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Further Inequalities for Power Series
with Nonnegative Coefficients Via
a Reverse of Jensen Inequality

SILVESTRU SEVER DRAGOMIR

ABSTRACT. Some inequalities for power series with nonnegative coeffi-
cients via a new reverse of Jensen inequality are given. Applications for
some fundamental functions defined by power series are also provided.

1. INTRODUCTION

In 1994, Dragomir & Ionescu obtained the following reverse of Jensen’s
discrete inequality:

Let ® : I — R be a differentiable convex function on the interior I of the
interval I. If z; € I and w; >0 (i =1,...,n) with W, :== > ; w; = 1, then
one has the inequality:

(1) 0< Z w; P xz (Z U)Zl'Z)
< Z w; P (z;) x; — Zwl@' (x;) Z WL
i=1 i=1

In order to improve Gruss discrete inequality, Cerone & Dragomir estab-
lished in 2002 the following result [1]:

(2) Z w;a;b; Z W;ia; Z w;b;

§§ —a Zwl Z‘—j;wjbj
" 97 1/2
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126 INEQUALITIES FOR POWER SERIES WITH NONNEGATIVE COEFFICIENTS

provided co < a < a; < A < oo, and w; > 0 (1 =1,...,n) with W,, =

2z wi = 1.
In addition, if co < b < b; < B < o0, (i =1,...,n) then we have the
string of inequalities

(3) szaz i Zwlal sz i

g;(A—a)iwi bi—iwjbj
=1 =1
n ] n 2 1/2
< % (A—a) Zwibf — (Z wibi>
i=1 =1

< (A—a)(B-).

Utilising these results, we observe that if ® is differentiable convex on a
finite interval, say [m, M|, then we have the inequalities:

(4) 0< Z w;® (z;) (Z wlxl)
< Z w;® () x; — Z wi® (2:) > wiz;
i=1 =1 =1

| /\

(M m Zwl P (x;) Zw]qf xj)

(M —m) sz (z)] (Zw x)

forx; € (m,M) (i=1,...,n).
If the lateral derivatives ®/, (m) and ®_ (M) are finite, then we also have

CENED IR (Z M)
J i=1

n
< sz z €XT; — Zwﬂ)’ (l‘l)zwlit@
=1 =1
1 n n
< 5 [(I>'_ (M) — @, (m)] Zwi T — ij:r:j
i=1 j=1

97 1/2
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IN

% [0 (M) = & (m)] | Y wiaf — (Z wx)

i=1
1 !/ !/
1 (M —m) [‘I)— (M) — @y (m)]
for x; € [m,M] (i =1,...,n).
The most important power series with nonnegative coefficients are:

IN

o0
1
(6) exp(z)zz 'z", —Z " z2eD(0,1),
= n!
1 1 =1
_ _ 2
—Z_Zﬁzn7 ZG.D(O,]_)7 COShZ—ZwZ TL’ ZG(C,
n=1 n=0
> 1
3 _ - 2n+1
smhz—;@n_i_l)!z , z € C.

Other important examples of functions as power series representations with
nonnegative coefficients are:

1 1 >~ 1
(7) 21n<li—i> :Z2n_1z2"_1, ze€ D(0,1),

n=1
T(n+a)T(n+p
2F1(0475777’Z) ::71220 n('r(a)r(é)r(n)_’_i))z a7677>0
z€ D(0,1),

where I' is Gamma function.
On utilizing the above reverses of Jensen inequality we obtained in [5]:

Theorem 1.1. Let f(z) = >_,° anz" be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = occ.
Ifp>1,0<a< R and x > 0 with axP,axP~t < R, then

flas?) [fa)]?_ [flaa?)  f(aa"™) f (an)
URKES ek Sp[ f@  T@ f(a)]'
Moreover, if 0 < x <1, then

flaa?) [f)]?_ [flaa?) f(az") f (an)
DI R VI !f(a) 7@ f(a)]
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1/2
1 [ f(aa®®D) [ f (aaP)
2"\ 7 f (@)

<

< P

e

and

flaa?) [f(ax)]? _ |f(az?) f(ea"™) f(ax)
IR v Sp[ﬂm 7@ fmi

1 (fla?) T[]\ 1
§2p< [ ]) SZP'

f(a) f(a)

Corollary 1.1. Let f(z) = > .77 ;anz"™ be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = oc.
Ifp>1, %—i—%:l and u,v > 0 with v < u? < R, then

F@n)? _feh) 1 [ f )]

1 [NMJ Sf@®§4p+LHMJ

and

(12) 0< [f @)Y [f O]9 — f (uv) < ——p/7f (uf).

