MATHEMATICA MORAVICA
VoL. 20:2 (2016), 23-37

Some congruences related to harmonic numbers
and the terms of the second order sequences

NESE OMUR AND SIBEL KOPARAL

ABSTRACT. In this paper, with helps of some combinatorial identities,
we investigate various basic congruences involving harmonic numbers
and terms of the second order sequences {Uk,} and {Vin}.

1. INTRODUCTION

The second order sequence {W),, (¢, d;r, s)}, or briefly {W,,}, is defined for

n > 0 by
Whir =Wy + sW, 1

in which Wy = ¢, W1 = d, where c,d,r,s are arbitrary integers. As some
special cases of {W,}, denote W,, (0,1;r,1), W, (2,r;7,1) by U, and V,,
respectively.

When r = 1, U, = F,, (the nth Fibonacci number) and V;, = L,, (the nth
Lucas number).

If o and 8 are the roots of the equation x*—rx—1 = 0, the Binet formulas
of the sequences {U, } and {V,,} have the forms

an_ﬁn

a—pf

2

U, = and V,=a"+ (",

respectively.

From |[2, 3|, E. Kilig¢ and P. Stanica derived the following recurrence re-
lations for the sequences {Uy,} and {Vi,} for £ > 0, n > 0. It is clearly
that

Uk(nr1) = Vil + (1) Uk(n—1)
Vity)y = ViVin + (1) Vin-1)

where the initial conditions of the sequences {Uy,, } and {Vj,,} are 0, U, and
2, Vi, respectively. Binet formulas of the sequences {Uy,} and {Vj,} are
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24 SOME CONGRUENCES

given by

akn — /Bkn
Up = ———— and  Vj, = o™ + g,
a—p
respectively. From the Binet formulas, one can see that U_g,, = (—1)
and Usky, = UkpVin. Harmonic numbers are those rational numbers given

by

kn+1 Uk
n

n
1
Hy =0, Hn:ZE, neN={1,2...}.
k=1

The first few harmonic numbers are 1, 3 3 161’ %g, e

For m € Z™, harmonic numbers of order m are those rational
.
— k™
For a prime p and an integer a with a { p, we write the Fermat quotient

gp(a) = (aP~' = 1) /p. Let Z be the set of integers. Z, denote the set of
those rational numbers whose denominator is not divisible by p and is called

as the set of p-adic integer numbers. For an integer D, /D € Ly, if (%) =1

and VD ¢ Z,, if <%> = —11in [6]. It is clearly that 2 — 2 — 1 has two simple

roots in Z, if and only if p = £1 (mod p).
In [7], Z.W. Sun and L.L. Zhao established arithmetic properties of har-
monic numbers. For example, for any prime p> 3,

~H _ T
i2i 24
=1

—pB,_3 modp _3 (mod p),

=1

where By, By, B, ... Bernoulli numbers.
In [1], A. Granville showed the congruence

(1) q(r)=—-G(z) (modp), p>3,

_ aP—(z—1)P—1 — o
where ¢ (v) = == ~— and G (z) = 2%
In [4], H. Pan and Z. W. Sun showed the following lemma and proposition:
Lemma 1.1. Let p > 3 be a prime. Then

@ <xp+(1;x)p_1)2 3 _QH (1-2)
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Proposition 1.1. Let r and s be nonzero integers. For an odd prime p such
that p { rs,

Yp — 1" ? zp_l 0 (52pp_1 oil d
3 P ) = 2 2 -
e () P Y o (mod ),

=1 =1
2
Yp — 1P
(4) ( )
p
2

where y, = Wy, (2,7;7,—5s) and v, § are the two roots of the equation x* —
rr+s=0.

