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Q-Convergence in graded
ditopological texture spaces

RAMAZAN EKMEKCI AND RIZA ERTURK

ABSTRACT. Convergence of graded difilters have been presented and
investigated by the authors in [9]. In this paper, using graded Q-dinhd
systems defined in [8] the authors define a different convergence type
of graded difilters called Q-convergence which has some advantages and
some disadvantages in comparison with the convergence defined in [9].

1. INTRODUCTION

In 1968, C. Chang defined the concept of fuzzy topological space as ordi-
nary subset of the family of all fuzzy subsets of a given set [7]. As a more
suitable approach to the idea of fuzzyness, in 1985, Sostak and Kubiak in-
dependently redefined fuzzy topology where a fuzzy subset has a degree of
openness rather than being open or not [12, 14| (for historical developments
and basic ideas of the theory of fuzzy topology see [15]).

Ditopological texture spaces were introduced by L. M. Brown as a natural
extention of the work on the representation of latticevalued topologies by
bitopologies in [10]. The concept of ditopology is more general than general
topology, bitopology and fuzzy topology in Chang’s sense. An adequate
introduction to the theory of texture spaces and ditopological texture spaces
may be obtained from [1-5, 17, 18].

Recently, L. M. Brown and A. Sostak have presented the concept “graded
ditopology” on textures as an extention of the concept of ditopology to the
case where openness and closedness are given in terms of a priori unrelated
grading functions [6]. The concept of graded ditopology is more general
than ditopology and fuzzy topology in Sostak’s sense. Two sorts of neigh-
borhood structure (graded dineighborhoods and graded Q-dineighborhoods)
on graded ditopological texture spaces are presented and investigated in [8].
In [9] graded difilters are introduced and their convergence is studied by
means of graded dineighborhoods.
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The aim of this paper is to introduce an alternative definition of conver-
gence of graded difilters using graded Q-dineighborhoods. There is no re-
lation between graded dineighborhoods and graded Q-dineighborhoods, i.e.
they are completely different concepts. So, convergence and Q-convergence
of graded difilters are also completely different. Convergence of graded difil-
ters is not defined using graded dineighborhoods but a version of it. Contrary
to the concept of convergence, Q-convergence is defined directly by means
of Q-dineighborhoods. However, Q-convergence is defined on complemented
grounded textures.

2. PRELIMINARIES

We recall some basic concepts and properties from [3-5]:

Let S be a set. A texturing S on S is a subset of P(S) which is a point sep-
arating, complete, completely distributive lattice with respect to inclusion
which contains S, () and for which meet /\ coincides with intersection () and
finite joins \/ with unions |J. The pair (S,S) is then called a texture or a
texture space.

In general, a texturing of S need not be closed under set complementa-
tion, but there may exist a mapping o : S — S satisfying o(c(A4)) = A
and A C B = o(B) C o(A) for all A,B € S. In this case o is called
a complementation on (S,8) and (S,S,0) is said to be a complemented
texture.

For a texture (5,S), most properties are conveniently defined in terms of
the p — sets

Ps:ﬂ{AES\seA}
and the ¢ — sets
Qs=\{AeS|sgAy=\/{P.|ueSs¢P)

A texture (5, S) is called a plain texture if it satisfies any of the following
equivalent conditions:

) Ps € Qg forall s e S
(2) A=V,c;Ai=UjcrAiforall A; € Syie 1

For a set A € S, the core of A (denoted by Ab) is defined by
MUt lieny {aslienncs A=\/{Ailiel}}.

Theorem 2.1 ([3]). In any texture space (S,S), the following statements

hold:
(1) sd A=>ACQs=>s& A forallse S, AeS.
(2) A ={s| AZ Qs} forall A€ S.
(3) For Aj €S, j € J we have (V;c; A ) —UJGJAb
(4) A is the smallest element of S containing A® for all A € S.
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(5) For A,B € S, if A L B then there exists s € S with A ¢ Qs and
P, ¢ B.

(6) A=({Qs | Ps £ A} forall A€ S.

(7) A=V{Ps | AL Qs} forall A S.

