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ON TOPOLOGICAL n-GROUPS
Janez Usan

Abstract. Let (Q,A) be an n—group, ! its inversing operation
[: [13,16],1.3], n > 2 and let @ be equipped with a topology O. Then,
in this paper, we say that (Q, A, O) is a topological n—group iff: @)
the n—ary operation A is continuous in @, and b) the (n — 1)—ary
operation ~! is continuous in @. The main result of the paper is
the following proposition. Let (@, A) be an n—group, n > 3 and
let (Q,{,¢,b}) be an arbitrary nHG— algebra associated to the
n—group (@, 4) [: [15],1.5]. Also, @ is equipped with a topology O.
Then, (Q, A, O) is a topological n— group iff the following statements
hold: 1) (Q, -, O) is a topological group [:e.g. [7] ], and 2) the unary
operation ¢ is continuous in O.

1. Preliminaries

1.1. Definition: Let n > 2 and let (Q,A) be an n—groupoid.
We say that (Q,A) is a Dornte n—group [briefly: n—group] iff is an
n—semigroup and an n—quasigroup as well [: see, e. g. [{—~6]].1

1.2. Proposition [16]: Letn > 2 and let (Q, A) be an n—groupoid.
Then the following statements are equivalent: (i) (Q,A) is an n—group;
(i1) there are mappings ~! and e respectively of the sets Q" and Q"2
into the set Q such that the following laws hold in the algebra (Q,{A,™" ,e})
[of the type < n,m —1,n —2 >]

-2 n—-2 ~1 -
() A (5772 A252) s 23nm1) = A (2771, A (5207,
‘AMS Mathematics Subject Classification 1991. Primary: 20N15, 22A30.
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DA notion of an n—group was introduced by W. Déornte in [1] as a generalization
of the notion of a group.
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(b) A (e (a;‘_z) ,a;"‘2,x) =z and
(c) A ((a;"’z,a)_l ,a;‘—z,a) —e (a’f_z) ; and

(i41) there are mappings ~' and e respectively of the sets Q™! and Q™2
into the set Q such that the following laws hold in the algebra (Q,{A4,”1,e})
[of the type < nyn—1,n —2 >]

(@) A(A(a}),a251) = A (o1, 4 (o34) 02151,
(b) A (z,a’f'z,e (a;‘_2)) =z and

(c) A (a,a;‘"z, (a;‘_z,a)_l) =e (ail"z) .

1.3. Remarks: e is an {1,n}—neutral operation of n—grupoid
(@, A) iff algebra (Q,{A,e}) of type < n,n — 2 > satisfies the laws (b)
and (b) from 1.2 [:[12]). The notion of {i,5}—neutral operation (3,5 €
{1,...,n},7 < j) of an n—groupoid is defined in a similar way [[12]]. Ev-
ery n—groupoid there is at most one {1, j}—neutral operations [[12]]. In
every n—group, n > 2, there is a {1,n}—neutral operation [:[12]]. There
are n—groups without {¢, 7} —neutral operations with {7,5} # {1,n}[[14]].
In [14], n—groups with {¢,j}—neutral operations, for {7,5} # {1,n} are
described. Operation ~! from 1.2 [(c),(€)] is a generalization of the invers-
ing operation in a group. In fact, if (@, A) is an n—group, n > 2, then for
every a € ¢ and for every sequence a;“'z over () is

n—2 ef n—2 n—2
(al ,a) = E(a1 ,a,a] ),

2
where E is an {1,2n — 1} —neutral operation of the (2n — 1)—group (Q, A);

2 €

A(xf”_l)d:fA(A(x?),xfl’f}__ll) [[13]]. (For n = 2, a™! = E(a); a7! is the
inverse element of the element a with respect to the neutral element e(f)
of the group (@, A4).)

1.4. Proposition (Hosszi~Gluskin Theorem) [2-3]: For every
n—group (Q,A),n > 3, there is an algebra (Q,{-,,b}) such that the fol-
lowing statements hold: 1°(Q,-) is a group; 2°¢p € Aut(Q,-); 3° @(b) =
b; 4° for everyz € Q, " (z)-b = b-z; and 5° for every z} € Q, A(2}) =
=21 -p(x2) ... " (zp) b,
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1.5. Definition [15]: We say that an algebra (Q,{-,,b}) is a
Hosszi-Gluskin algebra of order n(n > 3) [briefly: nH G-algebra] iff 1°—4°
from 1.4 hold. In addition, we say that an nHG-algebra (Q,{-,¢,b})) is
associated to the n—group (Q,A) iff 5° from 1.4 holds.