— 4l/p

For some similar exponential and logarithmic inequalities see [5].

For other recent results for power series with nonnegative coefficients, see
[2], [7], [11] and [12]. For more results on power series inequalities, see 2]
and [7]-[10].

Motivated by the above results and utilizing a new reverse of Jensen
inequality we provide in this paper other inequalities for power series with
nonnegative coefficients. Applications for some fundamental functions are
given as well.

2. REVERSES OF JENSEN’S INEQUALITY
The following reverse of the Jensen’s inequality holds:

Theorem 2.1. Let f : I — R be a continuous convexr function on the
interval of real numbers I and m,M € R, m < M with [m, M] C IO, I is
the interior of 1. If x; € [m,M] and w; > 0 (i=1,...,n) with W,, :=
St wi=1and " wiz; € (m, M), then

(13) OSE:WHW%%<XMWJ
i=1 =1

(M = S wis) (S wiws —m) ("
< = = \I/f Z wixq;m, M
M—-—m —

M =370 wiwy) (D7 wizi —
< ( Zz:l Wi ) (Zz_l Wik m) sup \I/f (t, m, M)
M—m te(m,M)
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3 - fL(M) = flo(m

1
< 20— m) [£ (a0~ £ ()]
where Wy (;m, M) : (m, M) — R is defined by

Uy (t;m, M) = f(]\fw)_%f(t) _ f(ti_rfn(m).

We also have the inequality
(14)

0< szf ;) <Z wzxz>

(M =370 wiry) (3o, wizi —m) U, (Z wixi;m, M>
=1

IN

M —m

gi(Mfm)\I’f <;wixi;m,M)
%(M m) sup q;f(t;m,M)g%(M—m)[f’,(M)—f;(m)],

te(m,M)
provided that Y1 | wx; € (m, M).

Proof. By the convexity of f we have that

(15) Zwlf ‘,’CZ (Z w2x2>

:;wif[ —:El)+M(ﬂci—m)}

M —m

_f@wi [m(M_wﬁfK“’“”_m)])

<3 M=z S () + (i = m) f (M)

— M—-—m
m (M =370 wixg) + M (37 wiz; —m)
e
_ M =50 i) f(m) + (o, wimi —m) f (M)
M —m

_f( m(M—3" 1wlwﬁt]n\f(2?:1wil’i_m)) — B
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By denoting
(t—m)f(M)+(M—t)f(m)

A (tym, M) = A= f@), te[m,M]
we have
(16)
g ity = (LT 0D 4O 1) () = 04 )/ 0
() FOM) £ (M=) f () — (M~ t+t—m) £ (1)
M —m
_E=m)[f (M) = f )] = (M =) [f(t) = f(m)]
M—-—m
= (M ;\/[t)_(tm_ m)\IJf (t;m, M)

for any t € (m, M).
Therefore we have the equality

(M — Zn—1 w;T;) (Zr'b—l w;T; —m) &
(17) B= = = Uyp (> wiwiym, M
M —m P

provided that Y " | wiz; € (m, M).
If >0, wiz; € (m, M), then

n
\ Zwixi;m,M < sup Vg (t;m,M)
i=1 tE(m,M)

= sup —
tE(m,M) L M —t t—m

< sup } + sup [—]
te(m,M) L M-t te(m,M) t—m

= sup |—2Zt——2
te(m,M) L M-t

= fL(M) = f} (m),

which by (15) and (17) produces the desired result (13).
Since, obviously

(M — >0 wizi) (i wizi —m) _ 1
1= 1= < — —
M—m < g M=m),
then by (15) and (17) we deduce the second inequality (14).
The last part is clear. O

For similar integral versions see [4].
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Remark 2.1. a) For p > 1 and 0 < m < M < oo consider the function
U, (;m, M) : (m, M) — R defined by
MP —¢P P — P
v, (t;m, M) = -
p( ’m) ) M _ t t —-m
t(MP —mP) —t? (M —m) —mM (MP~+ —mpP~1)
(M —1t)(t—m) '