Example 2.1. (1) If P(X) is the powerset of a set X, then (X, P(X)) is the
discrete texture on X. Forz € X, P, = {z} and @z = X \{z}. The mapping
mx : P(X) = P(X), nx(Y) =X \Y for Y C X is a complementation on
the texture (X, P(X)).
(2) Setting I = [0,1], J = {[0,r), [0, 7] |r € I} gives the unit interval texture
(I, J). For r € I, P, = [0,7] and @, = [0,7). And the mapping ¢ : J — 7,
t[0,7] =[0,1 —7), ¢[0,7) = [0,1 — r] is a complementation on this texture.
(3) texture (L, £, A) is defined by L = (0,1], £ = {(0,r] | r € [0,1]},
A((0, (0,1 =7r]. Forre L, P, = (0,7] = Q.
)

;%
\_/CD

h
r]) =

(4 S = {0,{a,b}, {b},{b,c}, S} is a simple texturing of S = {a,b,c}. P, =
{ ,b}, Py ={b}, P. = {b,c}. Tt is not possible to define a complementation
n (5,85).

( ) If (S,8),(V,V) are textures, the product texturing S ® V of S x V
consists of arbitrary intersections of sets of the form (A x V) U (S x B),
Ae S, BeV,and (S xV,S§®YV) is called the product of (S,S) and (V, V).
For s € S;v eV, P(sm) = P, x P, and Q(s,v) = (Qs xV)u (S X QU)

A dichotomous topology, or ditopology for short, on a texture (S,S) is a
pair (7, k) of subsets of S, where the set of open sets T satisfies

(Tl) S, her

(Tg) Gl,GQ cer=GINGyeT

(T3) GieTiel = \,GieT
and the set of closed sets x satisfies

(CTl) S, 0er

(CTQ) Ki,Koex=K UKy €k

(CTg) K,erkiel = lez € K.

Hence a ditopology is essentially a “topology” for which there is no priori
relation between the open and closed sets.

A complementation o on a texture (S,S) is called grounded [13] if there
is an involution s — s’ on S such that o(Ps) = Q¢ and o(Qs) = Py (s’ will
be denoted by o(s)) for all s € S and in this case the complemented texture
space (5,8, 0) is called “complemented grounded texture space”. In [16], it
is shown that a complemented plain texture is grounded.

It is well known that, in the classical set theory, “A N B = () if and only
if A C X\ B for any subsets, A and B of X” however, in the fuzzy set
theory, “AN B = 0 implies A C 1 — B but in general, A C 1 — B doesn’t
imply AN B = 0 for any fuzzy subsets, A and B of X”. So it is defined an
alternative binary implication in the fuzzy set theory such as; “A is quasi-
coincident with B (denoted by Ag¢B) if and only if there exists an z € X
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such that A(z) + B(x) > 1 for any fuzzy sets, A and B of X” and “A is not
quasi-coincident with B (denoted by AgB) if and only if A(z) + B(z) <1
for all x € X”. These notions are generalized to the complemented texture
spaces as follows:

Let (S,S,0) be a complemented texture space and A, B € S. It is called
that “A is quasi-coincident with B” (denoted by A¢B) if A ¢ o(B) and “A
is not quasi-coincident with B” (denoted by AgB) if A C o(B) [11].

Definition 2.1 ([6]). Let (S,S), (V,V) be textures and consider 7,K : § —
V satisfying

(GT1) T(S)=T(0)=V

(GTQ) (Al) n T(AQ) - (Al N AQ) VAl, Ay e S
(GT3) Njes T(A5) STV ey Aj) VA; €S,5 €
and

(GCTy) K(S) =K(0) =V
(GCTQ) K(Al) N ]C(AQ) C ]C(Al U AQ) VA1,A €S8
(GCTy) Moy K(A7) CK((ey As) VA; €85 € J

Then T is called a (V, V)-graded topology, K a (V,V)-graded cotopology and
(T,K) a (V,V)-graded ditopology on (S,S). The tuple (S,S,T,K,V,V) is
called graded ditopological texture space.

For v € V it is defined that
T'={AeS|P,CTA} K'={AcS|P,CK(A)}.

Then (77,K") is a ditopology on (5, S) for each v € V.

