂfﬁNmk)=7ﬂ@4+1MnkHP%<_”L

k )
A+ B+ (n+2)I A+B+(n+k+1)I A+1
(2.14) s : ,
k k k
A+2l  A+kI (1-2\F

From (1.5) and (2.14), we obtain the matrix differential equation of order
k+1

(2.15)
x—1 x—1 A+ 41 1—2\*/z—1
{ - DE( —DI+— —I>—< 5 )( - D—n>
x <x;1D1+A+B+k(”“)I>} JAB) (k) = 0,

=1

for < 1. Which can be written in the form

(<)
(2.16)
[2% —-1)D <(ac —1)DI+ A+ (1— k)I> — (1 —2)k(x —1)D — nk)

k
1—=x k<
2

X ((;n ~1)DI+A+B+(n+ 1)1) ] JAB) (1 k) = 0,

k
Summary of this result is given in the following theorem.

Theorem 2.6. For the matrices A and B in CN*N with commutative ma-
trices satisfying the condition (1.16), the biorthogonal matriz polynomials

,SA’B) (z; k) satisfy the matrixz differential equation of order k+ 1 in (2.15).

Remark 2.2. For k = 1, the matrix differential equation (2.15) reduces to
the usual matrix differential equation satisfied by the Jacobi matrix polyno-
mials [8].
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Corollary 2.1. The connection between biorthogonal and Konhauser matrix
polynomials is given as follows

JAB) (k) =TV (A4 B+ (n+1)I)

(2.17) o /OO ATBAnI ot 7 (A1) <1 ; xt; k> dt.
0

Proof. Using the formula (1.3), the right-hand side of (2.17) can be written
as

I YA+ B+ (n+1)I) / tATBnl o=t 7(A1) (1 ; 4. k) dt

0
L S
=T (A+B+(n+1)I)F(A+(k”+1)I)Tz::O(n—r)!rl
. 1—z\" [ A+B+(n+kr)I ,—t
xTH A+ (kr+ D) { — t ¢ .
0

We evaluate integral by using Gamma matrix function and taking the ne-
cessary steps, we obtain (2.17). O

3. SOME PROPERTIES OF BIORTHOGONAL
MATRIX POLYNOMIALS K\ )($;]€)

Here, we establish some of the interesting properties of biorthogonal ma-
trix polynomials KD (x; k) of the second kind.

Theorem 3.1. For the matrices A and B in CN*N with commutative ma-
trices satisfying (1.16). Then the matriz polynomials K,SA’B) (z; k) satisfy
the biorthogonality with respect to weight matriz function W(x, A, B) =
(1 —2)4(1 + x)B over the interval (—1,1)

(3.1)

/1 (1—a2)Fm (1—2)A (14+2) P KAB) (2 k) da {

-1

—0, m=01,2,....n—1;
#0, m=n.

Proof. Taking the KM (x; k) given by (1.15) in the left-hand side of (3.1),
we have

L.H.S. = /1 (1—2)b(1 - 2)2(1 + 2)PKAB) (2 k) dx = i‘r(B + (n+ 1))
1 n!

X ZZ %(!Eﬂlfs)!rl(B +(n—r+ 1)I)<]1€((3 + 1)I+A)>

r=0 s=0

! A+B+(km+1)I
[y yeanng, - 2

1 n!

n
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xT(B+ (n+ 1)T(A+ (km+ 1))T YA+ B + (km +n + 2)I)

r

XiZZ"S'T—S <A+(k:m+1)I>T<i(A+(s+1)I)> .

r=0 s= n

Using the relation (see [22])

mI”_ZZS'r—s <A+(km+1)) <;(A+(s+1)1)> ,

r=0 s=0 n

we get

L.H.S. ﬂzf‘%ﬂkmﬂﬂ T(A + (km + 1))
n
x T(B+ (n+1)TY A+ B+ (km+n+ 2)I).