If ; € [m,M] and w; > 0 (i=1,...,n) with W,, := Z:‘L:1wi — 1 and
Yo wirg € (m, M), then

n n p
(18) 0< Zwix’; — (Z wixi>
i=1 i=1

(M =370 wiwy) (o1, wivi —m) ( -
< = = v, Z w;x;; m, M
M—m P

< W=Dy i) Uiy Wi =) g (4, M)
M —m te(m,M)

n n
MP=L —mp—t
S P <M — Z’LUZZCZ> (Z Wiy — m> M—w
=1 =1
p(M —m) (MP~F —mP~)

<

and

n n p
(19) 0 < Zwixf — <Z wi:Ui)
i=1 i=1

(M — >0 wizq) (307, wizi —m) " _
= M—m Wy ;wz‘wi,’m,M
1 n
=1
1 ) y -
Sz(M—m) sup ‘I’p(t;m,M)Szp(M—m)(Mp —mP )

te(m,M)

For 0 < m < M < oo consider the function W_y, (;m, M) : (m, M) - R
defined by

—InM +1Int —Int+Ilnm
M-t t—-m
(M —m)Int — (M —t)lnm — (t —m)In M
(M —1t)(t—m)

\Pfln (t;m, M) =
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1
tM—m I=t)(t—m)
= In mM—t[t—m

b) If z; € [m,M] and w; >0 (:i=1,...,n) with W,, :==>"" ;w; = 1 and
Z?:l wix; € (m, M), then

(20) 0<In (Zn: wixi> — Zn:wi In z;
i=1 i=1

n
-1 W Ty
<In Zz—l -
- M-S0 wjwy 3l Wit ™
m M—m M M—m

< W W) Uiy Wb 2 )y gy rim, 0)
M —m te(m,M)

1 u i 1(M —m)?
and
n n
(21) 0<In (Z wixi> - Zwi Inz;
i=1 i=1
D iy Wi
<1 ==
s 1in A{—X]&/}.fl w; T4 Z?:l wiz;—m
m " M—m
1
< 1 (M —m)
1
1 (r, wiz)M (M-S wiw) (S wimi=m)
x mM =220 wi NS wizi—m
1 1(M —m)?
<—(M—-m) sup V_y,(t;m, M) < fﬂ.
4 te(m,M) 4 Mm

3. POWER INEQUALITIES
For p>1, f(t):=t", m =0 and M =1 we have
tr—1 1 -t
Uy (t;m, M) = — = =B, ().
If p € (1,2), the function I (t) = P! is concave on (0, 1) and then B, (-) is
decreasing on (0, 1) . Therefore

sup B, (t) = lim B, (t) = 1.
s By(0)= i By ()
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If p=2, then B, (t) =1fort € (0,1). If p € (2,00), the function I' (t) =
tP~1 is convex on (0,1) and then B, (+) is increasing on (0,1) . Therefore

sup B, (t)= lim B,(t)=p—1.
s By (D)= lim By ()

In conclusion

1ifp e (1,2],
M, := sup B, (t) =
1(0.1) p—1ifpe(200).

If z € [0,1] and w; > 0 (i=1,...,n) with W,, := >" ;w; = 1 and
Yo wizi € (0,1), then from (13) and (14) we have the inequalities:

(22) 0< szz — <Z wzzz) < M, <1 — zn:wizi> Zn:wizi < %Mp
i=1 i=1
and

n n p n p—1
11— - i Zi 1

Proposition 3.1. Ifz; >0, y; >0 forie {1,...n}, p>1
such that

(24) 0<

i
then we have
(25) 0< ZIL 1:1;? o (Z?—l xlyl>p
o Zz 1 yz E?:l yf

D i ﬂfzyz> (Zﬂ_l %%) 1
< M, <1 — == = < ZM,
P dic y’? >ie yf 4P

B (Z?zl :ciyi>”
D Yy

1— (Z%l 951';11!1');0_1

21 Y <

1
1 — i1 %ili — 4
i y?

and

_Yla
(26) =Sy

p
T
q
Yi

< M,

»NH

where My, is defined above.
Proof. The inequalities (25) and (26) follow from (22) and (23) by choosing

q
T Y;
and w; = z

— == g
y{ 2 j=1Yj
The details are omitted. O

Z; =
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Remark 3.1. Let p > 1, l + l = 1. Assume that

(27)

nl.

i
If p; >0 for i € {1,...,n}, then for z; := pil/pai and y; 1= pg/qbi we have

v pz}/pai B le/p B pll/p o 0.1
TN T T

fori e {1,...,n}.
If we write the inequalities (25) and (26) for these choices, we get the
weighted inequalities

