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RECURRENCE SEQUENCES AND
NORLUND-BERNOULLI POLYNOMIALS

Zhizheng Zhang

Abstract. The purpose of this paper is to establish some
identities containing Norlund-Bernoulli polynomials, which as one
application, yield some results of Toscano [8], Kelisky [5] and Zhang
& Guo [10] as special cases, as well as other identities involving
Bernoulli-Euler and Fibonacci-Lucas or Pell and Pell-Lucas numbers.

1. Definition and Notation

Definition 1. The general two order linear recurrence sequences are
defined by

S5n(p,q) = PSp—1(p,q) — 45n—2(p,9)

with So, S1; p, q arbitrary, provided that A = p? — 4¢ > 0.
In particular, if So = 0, .57 = L or §p = 2, §1 = p, we have generalized
Fibonacci and Lucas sequences, respectively, in symbols U,(p,q), Va(p,q).
Let a, 8 (o > B) are the roots of equation 2 — pz + ¢ = 0, then we
have (see [3]) '

an

ﬂn

(1 Un(pyq) = ﬁ Va(p, @) = o™ + 8"
@) 5:00) = (1= 350) Ualp,) + 350Va(p,0)
We assume that
So = w

51

%pw-{- (:z:— %w) A2
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and, according to (1) and (2), we deduce

(3) Sa(z;p,q) = <w - %w> AU (p,q) - %an(p,q)
(4) Sn(z;p,q) = za" 4+ (w—1z)6"

From this point on, we use U,,V, and S,(z) to denote U,(p,q),
Vo(p,q) and S,(z;p,q), respectively.

Definition 2. The Norlund-Bernoulli polynomials B,(zk)(:vlwl, wa,
...,wg) are defined as (see [1], [7])

o0 tT
Zo ;!'Bv(zk)(ﬂwl,o.u, oL WE) =
r=

wp,Wg,... ,wktk
(exp(wit) — 1)(exp(wat) — 1). .. (exp(wkt

(5) exp(tz)
=) P
In particular, B,(,k)(:v|1,1, o) = ng)(:v) (the Bernoulli polynomi-
als of higher order); B,(ll)(:c) = B,(z) (the ordinary Bernoulli polunomials);

B,(0) = B, (the Bernoulli numbers) (see [2]).
From this definition, it is easy to deduce the following properties (see

[1]):
(6) Byny1=0 (n>0)

BE (w1 +wp + -+ + wp — lwy,wy, -, wi) =
(7) = (—1)nB1(1.k)(z(w11w23'“$wk)

(7) is called the complementary argument theorem of Norlund-Bernoulli
polynomials.

2. Some Lemmas

First we introduce the following results from [9].

/2
1
() SPe)+ 57w -2)=mg (;’:) AU (2 — )P

=0
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©) Sr@+siw-o=2(" )@ w-a"+

= 2 -T T
2 () e [0 e ]
2m +1

T

(10) $2mH(e) - 82w -2y =D (

=0
[(I)T(w _ x)2m—r+1 + x2m—r+1(w _ .’L‘)T]

(m/2]
m _ qm _ - 1 m 7‘+‘L 2r+1
(11) Sn ((I}) S'n. (w (l)) - gm—1 = (2,’. + 1) A 2Un ‘

wm—-2r—1 V7'Lrn—21'—1 (21, _ w)Zr—l

(5]

(12) $7@)-SP@-2)= a8 2 () Vs
r=0
(2™ (w — &) — &7 (w — )]

and the generating functions and the generating functions
o 17 1 n n
(13) E ;-'Um = Al [exp(ta™) — exp(tG™)]
. 2

(14) Z Vm = exp(ta”) + exp(tf")

3. The Main Results

Theorem 1.
["E—l] (1) vzt
AU By, (z|wr,wa, ..., wk)
r=0 2T
(15) (m — 2r)! > W' Unry | W' Unry

7‘1! ’I‘k!

r1+rodtrg=m-—2r

[=5*]

= 2r

) q Vaem—2r41) *

—k
(mzk wiwy .. .wkU,’f Z (m ) ATUﬁr(wl 4wy ... +wk)m_k"2r
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—k—2r r I+(=1)™ n(m=k)
v k-2 (2x—(w1+w2+...+wk))2 :(m)kU,’f-'_(2—)w1w2---wkq 2

m—k m=k m—k
mek 1T 2 (W1dHwrd...Fwp—z) 2
2

(m)k k[m—;k_1 m—k nr
(16) = 2m—kwl’w2"“7wkUn Z ( r )q Vn(m—k—2'r)

r=0
[xr(wl totwr =) R TR (W e b wg — w)’]

Theorem 2.