1.6. Proposition [15]: Letn > 3, let (Q,A) be an n—group, and e
its {1,n}— neutral operation. Further on, let c;’_2 be an arbitrary sequence
over ) and let for every z,y € Q

B2)(2,9) 2 4 (2,172, 1) ,

de n— —
cp(c;l_z)(a:) 2 (e (01 2) , I, C 2) and
def  (Tnae
b(c;l..z) =4 (e(c1 2)|) .

Then, the following statements hold
(1) (@, {B(c?—z), 9’(c;“2)7b(c;“2))} is an nHG—algebra associated to the
n—group (Q,A); and

(i) CAd;f{(Q,{B(c]n—z),go(cn—z),b(c;,_z)})|c;‘—2‘is a sequence over @} is

1

the set of all nH G —algebras associated to the n—group (Q, A).

1.7. Remark: Let (@, F) be an m—groupoid and m € N. Let, also,
Si be a subset of @ and S; # 0. Moreover, let

FGSMY U FeD).

(z*)ES1X... X Sm

However, instead of F, usually, we write F.

1.8. Definition: Let (Q,F) be an m—groupoid, m > 1 and let Q) be
equipped with a topology O. Then, the m—ary operation F is continuous
in O iff for every z7* € Q the following statement holds

(YOr@m) € 0) (304, € O)F F (O, -, 02,) € Oarr)-
0,€ 0,2€ 0,,1.7]
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2. Main result

2.1. Definition: Let (Q, A) be an n—group, ~! its inversing oper-
ation [: [13, 16), 1.3 ], n > 2 and let Q be equipped with a topology O.
Then, we say that (Q, A, O) is a topological n—group iff

1° the n—ary operation a is continuous in O [:1.8], and

2° the (n — 1)—ary operation ~! is continuous in O [:1.8].2) O

2.2. Remark: Topological n—groups have been defined in mutu-
ally different ways. Each one of these definitions was different from the
description given in Definition 2.1. In addition, the definitions in [8] and
[11] are related to each n > 2, while those in [9] and [10] are restricted

(only) to each n > 3. Something in this connection will be said in section
3. O

2.3. Theorem: Let (Q,A) be an n—group, n>3 and let (Q,{-,¢,b})
be an arbitrary nH G~ algebra associated to the n—group (Q, A) [[15],1.5].
Also, let Q) be equipped with a topology O. Then, (Q, A, O) is a topological
n—group iff the following statements hold

(1) (Q,-,0) is a topolgical group [:e.¢.[7]] and

(2) the unary operation ¢ is continuous in 0.3

Proof. 1) Let (Q,A4,0) be a topological n—group [:2.1] and let
n > 3. Also, let e and ~1, respectively, be an {1,n}—neutral operation
and inversing operation of the n—group (@, A) [1.3,1.2]. In addition, let
(Q,{:,9,b}) be an arbitrary nH G- algebra associated to the n—group
(Q,A) [1.5]. Then, by Proposition 1.6, there is at least one sequence ¢}~
over @ [n > 3] such that for every z,y € @ the following equalities hold

(3) z-y=A (m,c?‘%y) and
(4) plz)=A (e (c{l_z) ,z,c;"z) .

Let =1 be an inversing operation of the group (Q,-)-By (3),1.2,1.3

DFor n = 2 (Q, A, 0) is a topological group fe.g. [7]].

3)The following proposition has been proved in [10]. If (Q, A, O) is a topological
n—group and n > 3, then there is an nHG—algebra (Q,{-, v, b}) [1.5] such that the
following statements hold: 1. (@, -, O) is a topological group, and 2. the unary operation
¢ is continuous in @. See also footnote %),
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and 1.6, we conclude that for every z € @ the following equality holds

(3) 27l = (C?‘z,w)_l;

e (c;"Q) is a neutral element of the group (@, ).

In addition let (@, F') be an m—groupoid and m € N. Also, let S,
be a subset of @ and z; € S;,. Then, by the assumption z; € S;, the
following statements holds
(6) F(Ss;y-ees Sz {zi}s Seiyioe > Sem) © F (Szys-- - Szi_g> Sais

Seirre-182m) s Ti € Sp;yi € {1,...,m}.4)

By the assumption (@, A, O) is a topological n—group, the following
statements hold
(7) (YOu@p) € ©) (304, € O)f A(Oay,...,05,) € Oaep) and

(8) (YO (up1y1 € 0) (304, € O (Oays- -, 0zy) 7' €
O(I;l—l)_l [ . 17, 1.8].