(28) 0 < Ziz1Pidi (Z?zl piaz’bz‘)p
T i pib] > i1 pib]

< Mp <1 . 2121 pz?z(?z) <Zzi1 pz?zsz) < lMp
Zi:1 pzbi Zi:1 pzbi 4

and

T i piby > i1 pib]
1 (zz;lpiaibi)fﬂ—l
4 1— Z?:l piaib; — 4
> ie1pib]
Theorem 3.1. Let f(z) =Y .2 a,z" be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = co.
Ifp>1,0<a<Rand 0 < x <1, then

—_

<

M,

floa?)  (f(az))’ fan)\ floz) 1
B0 0= Ty <f(a)> SMP<1 f<a>> Fla) =1
and
p—1
flae) (Fny 1 ()T
oo fER - (R < ey =3

Proof. Let m > 1and 0 < a < R, 0 < & < 1. If we write the inequality (22)
for
ajo’

S ar 2 2 =07 €[0,1], 5 € {0,om),

wj; =

then we get
p

1 S 1
(32) Zk Oakak Za]oﬂmm > Oakak Zajoﬂajj
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1 - 1 -
< M, l— ———— CL'Oé‘jl'j L CL'OéjZEj
— P m k E : J m k E : J
ko AkQY =0 D ko Gk =0

1
< 1My,
Since all series whose partial sums involved in the inequality (32) are con-
vergent, then by letting m — oo in (32) we deduce (30).
The inequality (31) follows from (23) in a similar way and the details are

omitted. O

Remark 3.2. We observe that from (9) we have for p > 1

flar) [fn)] 1
) o< 5 T | =i

which is not as good as the inequality

flaa?) (f(ax))? _1 | Liped2]
F (@) (f(a)) =1

that has been obtained in (30).

(34) 0<

p—1lifpe (2,00).

Corollary 3.1. Let f(z) =>.," ;anz™ be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = occ.
Ifp>1, %4—%:1 and u,v > 0 with v < u? < R, then

f@P) (f )\’ fuw)\ fuw) 1
@) o= - () =3 (1 7o) i <3
and
fu) |7
son) sy 1 1= (568)
(36) 0< S <f(uq)) <1 e < M.
Proof. Follows by taking into (30) and (31) a = u? and z = —2~. The details
are omitted. g
Remark 3.3. From (35) we have
f(uv))p f (@) <f(uv))p 1
0 (i) = Fem = (Fem) +i
and
(38) O F@NLO —  (w) < 5 MYPF (ut)

provided that p > 1, % + % =1 and u,v > 0 with v? <u? < R.
These inequalities are better that the corresponding ones from Corollary
1.1.
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If we take p = ¢ = 2 in (37) and (38, then we get

Fla)\? _ f(?) _ (fw)\? 1
(39) <f(u2)) <T@ S(f(u2)> T3
and
(10) 0< [ () [F ()]~ F (w) < 3 F (7).

provided that u,v > 0 with v? < u? < R.

Example 3.1. a) If we write the inequalities (30) and (31) for the function
L= Yo7, z€ D(0,1), then we have

1—2

11—« 1—a)? a(l-a)(1—-2z) 1
41 0< — < M, <-M
(41) ~1-—aaP <1—ax> P —ax)? 4P

for any a,x € (0,1) and p > 1.
b) If we write the inequalities (30) and (31) for the function expz =
>0 o 2", z € C, then we have

n=0 n!
(43) 0 < expa(zf —1)] — exp [pa (z — 1)]
<M,(1—expla(z—1)])expla(z—1)] < iMp
and
(44) 0 < expa(z? —1)] — exp [pa (z — 1)]
1 1—expla(p—1)(z—-1)] 1
SZ. 1 —expla(z—1)] SZMP

for any > 0,p>1and z € (0,1).

4. LOGARITHMIC INEQUALITIES

If we consider the convex function f (t) =tInt, ¢ > 0, then
MInM —tlnt tlnt—mlnm

4 1\ sm, M) =
( 5) -In(+) (tv m, ) M—t t—m

for 0 <m < M < o0.
If we take M =1 and m — 0+ in (45) then we have

—tlnt tlnt—mlnm

A Yoy (Bm, 1) = lm | t—m
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—tIlnt tlnt B Int
1—t t  t—1

for t € (0,1).
From (14) we have

1In (X7 wizg) !
(46) 0< szxl Inz; — szajl In (Z wzxz> <2 I;(_Zzzjzifizlz

for any z; € (0,1), w; >0 (i =1,...,n) with W, := > w; = L.