-1 i p—1 rini
§ 2 E

—2’]”’}/17 W — 2(5 P W (mod p),
i=1 =1

In this paper, we investigate the congruences involving harmonic numbers
and terms of second order sequences {Ug,} and {Vi,}. For example, for

oMt

(r—1)/2
AVy Z Uak(2i+1)Hi

=1

; ((—1)’“ (V,g’vkp - A(p+1)/2Ukp) - 4)

=24y (2) Vapy1) (mod p),

and
p—1 k D\ 2
Vitpti -1 Vi, — V,
g Zkpizl) H; o= —( ) < M Tk > (mod p),
per 04 ’ 2 p

where A = V2 + 4 (—1)":“7 a prime number p > 3, and an integer k with
pt Vi
2. SOME LEMMAS

In this section, we need the following lemmas for further use.

Lemma 2.1. Forn € N and © € R, we have the following sums:

n—1 1 n—1 .CCi 2"
JIr. — z o
(5) Z:BHJ = 1_3622. T s
j=1 =1
n—1 n—1
, 1 x! x™
., — i
(6) Zx Bz = 1—:(:,2@'2 [ gt
Jj=1 =1
n—1 . " on
Proof. For the proof of (5), from the sum > 2iy"~i~! = xﬁ;g , we have
i=0
n—1 n—1 i 1 n—1 1 n—1
i iNVI NN
Zx J r Z i i r

j=1 j=1  i=1 i=1  j=i
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= Z Zﬂ Zﬂ
i1 /1-2" 1-—gf
B Zi(l—m_l—x>
1 [zt —an a:'
- Zi(l—x) 1—31;z i Hn-1,

i=1

as claimed. Similarly, the other result is proven. Thus, this ends the proof.
O

Lemma 2.2. Forn € N and z € R, we have the following sums:

() > ja'H; = - (w_l()x_—xl()fn_l)_xflnl

o :
x—lz;z—i_ 33_12222'

Proof. For the first claim, from the sums

" n
Z -y
1’2 n—i—1 _

r—y
and
n—1 n n
szzyn—i—l nT (x — y) -z (QZ -y )
= 5 ,
=0 ($ y)
we write
n—1 4 n—1 J 1 n—1 1 n—1 )
D galHy = > gy 5 =353 i
J=1 J=1 =1 =1 Jj=t
n—1 1 n—1 i—1
SIS e
=1 7=0 7=0
B ni:l (nm”(z—l)—x(az”—l)
= - 3
=1 ¢ (‘T 1)
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_ixi(x—l)—x(xi—l))
)

(x —1)
ne"(r—1)—z(x"—-1) —x
_ e hoeG o,
(x—1)
" —x ¢ g

12 @i

as claimed. The other claim is similarly obtained. Thus, the proof is com-

pleted. O
Lemma 2.3. Forn € N and z € R, we have the following sums:

n-1 " ((na: —z—n)?+ x)

> KatHp = - Hy

k=1 (z—1)

1
nz™ (x —1) = 32" + 2 4+222  z(x+1) =2’
®) - - 27

(x—1)* :1:—13

and

Z k2$ka’2 = (J} _ 1)3 Hn71,2

" — (z+1) % ‘
_<m—1> Z"i)Zzz

=1

Proof. Considering the sums

nx" (x —y) —z (™ —y") " —y"
ZZQ?anl sznzl

(z—y)? -y

and

" ((nm —ny —x)* + wy) —ay" (z+y)
3 b

kQ k n k—1 _
Z (z—y)

the proof is clearly given. d
Lemma 2.4. Let p be an odd prime. For (%) =1,
(p—1)/2 k
U i -1 p—1
(10) Z ;l,k = (=1) <—VkpUkp + (\/Z) Vkp> (mod p),

i=1 p

SRR

w0/,
1y Yo =
=1

1

_ (_;)k (V,kap _ (JZ)W Ukp> (mod p),
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where A = V.2 + 4 (=)™ and Legendre symbol (5> .

