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TRANSVERSAL SPACES
Milan R. Taskovié

Abstract. In this paper we formulate a new structure of
spaces which we call it transversal (upper or lower) spaces. We
introduced the concept of transversal ordered (upper or lower) spaces
as a natural extension of Fréchet’s, Kurepa’s and Menger’s spaces.

1. Fundamental facts

The possibility of defining such notions as limit and continuity in an
arbitrary set is an idea which undoubtedly was first put forward by M.
Fréchet in 1904, and developed by him in his famous doctoral dissertation
1905. ' '

In 1934 D. Kurepa introduced the notion of a pseudo-metric space;
and in 1936 also D. Kurepa introduced, for a given ordinal &, the notion
of (A®) or (D,) as the class of pseudo-metric spaces. The case a = 0
coincides with the class of metric spaces.

In this paper we introduce a new concept by name transversal spaces
as a nature extension of Fréchet’s, Kurepa’s and Menger’s spaces.

Let X be a nonempty set. The function p: X x X —» RS :=[0,00)
is called an upper transverse on X (or upper transversal) if: p[z,y] =
= ply, z], plz,y] = 0 iff z = y, and if there is a function ¢ : (R%)? —» RS
such that

(A) plz,y] < max {p[z,2],p(2, 9], 9(p(z, 2], pz, y])}
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for all z,y,2 € X. An upper transversal space is a set X together with
a given upper transverse on X. The function g : (R})? — RY in (A) is
called upper bisection function.

From (A) it follows by induction that there is a function g : (R])" —
— R‘i such that

plzo, z] < max{p[zo, 21}, .., p[Tn-1,Zx), 9 (p[z0,21];-- -, P[Tn-1,Zx])}

for all zg,z1,...,2, € X and for any fixed integer n > 2.

A fundamental first example of upper transversal space for the upper
bisection function g : (R3)? — R defined by g(a,b) := a + b is a metric
space. Also, if the upper bisection function g : (RE}_)2 — R‘l defined by
g(a,b) := max{a,b}, then we obtain ultrametric spaces.

On the other hand, the function p: X x X — R‘i is called a lower
transverse on X (or lower transversal) if: p[z,y] = ply, z], p[z,y] = 0 iff
z = y, and if there is a lower bisection function d: (R3)?> — R such
that

(Am) min {p[z, 2], p[2, 9], d (plz, 2], p[2, y])} < plz,¥]

for all z,y,2 € X. A lower transversal space is a set X together with
a given lower transverse on X.

In connection with this, an example of lower transversal spaces is
also a metric space, because a lower bisection function d : (RflJ_)2 — Rg
we can defined by d(a,b) := ||a| ~ |b||

Thus, any metric space is a transversal space, i.e., an upper and a
lower transversal space simultaneous.

In connection with the fixed points we have very interesting archi-
tecture of lower transversal spaces.

In this sense, if (X, p) a lower transversal space and if T is a self-map
of X such that

(Id) min {p[a,b],d(p[a,b],p[a,b])} = 0 implies a = b,

then T has at least fixed point in space X.
Any metric space is a lower transversal space, but metric spaces have
not property (Id), i.e., not hold that

min {p[a,b],|pla,b] — p[a,b]|} = 0 implies a =b.
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A special feature in the former notions (of Fréchet and Kurepa) is
the ”triangular relation” occuring in the elementary geometry and in many
other cases. :

At the same time, Fréchet considered instead of triangular relation,
apparently weaker, regularity condition: There exists a self-map f of
R, := (0,+00) into itself such that f(z) — 0 (z — 0) and that for any
triple (a,b,c) of elements of X one has p(a,b) < z and p(b,c) < = implies
pla,c) < f(=).

Fréchet remarked that metric spaces (X, p) and the preceding spaces
(X, p, f) with the regularity condition have similar properties. In 1910 he
asked whether this two classes of spaces should be the same. Chittenden
in 1917 confirmed this conjecture. A simple proof was exibited by Frink
in 1937.