[m_

...2]
2
Z( m )ATUngBT(k)(ﬂw],wz,...,wk)
=0

; 2r+1
T1 TkU
(15) (m —2r —1)! 3 wy U'm1 W o
r1+r+-+rp=m—2r—1 LRt Tk
(m)k k[ ey m-—k AT ket
:Zm_kwl7w2)-.-7wkUn g 2,,._*_1 Un (wl_+_w2+_+wk)
V,Zn_k_%_l (22 — (w1 w2+ + wk))2r+1

(m)s =],

(16) = 2 Wy,We,...,Wk U,’If Z ( , ) anVn(m_k_QT)
r=0

[zT(W1 4 twg — z)m—k—r _ zm—k-—r(wl + o twp — III)T]

4. The Proofs of Theorems

From (5), replacing ¢ by A%Unt, we have

S AUt
Z Br(k)(z|w1,w2, ... 7"%)%
r=0

B Wwy ... Wk (AI/ZUnt)k - exp (:IIA%Unt)
- (exp (wlA%Unt) - 1) (exp (sz%Unt) —1) e (exp (ka%Unt) — 1)
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Wiwy ... Wk (A1/2Unt>k -exp (t(za” + (w1 + -+ + wr)B™))
(exp (wita™)—exp (w1tf")) - - - (exp (wrta™) —exp (witf™))

therefore
o i O ATULL)
wy't" S AUAITIER < W (430,1)
Upry -+ Unr B¥ (z|w, ... ,wp)——"— =
?:‘0 st ' rgz:o Tk} kmzo (her ) !
= wi ... wx (Unt)* exp(tSn(z)) .
Hence

S oz Ty et
— . ' )
r=0 \71+r2+-+rg=r (2% TE= Tk

1 T
(23U)

7!

. (Z Bﬁk)(:p|w1,. W)

=0

) =wp.. .wk_(Unt)k exp(tSn(z)) .

We expand the product figuring in the first term into a power series
of ¢, and compare with the expansion of the second therm, we obtain

m=1
> (’;’:‘) ASUTB® (alwn,was .. wp)(m — 7)1
r=0

T]U ’I‘kU
(17) Yo ST BT o (), Uk STR()
ridetre=m—r T1- Tk

If we replace z by wy + -+ + wg — z in (17), and using (7), we find

m-1

> (m) ASUT(=17 B® (slwn,ws, . . . i )(m — 7)!
T

=0

1 Tk
(18) T oa Unry | @K Unry _

7‘1! Tk! N

1+ trg=m-—r

= (m)eUkwr ...k ST F (o + 4wy — )

(17)-(18), using (8), (9) or (17)-(18), using (11), (12), we get the proofs
of Theorem 1 and 1, respectively.
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5. Some Consequences

If we take 2 = (wy + -+ wg)/2 in (15), then
(2]

Tyr2T (k) Wk

> (w) ATUY By (——2

W1,Wa, ... ,wk) (m — 2r)!

r=0
(19) Z wi‘l U‘nrl L. w;k Uinrk _
T1- !
1+ FrE=m—27 1 k
m e
= gmziwlm .. .wkU,lf(wl +wy -+ wk)m kVn k
Again taking wy = -+ = wg = 1in (19), we get the following results
from [10]
(=]

ryr2r (k) k — o) Unry | Unre _
) (27‘)A Un'Ba <2>(m 2r)! 2 1! re!

r=0 Pt dr=m—2r

(20) é:)k Ukkm ka —k

If we take in (20) and recalling that Ba, (%) = (21727 — 1) By, (see
[8]), we have
(=)

Z > 1
(21) (27‘) ATU.,%T (21—27‘ _ 1) B2TUn(m—2’r) = ZT—TmUnV'r:n_l ,
r=0

where (21) is the result of paper [8].
If we take z = 0 in (16), then

=5
Z (;Z:) ATU’,%TB(’C) (0]0)1,(4)2 wk) (m — 27-)!

=0
wi Up, Wi Unr (m)k x
2 + +Z 2 lrl!n o krk!n - = 2m—kw1w2"'wkU"V"(m"k)
r1+-Frr=m—2r
Taking w; = -+ = wg = 1 in (21), then we obtain (21) from [11]:

[mfl] (2 ) ATUE BY (m — 2r)!

r=0
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E Unr Upr (m)k &
(22) S E _ UnV i)
Tl+"'+7‘k=m—21- Tl! Tk! 2 n{m

From (22), using that B,(an) = (1 - f) B,(cn) - kB,(Ji)l (see [6]) and
taking k = 1,2 we get

P ~
(23) Z (27‘) ATU-ZTB%Un(m—Zr) = EUnVn(m—l)
=0

[m_—l

2 m
> (2 ) ATUX (1 - 2r)By, — 2rBy,_1) -
r

r=0
(24) .mtz_ér ( " 2") UnUnmzr1) = m(LQ_l—)U,an(m_z)
If we takep=1, ¢ = —1, then
Un(1,-1) = F, Fibonacci numbers
Va(1,~1) = L, Lucas numbers
and from (21) (23), it follows
IZ] M\ cr p2r (gl-2r | m m—1
(25) T;J (w) 5" F2 (2% = 1) By Fynoar) = i FaL
2] _
(26) ;, ( 2T> 5" F2 Byr Fr(m—2r) = —2—FnLn(m_1)
where (26) is Kelisky’s result given in [5].
If we take p=1, g = —1, then
Un(2,—1) = P, Pell numbers
Va(2,-1) = @, Pell-Lucas numbers (see [4])
and from (21), (23), it follows
& M\ or p2r (91-2r __m m~1
o0 3 (o) R (B 1) BuPanen = g PR
5, _
(28) S (508 P2 BarPagnan = 5 PaQumony

r=0
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