Starting with the statements concerning (3) — (5) and by (6) — (8),
we conclude that the following statements hold

(VOp.y € 0) (30, € 0)(30, € 0) 04 -0, C Opy
(V0,-1 € 0) (30. € 0) (0:)™* C 0, 1 and
(YOu(2) € ©) (30 € 0) 9(02) € Oya)-

2) Let (@,{-,%,b}) be an nHG—algebra associated to the n—group
(@,4) [n > 3,1.5]. Also, let @ be equipped with a topology O. Further
on, let the following statement hold

(1) (@,+,0) is a topological group, and

(2) the unary operation ¢ is continuous in 0. Then (@, A,0O) is a
topological n—group.

Sketch of the proof.

See 1.7.
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5L (VOf(g(z)) € ('))(HOg(x) € 0)f(O4z)) € Of(4(2)) [1.8, 1.7],
I (VOg(z) € 0)(30; € 0)¢(0;) C Og(x) [:1.8, 1.7],
L TCS= f(T)Cf(S) ET,5 € PQN\{O) f: @ — @ Jand
Is (VOg(4(z)) € 0)(30; € 0)f(9(0z)) € O gy [ — I3,1.8].
Il (VOf(I;n).g(x) € 0)(301‘@;") € 0)(309(1) € O)Of(z;n *Og(z) €
Os(o5y9() [1-8];
II; (VOfemy € O)(304; € O) f(Ozys:--,0z,) C Ofamy [1.8],
113 (VOQ(I) € 0)(30; € 0)g(0;) C Og(z) [:1.8] and
Iy (VO f(zm).4(z) € O)I0z,; € O) (305 € O)f(Ouy, -, 0z,) - 9(0s) C
Of(z.;n).g(z) [ 1l — [I3,1.8]
Ir it zp(cv)défa -z, then the operation 1 is continuous in O [e.g. [7]].
IVy A(z}) =21 @(z3) - ... - 0" Hzpor) - b- 2 [1.5],

IV e(a?™?) = (p(a1) - ... - 9" %(an—2) - b)~1, where ~1 is the inversing
operation of the group (Q,-) [: 1.2, 1.3, 1.5, I'Vq],
Vs (572,8)" = (@la1) .. - 9" H(na) - B)L - 2L - (o) -

" H(2noz) b)"L [1.2,1.3,1.5,IV,). O

3. Three propositions more

3.1. Proposition: Let (Q,A) be an n—group, ~1 its inversing op-
eration [:[13,16], 1.8], n > 2, let A~ be an n—ary operation in @ such
that for every sequence z?"2 over @ and for all z,y,z € Q the following
equivalence holds

(1) A7? (z,x{’”,y) =z A (z,x{‘_z,z) =y,

and let ~1 A be an n—ary operation in Q such that for every sequence m?—z

over ) and for all z,y,z € Q the following equivalence holds
) ~14 (x,z?”,y) =z& A (z, z;’_2,y) =z.
Also, let Q) be equipped with a topology O. Further on, let the n—ary oper-

ation A be continuous in O. Then the following statements are equivalent:
(1) the (n — 1)—ary operation ~! is continuous in O; and
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(i1) the n—ary operation A~! is continuous in O and the n—ary
operation ~1 A is continuous in 0.5

Sketch of the proof.
L A1 (x,x?'%y) =z A (z,z?—z,z) =y &

I, A1 (z,z;’_z,y) =A ((m{‘"z,x) ,z?_2,y) [14].
I 714 (s,077%,y) = 4 (z,z7-2, (z¢—2,y)“) [(1),1.1,1.2,1.3).

I, A (z;‘_z,m)_l ,x’l“2,y) = A1 (m,z?“rz,y) =
A

Is (z?"z,z)—l ="14 (A‘1 (z,z;"z,x) ,m;‘_2,x) [,y = z].
15 (Yo FUGT) s ate0) € 0) (304(ep) € 0) (30, € )} (I0,(.:) € O)
F (O Oulizt Otet)) € Or(sap)atia(i)) (18

[y

11, (YO ) € O) (304, € O} f(Ouy, -, 05,) € Ogapey [1.8]
1Is (YOu(sg) € 0) (30, € 0); g(0sy,---,05,) C Oyez) [1.8]

Ty (YOp( 1) 31.o(:2) € O) @O € O)F GO, € 0)} @O, € O);

1n (8], (@, A,©) is a topological n—group iff following statements hold: (a) the
n—ary operation A is continuous O, (b) the n~ary operation A™! is continuous in O,
and (c) the n—ary operation ~' A is continuous in O.
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F (f (011’ "'7Oz‘m) 70y1, ey Oy:ag (021 » "',023)) < OF(f(x}"),yi,g(zf))

[:II1 — I3, 1.8]. O

3.2. Proposition: Let (Q,A) be an n—group, ~! ils inversing op-
eration [[13,16], 1.3], n > 2 and let (=) be an unary operation in Q such
that for every z € Q) the following equality holds

2 -
(u) A (z(_2),2nz 2) =z,

where A(zzn“ )defA(A(:c1 ), iﬁ_ll). Also, let Q be equipped with a topology
O. Further on, let the n—ary operation A be continuous in O. Then the
following statements are equivalent:

(z) the (n — 1)—ary operation ~! is continuous in O; and

(i1) the unary operation (=2) is continuous in 0.9

Sketch of the proof.
(1) = (11) :
2 —

L A (x(‘z),2 T 3,z) =z &

( (- 2)’”z A (x p x)) A (("EQ,z)_l,":Ez,A <z,"52,z)) &
z(-2) = ( T z) - [i(),1.2,1.3,1.1].