We remarked that an important example of upper transversal spaces
is also and every Frechet’s space with the regularity condition. For this
an upper bisection function g : (R3)* — RY can be defined by g(e, 8) :=

= max{z, f(z)}.

2. Ordered transversal spaces

Further, as a natural extension of transversal (upper and lower)
spaces we have the following notations of spaces.

Let X be a nonempty set and let P := (P, <) be a partially ordered
set. The function p : X X X — P is called an upper ordered transverse
on X (or upper ordered transversal) if: p[z,y] = p[y, z], and if there is an
upper bisection function g : P x P — P such that

(Bs) plz,y] 2 sup {p[z, 2], pl2, 9], 9 (plz, 2], 2, y])}

for all z,y,2 € X. An upper ordered transversal space is a set X
together with a given upper ordered transverse on X.

Let k£ = R, (a > 0) be a regular cardinal. Call a topological space
X an upper k-transversal space or a g(D,)-space if there exists p :
: X X X »woU{ws} := W such that: plz,y]=w, iff z = y, p[z,y] = ply, z],
and if there is g : W? — W such that (Bs) for all z,y,2z € X.

Obviously, Fréchet’s ordered spaces are important examples of upper
k-transversal spaces.
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Open problem 1. Does for every regular cardinal £ > Ro there
exists an upper k-transversal nonlinearly orderable topological space?

In connection with the preceding, the function p: X x X — (P, %) is
called a lower ordered transverse on X (or lower ordered transversal)
if: p[z,y] = ply, z] and if there is a lower bisection function d: P x P — P
such that '

(Bi) inf {p[z, 2], pl2,4],d (p[2, 2], pl2, 9])} = plz,9]

for all z,y,2 € X. A lower ordered transversal space is a set X
together with a given lower ordered transverse on X.

On the other hand, let ¥ = R, (a > 0) be a regular cardinal. Call a
topological space X a lower k-transversal space or d(D,)-space if there
exists the function p: X X X — w, U {wy} 1= W such that: p[z,y] = wa
iff z = y, plz,y] = p[y, z] and if there is d : W2 — W such that (Bi) for all
z,y,2 € X.

Open problem 2. Does for every regular cardinal £ > Xg there
exists a lower k-transversal nonlinearly orderable topological space?

We notice, in connection with this problem, that work of D. Kurepa
in 1963 is very important, where there is result that for every regular
cardinal £ > Ry (o > 0) there exists a k-metrizable nonlinearly orderable
topological space. A proof of this result was exhibit by S. Todoréevié in
1981.

Let k£ = R, (@ > 0) be a regular cardinal. Call a topological space X
a k-metrizable space or a D,-space if there exist p : X? — w, U {wa}
and ¢ : wy, — wq such that: p(z,y) = wy iff ¢ = y, p(z,y) = p(y,2),
p(z,y) > #(€) and p(y,z) > #(£) implies p(z,z) > £, and that the sets

BE(.’L‘) = {y €eX :p(x,y) > 6}

for z € X and ¢ < w, are form a basis of X.

This definition was given by D. Kurepa in 1934 using the name
pseudo-distancial spaces. The class of all Dy-spaces is just the class of all
metrizable spaces. The class of all pseudo-distancial spaces was extensively
considered by D. Kurepa, Fréchet, Doss, Colmez, Appert, Papié¢, Mamuzié,
Cammaroto, Koéinac, Ky Fan and many others.

This class has also the name "spaces with linearly ordered basis
of uniformity”. We notice, that, an important example of lower ordered
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transversal spaces is and every Kurepa’s pseudo-distancial space. For this
a lower bisection function d : P x P — P can be defined by d(a,b) :=
= inf{£, ¢(£)}-

Obviously, Kurepa’s pseudo-distancial spaces are important exam-
ples of lower k-transversal spaces.