Since, this matrix is a zero matrix or a null matrix for 0 < m < n — 1 and
different from not zero matrix or not null matrix for m = n. For m = n, we
get the r.h.s of (3.1). This completes the proof of (3.1). O

Now, we establish a proof of the generating matrix functions for biortho-

gonal matrix polynomials K;LA’B) (x; k) of the second kind which we state in
the form of the following theorem.

Theorem 3.2. If A and B — nl are matrices in CN*N with commuta-
tive matrices satisfying the condition (1.16), then the matriz polynomials

K,(LA’B) (xz; k) of the second kind satisfy the interesting formula:

0 —-B
S ot (523
(3.2) n=0
w2y (ot oK
2 2 '

Proof. From (1.21) and (1.18), we have

_A+B+I
E

o0

> G k) (ﬁl)
; . (—B)r(—r)s<A+(s+1)I> <x—1>rtn

nlslr! k r+1

Nk

(3.3)

Mo E0e

=0

B, (121y 1 (e )

T

s
)

~z
I
o
w
Il
o
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= slr! z+1
— (- i) (—f)r <z - DE% sf(‘yqlfglu — )k
= (1) Z: (_5)7" <i J_r Dr[l —(1- t)—i]r
(5 ]
Replacing ¢ by ZHt in (3), we obtain (3.2). O

Theorem 3.3. If A, B and B — nl are matrices in CV*N with commuta-

tive matrices satisfying the condition (1.19). Then the biorthogonal matriz

polynomials K,SA’B) (z; k) of the second kind satisfy the interesting relation:

1 (z+1\"B
(A,B—nlI)(,.. _ -

(3.4)

=

/'

Proof. Using the generating matrix function (3), we have directly (3.4). O

om _AvBir (x— 1
X{gtn(lt) k [2 +(1—-1)

t=0

Theorem 3.4. If A, B, C and B+mlI are matrices in CN*N with commu-

tative matrices satisfying the condition (1.16), then the K,(LA’B)(:C; k) satisfy
the finite summation formula:

(35) KPPk =Y (- C>)m(m : 1)mK£?’£+m”<x; B).

|
£= m!
Proof. In order to obtain a summation formula for the second kind biortho-

gonal matrix polynomials recall the generating matrix function (3.2), (1.1)
and (1.21). Thus, we have

oo
Z KT(LA,Bnt) (1‘; k)tn
n=0
A+B+I

I A A A EE S z+1\5]"
N 2 2 2 2
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Cc—-A _B _C4+B4I
_ 1_$+1t x4 1 1_:c+1t k
n 2 2 2
i1-B
r—1 r+1\*
-]
1 —A43€ =
_ (1 B x—;— t) KT(LC’B_nI)@?;k)tn
n=0
e~ 1 /1 1\
:ZZ,<(A_C)> <x+ ) KéC,B—nI)(x;k)tn-ﬁ-m
m! \ k 2
n=0m=0 m
= 1 /1 1\ —(n—m
n=0m=0 mi\k m 2

Comparing of the coefficients of ¢ and replacing B by B + nl in both sides
gives (3.5). O

Theorem 3.5. If A — knl and B — nl are matrices in CV*N with com-
mutative matrices which satisfy the condition in (1.16), then we have the
relation:

A+(1—k)I

a 1\ 1 ;
ZKSLA—an,B—nI)($; k)en :(96—21- ) (1 N x—;— t>

(3.6) "0 .
X {1+(x—2|—1_1><1+x—2|—1t>k] .