Proof. For the proof of (11), using the Binet formula of the sequence {Vj,}

(p—1)/2 ; - P_( m 1)?
and taking g—;:, g—z,}z instead of = in T = %—(fﬂ) p(‘[ D (mod p)|5],
i=1
where any p-adic integer z. We get
(»—1)/2 Vini (»—1)/2 oAki (p—1)/2 64]%'
2T s X vt
=1 =1 =1
(b=1)/2 1/ 2ki (r=1)/2 4 32k
-2 () % (=)
P P
o w-(va) - (-va)
b pBFP patr
P p
P _ A P _ (/A
_ 4 (—1)" akpk(\F) — (=1)k gk» k ( \F>
p p p
P
_ 4 V]f k kp kp (\/Z> k kp kp
= - D (o >+T<‘” (a7 - 5*)
4_

—1 k p+1
= 5 (p) (Vlkap — (\/Z) Ukp> (mod p).
Similarly, using Binet formula of the sequence {Uy,}, the proof of the con-
gruence in (10) is given. O

Lemma 2.5. Let p > 3 be a prime. For an integer k with p 1 Vi and

()

pzl Vi(i+p) _ (—1)* Vi Vip—2) = Varp—1) — (—1)* Vay, (mod p)
Vi71~ - Vp_1 oap).
i=1 'k PV
Proof. Consider
p—l Vitien) pl k(i+p-2) PZL Bk(i+p=2)
Dot = X e T e
o Ve o Ve i o Ve
p—1 AN p—1 kN ¢
1 B8\ 1
— ViaFP—=2) Q) Iy pke-2) )z
K ; V) i T ; Vi)
For (%) = 1, taking ?‘/—:, % place of x in (1), respectively, we write
~1
S Vititp)
i—1
=1 Vk ¢
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= Vkak(pfml _ <%:)p i ( 62) + Vk,Bk(P*Q)l _ (%)p " <_%:>p

p
Vkp (ak(p—Z) + ﬁk(p—2)) _ (a2k(p—1) + IBQk(p—l)) _ (_1)k (a—Qk + B—Qk)
= kap—l
VPVt — Varw1) — (—1)* V4
= (e Vi = Ve CUT Ve od ),
ka
as claimed. O

Lemma 2.6. Let p > 3 be a prime. For an integer k with p t Vi and

(3)="

1

p

Vk(i+p) 1 Vkp—vkp ?
, —5 T (mod p).

i—1.:9
= Vi i

Proof. Consider that

p—1 Vk(’+ ) p—1 ok -1 i
Tp
: = : + :
; Vkl—lz? Z Vz—1i2 Z Vz—lz'Q

For (%) = 1, by taking V4, (—1)k instead of r, s in (4), respectively, we

have

(12)
p—1 p—1 ki Pl ok
Vk(i+p) <Vkp > 2k Via prte)
> = — 3P s : ——— (mod p),
; Vi 152 2 Z k 2 ; Vi&i?
and from Fermat’s little theorem, the congruence (p_lk)Q = k% (mod p) for

ktpand of 8% = (=1)%, we get

p-! Va Vp ¢
52kp2<(k)1922 _52]@2 akzﬁkzZQ szpz /Bk _ )

=1

p—1 Bk(z—&-p

VP p—1 Bkz
13) = pr_k =V :
(13) B ; A Z Vi

o - (mod p).
php £ Vig2 pa

By (12) and (13), we obtain the desired result. O
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3. THE RESULTS INVOLVING THE TERMS OF THE SEQUENCES {U,} AND
{Vin}

In this section, we give congruences for the terms of the sequences {Ug,, }
and {Vi,}. Now we start with our first result.

Theorem 3.1. Let p be an odd prime. For (é) =1,

p
(p—1)/2
AV Z Usk(2i4+1)Hi
i=1
4 (=1
(14)= > + (p) (V;kap - A(erl)/QUkp) —2qp (2) Vag(py1) (mod p),
and
(p—1)/2
Vi Z Vaor(2i+1)Hi
i—1
15) = (G VPU,, — AP~D/2y ) —2q (2) U. d
( ) = » k Ykp kp Qp() 2k(p+1) (mo P);

where the Fermat quotient q,(2) = (2P~ —1)/p.

