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On a General Class of g-Rational Type Operators

NURHAYAT ISPIR

ABSTRACT. In this study, we define a general class of rational type op-
erators based on g-calculus and investigate the weighted approximation
properties of these operators by using A-statistical convergence. We
also estimate the rates of A-statistical convergence of these operators
by modulus of continuity and Petree’s K-functional. The operators to
be introduced, include some well known g-operators so our results are
true in a large spectrum of these operators.

1. INTRODUCTION

K. Balazs [3] introduced the Bernstein type rational functions and proved
the convergence theorems for them. Later, K.Balazs and J.Szabados [4]
improved some estimates on the order of approximation for the Bernstein
type rational operators.

The generalization of the Bernstein type rational operators are introduced
by C. Atakut and N. Ispir [16] as follows
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where a,, and b,, are suitably chosen real numbers, independent of x. Here
{¥n} is a sequence of functions 1, : C — C satisfying the following condi-
tions:

a) ¥, (n=1,2,...) is analytic on a domain D containing the disk
B={zeC:|z—b| <b};

b) ¥,(0)=1, (n=1,2,...);
c¢) For any = > 0, ¥,(z) > 0 and wr(lk)(()) > 0 for any n = 1,2,...,
k=1,2,...
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d) For every n =1,2,..., it is

() N
(2) hTan (nly/l/}n(anx) -1 = 0, V= ]., 2,

where a,, — 0, as n — oo.

In [16] the authors estimated the order of approximation for the oper-
ators defined by (1) and proved a Voronovskaja type asymptotic formula
and pointwise convergence in simultaneous approximation. In [13, 14, 18]
the approximation properties for different variants of the operators (1) were
investigated in various function spaces . In [17], the approximation proper-
ties of the Kantorovich variant of the operators (1) were given by the aid of
A-statistical convergence. Notice that A -statistical convergence is stronger
than usual convergence.

It is known that the applications of g-calculus in the area of approximation
theory have been an active area of research. In the recent years, the sta-
tistical approximation properties of some positive linear operators based on
g-integers have been studied intensively by many authors (e.g.[5, 15, 17, 21]).

The aim of this study is to introduce ¢-type generalization of the oper-
ators (1) and investigate the A-statistical approximation properties of the
constructed operators in weighted spaces. Using A-statistical convergence,
we obtain weighted Korovkin type theorem and weighted order of approxima-
tion by the constructed operators based g-calculus. Moreover, we estimate
the rate of A-statistical convergence by usual modulus of continuity and by
Petree’s K-functional in the different normed spaces for g-extension of the
operators (1).

Now, let us give a few basic definitions and notations in g-integers shortly.
Details on g-calculus can be found in [7]. Throughout the present paper, we
consider ¢ as a real number such that 0 < ¢ < 1, and for each nonnegative
integer i, the g-integer [i], is defined by [i], = (1-¢)/(1—-q), 0], == 0;
and g-factorial [i] ! is defined by [i] ! = [1] [2],...[i],, [0]! == 1.

For fixed 0 < ¢ < 1, the g-derivative of a function f : R — R with respect
to x is defined by D, f (x) = %, x # 0and Dy f (0) = limg0 Dy f ().
The chain rule for ordinary derivatives is similar for g-derivative.

At this point, we recall the g-Taylor theorem in the following.
Theorem A([7], p. 103.) If a function f(z) possess convergence series
expansion then

F) =3 Sy @)
n=0 q
n—1 non k
where (z — a)g = HO (x — ¢°a) = kZO [k‘] qk(k—l)azn_k (—a)k.
5= = q

Now let us recall some concepts of the A-statistical convergence. Sup-
pose that A is non-negative summability matrix and let K be subset of N
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the set of natural numbers. The A—density of K is defined by d4(K) :=
[e.°]

11;11% Zl ajnxK(n) provided limit exists, where xx characteristic function
o

of K. A sequence x = (x,) is called A—statistically convergent to L if
for every € > 0 lim)_ on—L|>e Gjn = 0 or equivalently for every ¢ > 0,
j >

da{k € N: |z, — L| > £} = 0. In this case we write st4 — lima = L [8, 9.
The case in which A = C1, the Cesaro matrix of order one, A -statistical
convergence reduces to the statistical convergence [9, 19]. Also if A = I, the
identity matrix, then it reduces to the ordinary convergence. We note that,
if A = (ajn) is a non-negative regular matrix such that li;rn max {ajn} =0,
then A-statistical convergence is stronger than convergence [19]. It should
be noted that the concept of A -statistical convergence may also be given
in normed spaces: Assume (X, |.||) is a normed space and u = (uy) is a
X-valued sequence. Then (uy) is said to be A-statistically convergent

to up € X if, for every € >0, d04{k € N: ||lup —uo|| >} =0 [19].