That is, if (S,S,7T,K,V,V) is any graded ditopological texture space, then

there exists a ditopology (77, K") on the texture space (5,S) for each v € V
If (S, S, 0) is a complemented texture and (7, K) a (V,V)-graded ditopol-

ogy on (S,8), then (Koo, T oo) is also a (V, V)-graded ditopology on (S,S).

(T,K) is called complemented if (7,K) = (Koo, T o0).

Example 2.2. Let (S,S,7,k) be a ditopological texture space and (V,V)
the discrete texture on a singleton. Take (V,V) = (1,P(1)) (The notation
1 denotes the set {0}) and define 79 : § — P(1) by 79(A) =1 < A € 7.
Then 79 is a (V,V)-graded topology on (S,S). Likewise, k9 defined by
kKI(A) =1 < A € kis a (V,V)-graded cotopology on (S5,S). (79,k9) is
called then the graded ditopology on (S,S) corresponding to ditopology

(1, k).

Therefore graded ditopological texture spaces are more general than di-
topological texture spaces.

The graded Q-dineighborhood (Q-dinhd) systems of the graded ditopo-
logical texture spaces were defined in [8]. To avoid a long preliminaries we
will give the following equivalent proposition instead of the definition.
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Proposition 2.1 ([8]). Let (T,K) be a (V. V)- gmded ditopology on (S, S, 0)
cmdNM S — VS mappings whereN() :S =V, M() MS:

S =V for each s € S. Then (N,M) s a gmded Q-dinhd system of the
graded ditopological texture space (S,S,T,KC,V,V) iff

. B):PqB C A,B €S}, PyqA
) NS(A):{;?LP{T() q € S} PSgA

@) MS(A):{ 6pr{IC(B):P5§ZB,A§B,B€S}, ]]zzéﬁ

for each s € S and A€ S.

Theorem 2.2 ([8]). Let (T,K) be a (V,V)-graded ditopology on texture
(S,8). If (N M) is the graded Q-dinhd system of graded ditopological texture
space (S,S,T,K,V,V), then the following properties hold for each s € S,
A A1, Ar €S
(1) (N1) N,(4) £ 0 = PygA

(N2) N,(0) =0 and Ny(S) =V

(N3) A C A= Ny(A1) C Ny(Ag)
(N4) (Al) N N (AQ) - N (A1 N AQ)
(N5) Ny(A) = suplAp, o No(B) : PoaB C A}

(2) (M1) M(A) #0= P, ¢ A

(M2) M(S) = 0 and M,(0) =V
(M3) A; C Az = Ms(Az) C M;(A1)
(Ma4) A)/\M(AQ)CM(AluAg)
(M5)

1
+(A) = sup{Ap, g Mo (B) - Py ¢ B,AC B)

Definition 2.2 ([9]). Let (S,8) and (V,V) be textures.
(1) A mapping § : S — V is called a (V,V)-graded filter on (S,S) if §

satisfies:
(GF1) 3(0) =0
(GF2) A; C Ay = (A1) € F(Ag)
(GF3) §(A1) A§(A2) € F(A1 N A)
(2) A mapping & : S — V is called a (V,V)-graded cofilter on (S,S) if
& satisfies:
(GCF1) &(S) =10
(GCFQ) A C Ay = 6(142) - @(Al)
(GCF?)) (Al) A\ @(Ag) - @(Al U Ag)
(3) If §is a (V,V)-graded filter and & (V,V)-graded cofilter on (S,S)
then the pair (§, ®) is called a (V,V)-graded difilter on (S5, S).
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Definition 2.3 ([9]). (V,V)-graded difilter (F,®) on (5, S) is called regular
if it satisfies the following equivalent conditions:

(1) §AS=01ie FAABA) =0forall AeS.

(2) ¥n € N, ALy (5(A) A 6(B) £ 0 = My A ¢ Uiy By, for all

Ai, B;eS

(3) FANSB)#0=AZ B, forall A,BeS
Definition 2.4 (]9]). et (S,S,T,K,V,V) be a graded ditopological texture
space, A € S and v € V.. The set

({{BeSIACB, P,CK(B)} €S
is called v-closure of A and denoted by [A]”. The set

\{BeSBCA, P,CT(B)}eS
is called v-interior of A and denoted by |A[".