Proof. For the proof of (14), by the Binet formula of the sequence {Ugy},
we have

(p—1)/2 (p—1)/2 ‘ (p—1)/2 A
AVe Y UnpoienyHi = ViVA Y oPHVE,_VVA Y~ g2,
-1 i=1 i=1

Writing (p + 1)/2 place of n and o**, 3%* place of z in (5), respectively, we
write

(p—1)/2 ‘ (r—1)/2 o2ki
(1 _ a4k) Z oM, = Z - a2k(p+1)H(p71)/27
i=1 i=1
(p—1)/2 (P—1)/2 4
4k Akipr  _ B 2k(p+1) fr
(1—5 ) >, 8MH = ) —— -8 (p—1)/2-
i=1 i=1
Since o?* = f%ka** and % = o % we can rewrite
(P-1)/2 (P=1)/2 ki
(16) —Vk\/Z Z a4k’l+2kHi — Z - o azk(p+1)H(p—l)/27
i=1 i=1

(p—1)/2 4 (p—1)/2 B4]m‘
(17) Vk\/g Z /84kz+2kHi — Z Lo /82k(p+1)H(p71)/2-

i=1 =1
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By (16) and (17), we get
(p—1)/2
AVe > Usyaipny Hi
i=1
(p—1)/2 ki (p-1)/2 /341%
= = D+ UH = Y e BTV H G
i=1

_ v Vzlkz

i=1
1)/2

> + Var+) Hip-1) /2,

i=1

which, by (11)

lents

(0t (vevio - (VB) Uhn) ~4) ~ 260 @) Vi mod o)

p

Similarly, using the Binet formula of the sequence {V4,,}, (16), (17), (10) and
the congruence H,_1y/2 = —2q, (2) ( mod p), the other claim is obtained.
O

and the congruence H, 1)/ = —2¢,(2) (mod p), equiva-

For example, by taking £ = 1 in Teorem 3.1, for (T27+4> =1,

(p—1)/2
T (7‘2 + 4) Z U4i+2Hi

=1

1
= —; (rp‘/;o — (7‘2 + 4) (p+1)/2 Uy + 4) — 2qp (2) Vapy2( mod p),

and
(p—1)/2
Z Vairo H;
1 _
= > (erp —(r*+4) p=1)/2 V},) —2gp (2) Ugpy2( mod p).

Theorem 3.2. Let p be an odd prime. For (%) =1,

(p—1)/2
AV Z iUiH; = (2Uak0p41) — ViVarp) @p (2) — Usgp—1)
i=1
=" /o (p—1)/2
(18) - (VU — APV, ) (- mod p),
and
(p—1)/2

AVE Y iViHi = (2Vargprn) — AVillaiy) 4y (2) = Var(p-1) + 2
=1
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(19) +]19 (4 (-1 (V,kap - A(p+1)/2Ukp>) ( mod p),

where ¢,(2) as before.

Proof. For the proof of (19), using the Binet formula of the sequence {Viy,},
we have

(p—1)/2 (p—1)/2 ' (p—1)/2 ‘
AVZ > iV H; = AVE Y ia®™H+ AVE Y ipthiH,.
=1 =1 =1

Putting (p + 1)/2 instead of n and o**, 3% instead of x in (7), respectively,
we write

o (P=1)/2
<a4k_1) Z a1 .

=1

_ (p—; 1 k(1) (a4k _ 1> _ a2k(p+1)) Hip1)2

(p—1)/2 oAk

_ (a%(p—l) _ 1) i i
=1
and

(s 1) (pi/z ig* D H;

i=1
+1
_ (P 32-1) <l34k _ 1) _ﬁ?k(p-‘rl)) Hi1y)o

(p—1)/2

_ (62k(p71) _ 1) n 54]“

=1
From the equalities a2f = 82ka** and 82F = o2¢5*F | we have

(p—1)/2
T i pt1
AV i=1 i H; = <2\/ZVkoz2kp_a2k(p+l)> Hip—1)/2
(p—1)/2 oAki

(20) (a0 1)+ Y S

=1
(p—1)/2 ’ 1
AVE Y iptH; = ( VAV - ﬁ”““”*”) Hip-1))2
=1
(r—1)/2 4ki
_ ( g2k(r-1) _ g
(21) (5 1) + Z

i=1
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Using the Binet formulas of the sequences {Uy,} and {Vi,}, by (20) and
(21), we rewrite