Proof. From (1.18) and (1.21), we have

e}

ZKY(LAfan,Bnt) (3 k:)< ii)n
A

e s B, (1o ALy (1)

o
NE

oo nlslr! rz+1
_i T (—B)T(—T’)s (Q?—l)ri 1 (1 A+(S+1)I> ( t)n
- 11 ! T e -
== slr! T+ 1 =l k n
= (CB)(=r)s [z =1\ | 4y ey
_Z 19l 1 (L+1)
== sir! xr +

_ A+(-R)I 2 (=B), (2 -1\ " (=1)%! s
=(1+1) ; o <x+1> ZOM(1+t)
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= (144 i (_‘?)r (x - 1)7” [1 L +t)iy

= z+1
:|B

r+1\ " At(L=k)I r—1
:< 5 ) (I+1t) % [1+ (1+1)
Thus, we have established the bilateral generating matrix function (3.6) for

=

2

the biorthogonal matrix polynomials KMP) (z; k) of the second kind. [

4. BILINEAR AND BILATERAL GENERATING MATRIX FUNCTIONS

In this section, we give theorems which establish several substantially
more general families of bilinear and bilateral generating matrix functions
for JSP) (x; k) of the first kind defined by (1.17) as well as their applications.
Using the same techniques considered in [2,6,10,20], we can obtain the main
results.

Theorem 4.1. Corresponding to a non-vanishing matriz function Q,(y1, y2,
.., Ys) of s complex variables y1,y2,...,ys, S € N and of complex order p,
let us consider the following

(4.1)
00
Ay u( e Ysy 2) = Y apf) ( o ys)Zar £ 0, v e C
w,v\Y1, Y2, y Yss k3 éu+vk\Y1, Y2, y Ys y Ak y 1y )
k=0

where the coefficients ay are assumed to a non-vanishing in order for the
matriz function on the left-hand side to be non-null. Suppose that

(7]
\I/n,m,ﬂ,l/(w; Y, Y2, - -5 Ys; 77) = Z aT‘(A + B+ I)'n«—m"“
(4.2) =0

-1
X |:(A + I)k(nmr):| er(lé;fz'(xu k)ﬂu-i-m"(yla Y2, .-, yS)TIT7 n,me N7

where A and B are matrices in CVN*N satisfying the condition (1.16) and all
matrices are commutative, and (as usual) [a] represents the greatest integer

<(k+1)(1:p)>k ( (k1) )
2k (1—t)k+1
we have

oo
> Wi (x; Y1 Y2 - - -5 Usi ;Z@)t" = (1 -t

in o € R. Then, for |t| < 1, <1,

x‘ <1 and

n=0
" . A+B+1 A+ B+2I A+B+(k+1)I A+1
(4.3) PP\ TR 0 k1 k+1 ok
A+2I A+kI ((k+1)(1—2)\*( —(k+1)t
kU kD 2k (1 —t)k+1

X Ap,y(ylyy% <oy Yss 77)
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Proof. For convenience, suppose that S denote the first member of the
assertion (4.3) of Theorem 4.1. Then, plugging the matrix polynomials

. .
\I]nm%u,l/ LiY1, Y2, -5 Yss m

In view of the definition (4.2) into the left-hand side of (4.3), we obtain

00 ) [ n]
4.4 Z‘I’n,m,u,u<$§yl,3/27-~,3/5atm) ZZGTA+B+I)W mr
( : ) n=0 n=0 r=0

-1 4(A, rn—mr
X [(A + I)k(nfmr)} Jé_ﬁg(x, k)Q;,L-‘y-I/T(yl) Y2, Ys)n't :

Upon inverting the order of summation in (4.4) and replacing n by n =
n 4+ mr, we can write

00
n
Z \Ijn,m,,u,u (x;ylay% sy Yss tm>tn

n=0

= Zzak(A+B+I)n[(A+I)k ] J(A B)(x k)Q,quur(ylawa . ~,ys)77ktn

— [Z(A +B+1), [(A + I)kn] _IJT(LA’B) (x; k)t”} [Z ar Qe (Y1, 92, -, Ys)N”

r=0
_(1—t)A-B-T, | F A+B+1 A+B+21 A+B+(k+1)I A+1T
- k+1Lk k—|—1 ) ]{—Fl P k?—'—l ) L )
A+ 2l A+kl ((k+1)1—2)\*(—(k+1)t
e 3 A v ) Yyt ) )