On the other hand, let 7 = w, be a regular cardinal number, X a set
and (G,+, R) alinearly ordered abelian group with cofinality cof(G) = w,
at the identity element 0 € G (which means that 0 is the infimum of a
strictly decreasing 7-sequence {z4: @ € 7} C G\{0}). An 7-metric on X
is a function p : X? — (G, <) which satisfies all the formal properties of
metric.

This definition of space X was given by D. Kurepa in 1934 and by
Sikorski in 1950 using the name w,-metrizable topological space (if its
topology can be induced by some w,-metric on X).

Obviously, w,-metrizable topological spaces are fundamental exam-
ples of upper transversal ordered spaces with the upper bisection function
g:G? - G defined by g(a,b) := a +b.

Open problem 3. Find sufficient and necessary conditions such
that an upper or a lower k-transversal space is the form of a Kurepa’s
space (a metric space or an uniform space or a Fréchet’s space with the
regularity condition)!?

In the theory of metric spaces, as and in the transversal spaces, it
is extremely convenient to use a geometrical language inspired by classical
geometry.

Thus elements of a transversal space will usually be called points.
Given an upper transversal space (X, p), with the upper bisection function
g: P X P — P and a point a € X, the open ball of center a and radius
T € P is the set ~

9(Ba,r)) ={z € X : pla,a] <1},
till for given a lower transversal space (X,p), with the lower bisection

function d : P x P — P and a point a € X, the open ball of center a and
radius r € P is the set

d(B(a,r))={z€ X : r<pla,z]} .
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3. Fuzzy and Menger’s spaces are transversal spaces

As an important example of lower ordered transversal spaces we have
a Menger’s (probabilistic) space.

K. Menger introduced in 1928 and 1942 the notion of probabilistic
metric space. O. Kaleva and S. Seikkala proved in 1984 that each Menger
space, which is a special probabilistic metric space, can be considered as a
fuzzy metric space. »

Interesting, every fuzzy metric space is, de facto, also a lower ordered
transversal space.

Let X be a nonempty set, F a set of all upper semicontinuous normal
convex fuzzy numbers, G a set of all nonnegative fuzzy numbers of E and
m: XxX-G.

A quadruple (X, m, L, R) is called a fuzzy metric space with m
as a fuzzy metric if L, R : [0,1]2 — [0,1] are symmetric functions, non-
decreasing in both arguments, L(0,0) = 0 and R(1,1) = 1 such that
m(z,y) =0iffz =y, m(zay) = m(y,x),

m(zay)(s+r) <R (m(z)z)(s)am(za y)(r))

for all z,y,z € X, where s > Ai(z,2), 7 2> M(z,y) and s + 7 > M(z,y),
and such that

m(xay)(s+u) > L (m(x>z)(s),m(z7 y)(u))

for all z,y,2 € X, where s < A\i(z,2), u < A1(2,9), and s + u < A(z,9).

In connection with this, let P := [0,1] and we chosen a lower bi-
section function d : [0,1]2 — [0,1] such that d = L (with the peceding
properties), then we immediate obtain that every fuzzy metric space is a
lower ordered transversal space.

On the other hand, if for the upper bisection function g : [0,1]2 —
— [0,1] we chosen that is ¢ = R (with the preceding properties), then we
have that every fuzzy metric space is an upper ordered transversal space.
This mean, common with the preceding, that every fuzzy metric space, de
facto, is an ordered transversal space.

A mapping F: R — R :=[0,+00) is called a distribution function.
if it is nondecreasing, left continuous with inf F = 0 and sup F = 1. We
will denote by P the set of all distribution functions.
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A probabilistic metric space is a pair (E, F), where F is an abstract
set of elements and F is a mapping of E x E into D. We shall denote the
distribution function F(p,q) by F, 4 and Fj, o(z) will represent the value of
F,,atz € R.