(p=1)/2
AVZ > iV H,

=1

1
_ <1’+\/ka@2’€? _ a2k(p+1)> Hep1y2 — (o200 —1)

1
< p+ \FV szp B2k(p+1)) Hip1yz — (ﬁ?k(p 1 )

(10—1)/2 ki 1)/ 54142
+ +
i=1 i=1
(p=1)/2
p+1 V. 7
= < 5 AVilzip — V2k<p+1>> Hipo1yp = Vospny +2+ 3 =
=1

From (11) and the congruence H,_1y/2 = —2¢, (2) ( mod p), we have

(p—1)/2
AV Z ViriH; = (2Vagpe1) — AVi (0 + 1) Usip) 4p (2) — Vag(p—1) + 2
i—1
4 (=DF ([, P+l
+5 — T (Vk Vip — (\/Z) Ukp | ( mod p),

as claimed. Similarly, the other congruence is given. Thus, the proof is
completed. O

For example, when £ = r = 1 in Teorem 3.2, we have the congruences as
follows: For (%) =1,

(p—1)/2
D Z iFyHi = (2F2p12 — Lap) qp (2) — Fop—2
F. — 5-1)/27],
P 2 mod p),
p
and
(r—1)/2
5! Z 1Ly Hp = (2L2p+2 - 5F2p) dp (2) - L2p72 + 2
L. —5@t)/2p 4 4
+-2 pt ( mod p).

p
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Theorem 3.3. Let p be an odd prime. For (%) =1,

(p—1)/2
ANVE N PUsH
=1
_ 4 (=07, pt1
= —Vy <3+p - (Vk Vip — (x/Z) Urp
v, A
+V2kp (3 —Qp (2) <;k + 3)) - gUzk(pfl)UQk( mod p),
and
(p=1)/2
AVP Y iPVaH
=1

\% 1
= Uxp <3 —qp (2) <;k + 3)) — Ui <2V2k(p—1) + 1>

+(_;)kv2k (v,kap - (JZ)’H Vkp> ( mod p),

Proof. Using the Binet formulas of the sequences {Uk,}, {Vin}, by (9), (10)
and the congruence H,_1)/2 = —2q, (2) ( mod p), we obtained the desired
result. g

Now, we will give the congruences with harmonic numbers of order 2, H,, ».

Theorem 3.4. Let p > 3 be a prime. For (%) =1,

p—1 k D

Vi (i Vi, =V,
2 : k( +P 1)H ( 21) ( kpp k)2( i"Odp).
i=1

Proof. From Binet formula of the sequence {Vj,}, we consider

p—1
Vitidn—
(—)F ST R
=1 V":'L 7
p=l k(i+p-1) p—1 Br(i+p=1)
«
= PN g, AR ;¢
T e 2 g e
1)k P (ki) 1)k PZL ghk(i+p)
= (k)z i—1 i72+(k) ﬁi—l Hipo
Ve = Vy BV = Vg
_ ka L Ei+p) H‘2+a7kp‘1 ﬁk(Hp)H»Q
Vki T Vi VLT W Sovet
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By taking p instead of n and 3~ — V " instead of z in (6), respectively, we have
i+p
-1 i+p p—1 (F kN 2P
Vi — aF 4 ok (Vk> «
22 E — H,», = E —t — | = H, 19,
( )< Vi > i=1 <Vk ? i=1 a Vi e
i+p
~1 itp p—1 (B e 20
Vi =B\ (B (%) 5
23 g — H,», = -t — | — H, 1-.
( )< Vi ) = \Vk ? i—1 & Vi e