Rt ( ok A1 (Y1 Y255 Ys3 M)
which completes the proof of Theorem 4.1. O

Expressing the multivariable matrix function €, x(y1,y2,...,ys), k €

Ny and s € N in terms of simpler matrix function of one variable and more
variables, we give the applications of Theorem 4.1. In the following, we
provide a class of bilateral generating matrix functions for the biorthogonal
matrix polynomials of the first kind.

Corollary 4.1. Let

(P,
Zar +,/Qr) Z;ar?éo,,u,VENo

and
[%n} 1
‘I’n,m,u,u(l'S y;n) = Z ar(A+ B+ 1n_my [(A + I)k(n—mr)]
r=0

x S (s k) T (g k) mym € N,
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where P and Q are matrices in CN*N satisfying the condition (1.16) and
all matrices are commutative, then we get

o0
—A-B- A+B+1
E:mew<ﬂy%i>wz(1_w/1BIkHﬂ(a

= kE+1
A+ B+2I A+B+(k+1)I A+T A+2I
(4.5) .. .
E+1 7777 kE+1 kT k7

.wf“;“}(@*45}‘@)k<@@j§ﬁ))Aman>

provided that each member of (4.5) exists.

Remark 4.1. Using the generating matrix function given by (1.17) for the
biorthogonal matrix polynomials of the first kind, and taking a, = (P+Q +

-1
I), [(P+I)kr} ,w=0and v =1, we get

-1
E:EXA+B+DWWPA+DWHW](P+Q+D{@+n%

n=0 r=0
AB n—m _A-B— _pP_O—
X Tyl s ) IED (g e = (L= )AL g

-1

n—mr

y F<A+B+IA+B+H A+B+(k+1)I A+1
PR TR 0 k+1 k+1 k)
A2l A+kl ((k+1)1—2)\*( —(k+1)t
e e () ()
Xkﬂﬁ<P+Q+IP+Q+H.“P+Q+%+UL
k+1 7 k41 77 k41 ’

P+I1 P+2I  P+kI <(k+1)(1—y)>k<—(k+1)77>>

E Ok Tk 2% (1 — p)k+1
for [t| < 1, |z| < 1, |n| < 1, [y| < 1,

k
(=) (G )| < 1 ona
k
’((k+1%l(€1y)> Qﬁiﬁﬁ)‘ <1

Now, we give some special cases for several important generating matrix
functions. Firstly, if we set Q,1.,,(y) = y, (PN (y; k) for s = 1 in Theorem

4.1, where the Konhauser matrix polynomials ngD’A) (z; k) are defined by
means of the generating matrix function in [15]:

(4.6) S" VPV (@ k)t = (1) P+ exp [Aafl - (1—t)F] |5 ]t < 1

n=0
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where D is a matrix in CV*¥ satisfying the condition Re(u) > —1V u €
o(D) and all matrices are commutative. Then we obtain a class of bila-
teral generating matrix functions for the biorthogonal matrix polynomials
J,gA’B) (z;k) and the Konhauser matrix polynomials YTSD’)‘) (z; k) of the se-
cond kind.

Corollary 4.2. Let

M (yi2) = 3 a Y 0 (s k)2"5ap # 0, 0,0 € Ny
r=0
and
(7] ~1
‘I’n,m,y,u(xS y;n) = Z ar(A+ B+ 1n—mr [(A =+ I)k(n—mr)]
r=0

x JB) k)Y PN (g k) mym € N,

n—mr u+vr

where D is a matriz in CN*N satisfying Re(u) > —1V p € o(D) and all
matrices are commutative. Then we have

00
—A_B— A+B+1
Z \pn,m,#,ll <$§ Y ;7”)75” = (1 - t) A=B-1 k+1E% (7

= k+1
(47) AfTB+2I A+B+(k+1)I A+1 A+2I1
k+1 77 k+1 Tk kT

AZM; ((k:+ 1;1({:1 —x)>k((—1(ft+):+)f)>Au,y(y;n>

provided that each member of (4.7) exists.