2. CONSTRUCTION OF OPERATORS AND AUXILIARY RESULTS

Now we would like to introduce g-generalization of the operators (1 ).

Let (¢n) be a sequence of real functions on Ry which are continuously
infinitely g—differentiable on R satisfying the following conditions

1. ¢, (0) =1, for eachn € N

2. Df; on (0) >0, forevery n,keN, >0

3. For every n € N, with a, = [n]qﬁ_l, by, = [n]ﬁ g€ (0,1],0<8< %

q 9y
-1
Dyen(lnly "' @)
¢ L[l en([nly " @)
For fixed x € R4, taking account to Theorem A we get

=0; v=12

n

(3) st4 — lim (

o0 [n]q’B_lx ’
(4) ¥n ([n]qﬁ_l .1‘) = Z <[k]|)qDl¢; ¢n (0).
k=0 q

n—1
Using the formula (a +b); = [] (a+¢°b) = 371, gFk=1/2 [Z] branF
s=0

k k
and taking a = 0,b = [n]qﬁ_l x we write ([n]g_l x) = gh(k=1)/2 ([n]g_l x) .
q
Choosing a,, = [n]qﬂ_l, b, = [n]'g, 0 <pB < %,n € N, we introduce g¢-
generalization of the operator (1) as follows

(5)

1 - (K], kee—1)/2 (g k
Lng(f) (@) = ——3=— — ——Dgen(0),
q(f) (@) on(in? 1x)1§f<[n]§qk—1>q N ©n(0)
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for eachm € N, x > 0.
Note that:

o It is easily verified that the operators L, 4 are linear positive opera-
tors.

e The order of convergence is the best possible estimate for 5 € (0,2/3]
(see [4]).

e The present condition (3) is weaker than the present one given by
(2) for ¢ = 1. Indeed, we can construct a sequence such that it is
statistically convergent to 1 but not convergent in the ordinary sense.
A well known example is defined as; a,, = \/n if n = m? (m € N),
and o, = 1 otherwise. Same result also works to A—statistical
convergence.

Lemma 2.1. Foralln e N, x>0 and 0 < g < 1 we get

(6) Lng (e0) () = 1,
Dq@n ([ ]B ! )
7 Lygq(e1)(x) =
" o) @) = o )
Dign (In)i ") 1 Dyon (1))
8) Lpgl(e2)(x)= 0 z? o
&) a2 @)= e T P L eul )

where (e;) (v) = 2%, i =0,1,2.

Proof. From (4) and definition of L,, 4 (f) it is clear that L, 4 (eo) (z) = 1.
Considering (4 ), we can write the g-derivative of ¢,, with respect to = as

> [k
) [0l Dyen (0l )—ZH[ Iyt (g 2§ Dfen(0)
k=1
=iﬁ].[ Iy g IR ([l ) DG 0)
k=1"'4

where used the equation (anw)s = ¢Ft—1) (anaj)k. Hence multiplying both
sides by x and dividing by [n]g ©n ([n]g -1 x) we obtain

Dygn (Inly ")

_ 1 — Ky (0l 2)"
= () GR
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which gives the (7). We use a similar technique to get (8). Again differenti-
ating (9) with respect to x we have

2
(nﬁfl 2%(”&1%)

f} D ([njp1)” 2052 ()1 02Dk, 0,

k=2 k!
Using the equality [k — 1], = ([k:} o qkil) and multiplying both sides by

i g oo (i)

z we have
[ee]

gFAE2([n] 0 2)k DEy, (0)

k:
k=1
Z q gt g 1)(k—2)/2([n]q5—1:E)kDS%(O)
ke q

©° 3 D¥en(0)