I (Y0 (1)1 €0) @0, €O Oy 1,05 ) ' CO ntyon [(3), 18]
I3 (VO (-2 € 0)(30, € 0)(0,)Y C O -2 [Ty, I3,1.8].
(1) = (3) :

n—3
n-2 n—3 n—3\ n-3 n—2\ n-—3 -2
IIL A (A (e(an_2>, an_g,...,e(az) , 3 ,e(al), al) ,ay ,x) =

— — 1 4e k+1 n— e
A (e (a3_2> ) as—z,an—mw) =z [ Ad:fA’ A (zgkﬂ)( 1)+1) Y

®1In [11], (Q, A, ) is a topological n—group iff the following statement hold: (a)
the n—ary operation A is continuous in O, and (b) the unary operation (=2
in O.

1s continuous
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k k
(A (xlf(n_l)ﬂ) ,fvggi)l()l—zl)ﬂ) ,for k =0 A (zlf("_l)H) défarl;

n—3 n— n— n— n—
I, A ( A (e (a,?_z) , a,?_z,...,e (af) , a13) al” 2,a:> =
A (e (a’l’ 2) ,af‘z,z) [ 1I,1.3].
II5 Let (Q,A) be an n—group, e its {1 n}— neutral operation, and let

n > 3. Then for every sequence ai™" over @ the following equality
holds

n—3 n— o n-— n—
e (a;‘”z) = A (e (a,?_z) , (1,.,?_2,...,6 ( a12) , a13) [:[],1.1 ].7)

Iy (a772, a)_ldéfE(a;“z,a,a;‘_z), where E is an {1,2n — 1} —neutral op-

2

eration of the (2n - 1) ~group (@, A) [1.3].
2(n—

I1s (x‘;L—Z, )_1 = A ((xn 2) 1’21. n—2y++s

(o)L 22 D T (ala) ..,2” N FII4, IT).

3.3. Proposition: Let (Q,A) be an n—group, e its {1,n}—neutral
operation, ~! ils inversing operation, n > 3, and let ~ be an unary opera-
tion in @@ such that for every z € Q) the following equality holds

(v) . IT=e (na—:2> 8)

Also, let () be equipped with a topology O. Further on, let the n—ary oper-
ation A is continuous in O. Then the following statements are equivalent:

~1 {s continuous in O,

(i) the (n — 1)—ary operation
(Z) the (n — 2)—ary operation e is continuous in O; and

(ﬁ) the unary operation ~ is continuous in 0.9,

'The assertion II; is actually Theorem 2.1 from [17].

®) Actually, the unary operation skew element [[1]; see e.g. [5,6]]is in question.

9In [9] and [10], (Q, A,©) is a topological n—group, n > 3, iff the following state-
ments hold: (a) the n—ary operation A is continuous in @, and (_I;) the unary operation
~ is continuous in O.
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4.

Sketch of the proof.
(1) & (21) :

I e(a7™?) = A((a?7%,a)71,a77%,a) [1.2,1.3].

I e(a’f‘z) = A((al_z,al)_l,a’f_z,al) [5,a = aq; for 7=" |

I A((a}™%a) a2 0) = e(af ) &
A(A((a77%,0)71, a3 7%, a),"a", e("a"), e(a] %) =
Ae(a?™2),"a",e("a"),e(a72)) &
A((a?%,0)Y, a2, A(anz,0,"a",e("a")),e(a}?)) =
A(e(a}=?),"a" e("a"), e(af?)) &
A((@7%,0)7Y, a7, anog,e(af ™)) =
Ale(a™2),"a" e("a"),e(af ™)) &
(a7 2,0)7 = A(e(a?2),"a",e("a’),e(a?™?)) [ L,n > 3,1.1,1.3;
for 7&” |
(i) & (1) :

1L 7 =e("z7) [(v); for "=>" ].

n—3 n— _
II; e(z?'z) = A (Tp-2, IE:_z,...,_:E_l,nI]B) [: the sketch of the proof of

3.2—1Is,(v); for "«<”]. O
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