Remark 4.2. Using the generating matrix function (4.6) for the Konhauser
matrix polynomials y, [P (y; k) and taking a, = 1, p = 0 and v = 1, we
have

SN (A B+ Donr [(A+ Do) IS k)Y, PN (g ey e

n=0 r=0
_A-B—I A+B+1 A+B+2]1 A+B+ (k+1)I
:(1—t) Lk 1Fk N
+ k+1 ' k+1 7 k41 :

A;rI’An]:QI’m,AzkI; ((k—irl;](cl—:c))k((—l(ﬁj):ﬁ))
1)

k
for |t < 1, |#] <1, || < 1 and K(k“g,(j‘””)) ((—19;;;23)\ <1.

EN

X (1= ) O exp [A yll—(1—n)"
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Also setting Q1. (y) = zP) (y; k) for s =1 in Theorem 4.1, where the
Konhauser matrix polynomials of the second kind is defined by means of the
generating matrix function

0o —1

>[04 ] 2w e
(4.8) n=0
D+1 D+2I D4kl (Ax)kt
—eosz T IR ;T
k k k Kk

where D is a matrix in CV*¥ satisfying the condition Re(u) > —1V u €
o(D) and all matrices are commutative.

Corollary 4.3. Let

(D,
HV y7 Za’r /J,—‘,—l/?") 3/7 Z;GT%OHUHVENO
and
[77] 1
\Ijn7m“u,7y(x; Y3 77) = Z Qr [(A + I)k’(n—mr):| (P +Q+ I)n—mr
r=0

x [(P - I)Mnmr)} TN k) 250 (s k) sm.m € N,

where D is a matriz in CVN*N satisfying the condition Re(p) > —1V u €
o(D) and all matrices are commutative, then we have

[e.e]
_A-B— A+B+1
S (s ) = 0o (AL

= k+1
A+B+21 A+B+(k+1)I A+1 A+21
(4.9) ;
k+1 b 9 k+1 9 k Y kf 9 9

A;M; <(k:+ 1;]({:1 —x))k((—l(f;;lf»/\u,y(y;n)

provided that each member of (4.9) exists.

Remark 4.3. Using the generating matrix function (4.8) for the Konhauser
matrix polynomials 7PN (y; k) and taking a, = [(D + I )] - =0 and
v =1, we have
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Z Z (A+ B+ In—mr [(A + I)k(n—mr)] _ljy(l‘i’n]i?(q:; k)
n=0 r=0

~1

X |:(D + I>kr:| Z7(D:>‘) (y; k)nTtn—mT _ (1 o t)_A_B_I

><k+1Fk<A+B+I,A+B+21,...,A+B+(k+1)];
k+1 k+1 E+1

A+T A+2I A+k1_<(k+1)(1—x)>k<—(k+1)t>)

ko k T k) 2k (1— )k
D+1 D+21 D+ kI (/\y)kn>

ko ok T k7 Lk ’

x el oFy, <—;

k
for [t| < 1, |#| < 1 and ‘((kﬂ%](:a:)) <(1(_kt;rk1+)§>’ <L

We remark that for every suitable choice of the coefficients a, (r € Np),
if the multivariables matrix function Q,(y1,y2,...,¥s), s € N is expressed
as an appropriation product of several simpler matrix functions with com-
mutative matrices which satisfy (1.16). The assertions of Theorem 4.1 can
be applied in order to derive the certain families of more multilinear and
multilateral generating matrix functions for the matrix version of the mul-

tivariable JT(LA’B)(:U; k) and K,(lA’B)(x; k).
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