Theorem 4.1. Let f(z) =Y .2 a,z" be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = co.
If0<a<R,p>0andz € (0,1), then

f(e)
poarf (aa) | floar) | (Flaan)) _ 1 (7i5)
o o BT - Lo (F0) < i1 ilozn)

Proof. Tf 0 < a < R and m > 1, then by (46) for z; = (zP)’ , we have

1 m
< Z = g a]aj:pmln:pm
k_oaka
1 m 1 m
pj J 0PJ
a;a? 2P In a;a’x
kzj kzj
E apo > i Ak
k=0 W™ 0 k=0 "k 5

—1

— 4 et ST i aPd
1 ST djtpajalx

where p > 0 and z € (0,1).
This is equivalent to

In 2P
48 0< T (xP)’
) 0< Oakakzw .

pJ
Za (zP)’ In Za
Zk Oakak .7 m O[k ]

. 11n (72;":(}%& Z}n:o ajaj (xp)])
S - o 2 a0 ()

Since all series whose partial sums involved in the inequality (48) are
convergent, then by letting m — oo in (48) we deduce (47). O
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Example 4.1. a) If we write the inequality (47) for the function X =

Yooy 2", z€ D(0,1), then we have for o,z € (0,1) and p > 0 that
paxP (1 — ) 11—« | ( 1—a>

Inz—

(1 — oap)? ne (1 — ouzP) "\ T aar
- 1 (I —azP)In <%>

4 a(l—azp)

(49) 0<

00 1 _n

b) If we write the inequality (47) for the function expz = > —~2",
z € C, then we have
1 a(l—zP)
41 —exp[a(zP —1)]

(50) 0 < [paxPlnz —a (2P —1)]expla(x? —1)] <

for x € (0,1) and a,p > 0.

5. EXPONENTIAL INEQUALITIES

If we consider the exponential function f : R — (0,00), f (t) = exp (5t)
with 8 > 0 then

exp (BM) —exp (5t)  exp (Bt) — exp (m)

\I]exp(ﬁ-) (t; m, M) = M—+t t—m

If we take M = 0 we have
L= exp(Bt) _ exp (1) — exp (m)

\I}exp(ﬂ-) (t; m, 0) =

—t t—m
and letting m — —oo, then we get
exp (Bt) — 1
mgmw \IIexp( B8) (t; m70> = f = \I/exp(ﬁ) (t)

with ¢ € (—00,0).
Since exp (f-) is convex on (—00,0), then Weypg.) (+) is monotonic non-
decreasing on (—o00,0) and then

t)—1
te(—00,0) t—0— t

= 8.

From (13) we have

(51) 0< sz exp (Bx;) — exp ( szxz) < 52%%

=1

for any z; <0, w; >0 (i =1,...,n) with W, :== 3"  w; = 1.
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Theorem 5.1. Let f(z) =Y 7 anz" be a power series with nonnegative
coefficients and convergent on the open disk D (0, R) with R > 0 or R = cc.
If £ <0, >0 withexp (fx) < R and 0 < a < R, then

f(aexp (Bz)) [aﬁwf’ (Oé)} _aBzf ()
I B T e T
Proof. If 0 < a« < R and m > 1, then by (51) for z; = jx, we have

(52) 0<

1 m ' ‘ B m ‘
(53) 0< =—— ) ajdl [exp(B2)) —exp | =5——— Y Jja;o!
2;”:0 ajOéJ =0 J Z;n:() ajaj j=0 ’
—Bz UL, ,
<= ) ja;al
z;ﬁ:o ajod JZ::O

for z € (—00,0).
Since all series whose partial sums involved in the inequality (53) are
convergent, then by letting m — oo in (53) we deduce (52). O

Example 5.1. a) If we write the inequality (52) for the function {1 =

z

Yooz, 2€ D(0,1), then we have for <0, >0 and 0 < « < 1, that
11—« afx afx

54 0 ——F—— —exp ( ) <

oY (52)

~1—aexp 11—« 1-a

[e%e] 1 .n
)

b) If we write the inequality (52) for the function expz = > 7 -2
z € C, then we have

(55) 0 < exp (afexp (82) — 1)) — exp (afiz) < —afa
for any o > 0 and 2 <0, 8 > 0.
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