The function F,4(p,q € FE) are assumed to satisfy the following
conditions: F,q(z)=1forz > 0iff p = ¢q, F,4(0) =0, F, 4 = Fy» and

Foo(z)=1 and F,,(y)=1 implies Fp,(z+y)=1

for all p,q, r € E. (This definition suggests that F}, ,(z) may be interpreted
as probability of the event that the distance between p and ¢ is less than

Let B denote the set of all A-norms. A Menger space is a triplet
(E,F,), where (E, F) is a probabilistic metric space and A € B satisfies
the following inequality:

For(2,y) 2 A (Fpq(2), Fyr(y))

for all p,q, r € F and for all 2,y > 0. Metric spaces are special cases of
Menger spaces with A(z,z) > « for all z € [0,1].

If the partially ordering set P := [0,1] and if we chosen a lower
bisection function d : [0,1]? — [0,1] such that d = A (for A € B), then we
immediate obtain that every Menger’s space, for p[z,y] = Fy,, is a lower
ordered transversal space.

4. Fixed points on transversal spaces

I admit very interesting of the architecture and behaviour of the
lower ordered transversal spaces according to problem of fixed point.

Namely, if (X, p) is a lower ordered transversal space and if T is a
self-map on X such that

(Mi) inf {p[a,b],d (pla,b],pla,b])} <X p(a,a) implies a = b,

then T has at least fixed point on space X.

In this sense, metric spaces are lower ordered transversal spaces but,
in general case, they not have the property of fixed point because for them
not hold (Mi), i.e.,

min {pla,b], |pla, b] — pla,b]|} = 0
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not implies ¢ = b. This holds and for Menger’s spaces.

However, if g(X,m, L, R) is a fuzzy metric space with L # 0, then
every self-map T on X has at least fixed point.

Menger’s space are fuzzy metric spaces, but then not is L # 0, i.e.,
then L = 0.

On the other hand, let (X,p) be a lower transversal space with a
lower bisection function d : (R})? — R}. In a lower transversal space
X, a C-transversal sequence is an infinite sequence {z,},cN such that
min{p(zn, Tm], plZm, Tnt1],d (pln, Tm], plEm ;s Tny1])} = Oform > n — oo
implies that p[z,, m] — 0 for m > n — oo.

In order that J = lim,_,. Z,, & necessary and sufficient condition
is that, for ¢ > 0, there exist an integer no such that the relation n > ng
implies p[J,z,] < €.

A lower transversal space (X, p) is called complete if any C-tran-
sversal sequence {z,},eN in X is convergent (to a point of X, of course).

Theorem 1. Let T be a self-map on a complete lower transversal
space (X,p) and let p[T"z,T"*'z] — 0 (n — o0) for the sequence of
iterates {T"z},eN- If  — plz,Tz] is a lower semicontinuous function,
then T has at least fized point in X.

As an immediate application of this statement we obtain the follow-
ing result of Banach’s type on a lower transversal space.

Theorem 2. Let T be a self-map on a complete lower transversal
space (X, p) and let there exists A € [0,1) such that

(Sb) p[Tz,Ty] < Ap[z,y] forallz,ye X.

If z — p[z,Tz] is a lower semicontinuous function, then T has an
unique fized point in X.

Proof. Since the condition (Sb) implies that the following fact holds
that p[T™z,T"*t'z] — 0 (n — o00), thus it follows from Theorem 1 that
there is a fixed point £ = T'¢ for some £ € X. Uniqueness follows immedi-
ately from condition (Sb). The proof is complete.

Proof of Theorem 1. Let (X, p) be a lower transversal space with
the lower bisection function d : (R3)? — R, then we obtain directly

min {p[Zn, Zm], p[Tm, Tnt1),d (plzn, Zm], p[Tm, xn+1])} < pl@n, Tny1]
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where z, := T"(z) for n € N. Thus we have that p[z,,zm] — 0 for
m>n — o0.

This implies that the C-transversal sequence {T"z},cN is conver-

gent in X, i.e., there is £ € X such that T"2z — £ (n — o0). Since

T

— plz,Tz] is a lower semicontinuous function at £, p[{,T¢] = 0, i.e., £

is a fixed point of T in X. The proof is complete.

5.
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