Note that for each v € V', [A]Y (JA[") is closure (interior) of the set A in
ditopological texture space (S, S, 7Y, KY).
Definition 2.5 ([9]). et (§,®) be a (V,V)-graded difilter on (S,S). (§,®)
is called a maximal (V,V)-graded difilter on (.S, S) if whenever (§,®’) is a

(V,V)-graded difilter on (5,S) and (F,®) C (F',®’) then we have (F,8) =
(', ®) is hold.

3. MAIN RESULTS

From now on, we assume that (5,8, 0) is a complemented grounded tex-
ture space.

Example 3.1. Let (S, S, T,K,V,V) be a graded ditopological texture space
and (N, M ) the graded Q-dinhd system of (S, S, T, K, V,V). Then for each
s €S, N,isa (V,V)-graded filter and M, is a (V,V)-graded cofilter on
(S,S). Moreover (Ng, U(S)) is a regular (V,V)-graded difilter on (5, S).
_Indeed; (GF1): We have N,(#) = 0 by (N2). (GF2): A; C A, =
NE(AI) - ]N\TS(AQ) by (N3) (GF3) (Al) AN N (AQ) - N (Al ﬂAQ) by
(N4). So, Ns is a (V,V)-graded filter on (5,S) for each s € S. Similarly it
can be shown that M, is a (V,V)-graded cofilter on (S,S) for each s € S.

For a set A € S, PyqA or P;gA. If PyqA then we have Py ¢ o(A) and
s0 A € Qu(s)- Thus we get P,y € A and so ]TJ/U(S)(A) = (. If PsgA
then we have Ns(A) = 0. Therefore we have Ny(A) A Mg(s) (A) =0 and so
(N, MU(S)) is a regular (V,V)-graded difilter on (S, S).

Definition 3.1. Let (§,8) be a (V,V)-graded difilter on (S,S). We say
that § Q-converges to s and write that § —7 s if ]A\f/S C §. Again, we say
that & Q-converges to s and write that & —? s if M, C &.
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For s € S, the graded difilter (§,®) is called Q-diconvergent if §F —7 s
and & —? o(s). In this case, the couple (s,o(s)) or s for short is called
Q-limit of (F, ®).

Proposition 3.1. For a graded difilter (§,®) on (S,S,T,K,V,V) the fol-
lowing hold:

(a) § —1s< “PsgA=T(A) CF(A)

(b) & —1ss “Psd A= K(A) C 8(A).

Proof. (a) (=) : Let § —% s and Ps;qA. Since § —? s we have N, C§
and so Ny(A) C F(A). On the other hand, P,gA implies T(A) C Ny(A).
Hence T (A) C F(A) is obtained.

(<) : Considering the definition of Ny, we get Ny(A) C F(A) because of
the implication PsgA = T(A) C F(A). Thus we have § —7 s.

The proof of (b) is similar to (a). O

Proposition 3.2. For a regular graded difilter (§,®) on (S,S,T,K,V,V)
the following hold:
(a) § —1s= VAeS, ve B(A) = PsqlA["”
(b)  —1s=YAecS, veF(A) = P, C[A]".

Proof. (a) Let § —? s and suppose that there exists v € &(A) such that
PyqlA[” for a set A € S. Since Pyq|A[” we have Py € o(\/{B € S| B C
A, P, CT(B)}) =(\{o(B) | BC A, P, C T(B)} and so, there exists
B € S such that P; € o(B), B C A, P, C T(B). Because § —? s and
PsqB, using Proposition 3.1 we have 7(B) C §(B). So we get P, C T(B) C
F(B) C §(A) and remembering v € B(A) we obtain F(A) NG (A) # () which
contradicts with the regularity of (§,®). The proof of (b) is similar to
(a). O

Definition 3.2. Let (§,®) be a regular (V,V)-graded difilter on a graded
ditopological texture space (S,S,7T,/K, V, V).
(1) s € S is called a Q-cluster point of & if “v € &(A) = P,g|A["” for
all A e S.
(2) s € S is called a Q-cluster point of § if “v € F(A) = Ps C [A]"” for
all A e S.
(3) For s € S if s is a Q-cluster point of § and o(s) is a Q-cluster point
of & then (§,®) is called Q-diclustering in (S,S,7,KC,V, V).