_qz q o= 1/2([71]5_195)le

q

Dividing by [n]g ©n ([n]gfl x) we write

([n]ﬁ_1 x)2D2 ©n <[n]ﬁ_1 :17)

QN (D

(W, O\ 1 DEea(0)
") Z(wﬁ ’f) R

#n ([” k=1 q g
1 o~ Ky eenyyzp a1k Paen(0)
- gD/ ()1 gy Za P D)
o o (1) 2 T,
which gives the (8) by using formulas (5) and (10). O

3. A-STATISTICAL CONVERGENCE IN WEIGHTED SPACES

Let p denotes a continuous weight function with p(x) > 1, z € [0, 00)
and p(z) — oo as @ — oo. Let B, be the weighted space of all functions
[ defined on the R satisfying the condition |f(x)| < Mgp(x) with some
constant My, depending only on f. By C), let us denote the subspace of
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all continuous functions belong to B,. Also, let Cg be the subspace of all
functions f € C, for which ‘xlgnoo f(z)/p(z) = 0. Endowed with the norm
I fll, = supy>o (|f ()] /p(z)) these spaces are Banach spaces. Note that
the weighted Korovkin type theorem were proved by A.D. Gadjiev 10, 11].
Using A-statistical convergence, the weighted Korovkin type theorem was
given in [6].

Let {Ly4} be the sequence of linear positive operators defined by (5).
Then it is easily seen that L, ,: C, — B,.

Let ¢ = {gn} be a sequence satisfying the following conditions

(12) stg —limg, =1 and stq—limg, =a, (0<a<1).
n n

The condition (12) guaranties that st4 — lim,, ([n]gl) =0.
Now we are ready to prove our first result which is related to the A -
statistical convergence the sequence of {L, 4, (f)} to f.

Theorem 3.1. Let A = (aj,) be non-negative regular summability matriz,
the sequence q = {qn} satisfies (12) with ¢, € (0,1] for all n € N. Then for
every f € C’g [0,00), sta —lim||Lng, (f) = fll, = 0 where p(z) =1 + 2.
n
Proof. From Lemmal, it is obvious that st4 — lim||Ly, 4 (eg) — €0Hp = 0.
n

Using the (6), we get

Loy (1) @) =1 @) o |Pautn (3" 2)
L+a? L+2 | [n],, ea(lnly " @)

Dy, ion ([, ' 2
7]y, eully, ")
Dy on (Il

nl,, en(ntz)

<lleall,

Now, for a given € > 0, we define the sets U = {n || Lng, (e1) — elﬂp > 5}
and Uy = {n : By q, (¢n,x) > €} . It is clear that U C U; and hence

da {n EN: || Lng, (1) — e, > 5} <64{neN: Bug, (¢nz)>c}.

From the condition (3) we get stq4 — lim By, 4, (¢n, ) = 0. Therefore, it is
clear that
da{neN: B4 (pn,x) >e} =0

and hence we have

64 {n €N |Lng, (e1) —erll, 2 e} =0,
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which implies
StA — hm ”Ln7qn (61) - el”p =

Similarly from (8) we can write

Djuson (Iy =)

’Ln,qn (e2) —e2| = -1 22
dn [ ]qn SOTL([ ]/3 ! )
1
1 Dyo fn ([ ]gn ) 1
+ 3 3-1 —1]lx+ 75;1:
[n]Qn [n ] en(n ] ) [n]qn
and hence we get
B—1
‘LTZv‘In (62) —€ Dgngon ([n]qn x)

-1

2|
< [lez =
14 a2 ?an [n]zn ‘Pn([n]ﬁ 137)

Dyuion (Il o) 1
—1 e
N A R I N
< Bn,Qn ((pmx) + [n]lgcn,q (mex) + [71]1/37

Now for given € > 0, let us define the following sets

V= {n:|Lng, (e2) —eall, = ¢},

Vi = {n : Bp g, (pn,x) > 5/3},

V2 = {n . C”v‘]n (g@n,x) Z 6/3}7

Vs={n: [n]q_f > ¢/3}.
It is obviously that V' C V; U Vo U V5. From the condition (12) we get

1

(13) sta—lim —— = sta — lim ((1—g.)/(1—qp))" =

n q n—oo
with 0 < 5 < 2/3. Hence by the condition (3) we have st 4—lim By, 4. (¢n, ) =
0 and stg — limCy 4, (¢pn,x) = 0. Then we obtain da (Vi) = 0, k =
1,2,3. Since 64 (V) < 64 (Vi) + 64 (Vo) + 04 (V3) we find that st4 —
lim | g, (e2) — €3], = 0.