From (22), (23) and the congruence Hy_12 = 0( mod p), we get

p—1 p—1 ; p—1 ;
Vi k(i+p) k(i+p)
k k( z+p 1) o Z « «
= : +» ———( mod p).
7 —1 —1-
= Vi T Ve
Using Binet formula of the sequence {Vj,} and Lemma 2.6, we have
p—1 p—1
Vi(itp-1) Vi(itn)
(COFY e g 3 Tk
o =V
1 (Vip— VP\°
= -3 <ppk> ( mod p).
which settles the proof. O

Theorem 3.5. Let p > 3 be a prime. For an integer k with p ¥ Vi and

(3)=".

-1 k
iV g o g Wiy ~ Ve = (CD Ve
i=1 Vi v pvlfil

T2 (Vkpp Vp) ( modp)

Proof. From Binet formula of the sequence {Vi,} and a?*3% = 1, we have

p—1
ka(erp 3) His
i=1 Vi
P=l k(i+p—3) k(i+p—3)
a e
= i~ Hjo+ Y i———H,
i=1 Vkl zz; V]é
-1 ) -1 .
1 2 of(pti=1) 1 2 k(i+p—1)
T 2ky2 L yi—2 Hip + B2k & Vi—2 Hip
k=1 k ki k
—L klitp— Pl gk(itp-1)
/BQkp ‘ak(z+p 1) o2k /8 i+p—
= T2 ZTH’L 2 + — 1721'[@‘72.
Vi i g W Vi i Wi
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If we take p instead of n and & T 6—: instead of x in (8), respectively, we get

32k p—1 oklip=1)

N2 1—2
Vk i=1 Vk

NN ok \ P
= V2ol <p <W€> (W — 1) - <Vk> Hp 12

L k(i p=l k(itp)
BF T akitp) aklitp
24 +7 g + =i

H; o

and
o2k Pt gr(i+p=1)
vz 2 e Hiz
k =1 Vk
E\P k LN\ P+l
_oygre-n [, (BEY O (BD Y (B H,_
fulé) P\ v 7 v p—12
kP—Ll ok(itp)  PZL gk(itp)
(25) LN b +ZB

Bk i—1;
pr = Vil
From (24), (25) and the congruence Hy,_12 = 0( mod p), we have

i—1.9°
— Vi

= Vititp-9)
Vi(i+p—3
ZZ - Hi,2 1 + 15
i—1 Vi i=1 Vi~ o Vi i
o P21 3(i+p) p—l B(i+p)
+@ Vil + Vi—1;2
k (3 i—1 k (3

By o*gF = (—1)*, we rewrite

ﬁkp L kGitp) P ki)

( mod p).

=1

pl L klitp=2)  PZL k(itp)

Vi(i+p-3) e Z
Zi:l Vi 2 =) Zi B =A

ﬂk i+p—2) pfl

kz Vz 1

=1 =1

5k(i+p)

Vimti2

k5= Vi) | K= Vi

i+p— i+p

= (_1) Z Vi L +Z Viill?( mod p),
i=1 k i=1 "k

which, by LemmaZ2.5 and Lemma2.6, equivalents

k ViVitp—2) = Vawp—1) — (1) Vay Vip = V¥ 1
=i —5 ( mod p).
pV; p

(1)
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As a result of Teorem 3.5, by taking 1 instead of k, we have the following
corollary:

Corollary 3.1. Let p > 3 be a prime. For p{r,and (%) =1,

p—1 2 2

Vigp— PVy—o — Vop 2 1 /V,—rP
ZiMHi,QE—T p—2 2p12+7”+ _(P’") ( mod p).
— prP— 2 D

For example, when r = 1 in Corollary 3.1, we have the congruence as
follows:For (%) =1,

p—1 2
) L, o—Lo, o+3 1/(L,—1
ZZLH-p—?)Hi,? = — p=2 2p—2 — = < P > ( mod p).
— P 2 P
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