Corollary 3.1. In a graded ditopological texture space, each Q-diconvergent
difilter is Q-diclustering.

Theorem 3.1 (|9]). If (§,®) is a regular (V,V)-graded difilter on (S,S)
and (V,V) is discrete, then the following are equivalent:

(1) (F,9) is a mazimal reqular (V,V)-graded difilter.

(2) FvB =V (ie. VAES, F(AVBA) =FAUBA) =V).
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Theorem 3.2. Let (V,V) be a discrete texture space and (§,®) a maximal
reqular graded difilter in (S,S,T,K,V,V) then (§,®) is Q-diconvergent if
and only if it is Q-diclustering.

Proof. If (§,®) is Q-diconvergent then it is Q-diclustering by Corollary 3.1.
On the other part, let (F,®) be Q-diclustering. Particularly let s be a Q-
cluster point of § and o (s) a Q-cluster point of &. Thenv € &(A) = Pq]A["
and v € §(A) = P; C[A]Y for all A € S.

Let A € § with A € Qu(s) and v ¢ F(A). Since (F,®) is maximal we
have F(A)UB(A) =V by Theorem 3.1. So, we get v € &(A) because of the
regularity of (F,®) and P,g]A[". If we suppose that v € T(A) then we have
Pg]A["= A and so A C Q,(s) which contradicts with A € Q). Hence we
get v & T(A). Therefore we have the implication v € F(A) = v € T(A)
ie. T(A) € §(A). Since PygA implies A € Q,(5) we have § —9 s by
Proposition 3.1. It can be also obtained that & —? o(s) by means of the
similar method. Thus (§, ®) is Q-diconvergent. O

Proposition 3.3 ([9]). Let (§,®) be a regular (V,V)-graded difilter on
(S,8S). Then there exists a mazimal reqular (V,V)-graded difilter (§™, &M)
on (S,8) such that (F,®) C (M, 6M).

Theorem 3.3. Let (S,S,7T,K,V,V) be a graded ditopological texture space.
Then for the statements:
(a) every regular graded difilter on (S,S,T,KC,V,V) is Q-diclustering,
(b) every maximal regular graded difilter on (S,S,T,K,V,V) s
Q-diconvergent,
the implication (b) = (a) and in case of (V,V) is discrete, (a) = (b) hold.

Proof. (a) = (b): Let (F,8) be a maximal regular graded difilter on
(S,8,T,K,V,V). Because of (a), (§,®) is Q-diclustering. Since (V,V) is
discrete, we obtain that (§F,®) is Q-diconvergent by Theorem 3.2.

(b) = (a): Let (F,®) be a regular graded difilter on (S,S,7T,KC,V,V).
Then there exists a maximal regular graded difilter (FM,&M) on
(8,8, T,K,V,V) with (§,6) C (M,8M) by Proposition 3.3. Using (b)
we have §M —9 s and &M —7 ¢(s) for some s € S. Since &M —9 5(5s),
using Proposition 3.2 we get v € F(A) = v € FM(A) = P, C [A]Y for
each A € §. So, o(s) is a Q-cluster point of §. Similarly one can get that
s is a Q-cluster point of &. Considering o(o(s)) = s, we get that (F,®) is
Q-diclustering. (|

4. CONCLUSION

Convergence of filter is very useful in topological spaces as it describes
several topological concepts. In this paper, using graded Q-dinhds, an al-
ternative definition of convergence of graded difilters has been introduced.
This new convergence type (i.e. Q-convergence) has some advantages and
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some disadvantages in comparison with the convergence defined in [9]. Con-
vergence of graded difilters is not defined using graded dineighborhoods but
a version of it because in general, a graded nhd is not a graded difilter. Con-
trary to the concept of convergence, Q-convergence is defined directly by
means of Q-dinhds since (N ss My(s)) is a regular graded difilter (see Exam-
ple 3.1). However, there is a handicap of this new structure: Q-convergence
is defined on complemented grounded textures.
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