Consequently we obtain that sty — lim || L, g, (€;) — el-||p =0,1=0,1,2

which completes the proof of the Theorem according to the weighted Ko-
rovkin type Theorem [12, 6, 10]. O

As a consequence, for alln € N, z > 0 and 0 < ¢, < 1, we have

(14) sta —lm||Ly g, ((e1 —eox)”)||, =0,v=1,2
n ’ p
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where

(15) Lo, ((e1 — eoz)) (z) = Dq"SO"([n]ﬂ"_lx)—l .
[, enllnl,, " ) ’

L, ((e1 = e02)?) (@)

D? " nP g Dy, on A1
(Bl pen (o) Y
(16) an [n]y, enllnly, x) [0l enlln], )
+ ! Da.on <[n]ﬁ_1lx> —1)z+ ! x.
)y \ [, en(lnll " x) [l

Theorem 3.2. Let A = (aj,) be non-negative regular summability matriz,
the sequence q = {qn} satisfies (12) with ¢, € (0,1] for all n € N. If any
function f € C,, satisfies the Lipschitz condition that is

fO)—f@| <Mit—z*0<a<l, z,t>0

then
st1 — limsup | () (@) = £ (@)

=0
noz>0 1+ x«

where M is a constant.

Proof. Since Ly 4,is a linear positive operator and f satisfies the Lipschitz
condition we can write,

[ Lng, (f) () = f (2)] < Lng, (If () = f (2)]) (x)

M > (k] ()Pt )k .
M Wy W T ey
S o) 2 | g 1 Danenl®)

Applying the Holder inequality with p = 2/a,s = 2/ (2 — ) and saying

n p-1 T k
B gn k (Pn;x) 1= go;l([n}qﬁn—l x)w

], Dk n(0), from Lemma 1 we get

a/2

> Bign k (¢n; )
Qn

(2—a)
(ZBW, (ons @ )

/2

=M <Ln7q" <(61 — eox) ) (x) )
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Taking account to (16) and using the conditions (3) and (12),similarly
with the proof of the Theorem1, we obtain the desired result. O

Now, we concern with the order of approximation of a function f € C'g
by the linear positive operator L, 4. We will use the weighted modulus of
continuity defined by

o |f(z+h) = f(z)|
n(f30) = xG[O,Sc?)P\MSﬁ 1+ (z+h)™

)

for each f € C), p(x) =1+ 2™, x €[0,00), m € N.
The weighted modulus of continuity has the following properties (see [14]):
(1) %in%Qm(f; §) = 0 for each f € C)
%
(i) Qn(f;00) < (A+1) Q(f; 0) for each positive real number A\, m € N
(i) /(1) = (@) < (1+ @+t —a)™) (552 +1) Qu(f;0) for every
z,t € [0,00),m € N.

Notice that, if f is not uniformly continuous on the interval [0, 00); then
the usual first modulus of continuity w(f;J) does not tend to zero, as § — 0.
It is seen that ,,(f;d) — 0,as 6 — 0 for all f € CS due to the property (i).

We now give second our main result. The following theorem is given an

estimate for the approximation error with the operators Ly, 4, (f), by means
of Qi(f;0) with p(z) =1+ x.

Theorem 3.3. Let {q,} be a sequence satisfying the condition (12) with
qn € (0,1] for all n € N. Suppose that the condition

DY o, n)Pla
( - anon([nly, B_)l o 1) -0 (1/ [n]fjn)

qn [n] Zn en(n] an

holds instead of (3). If f € C’g with p(x) = 1+ x then the inequality

(17) |ww4ﬂ@%¢@wmscm(ﬁu¢mi)0+umm)

holds where py () = 1+ 2% and C is a constant independent of f and n.

Proof. Considering the definition of €4 (f;¢) and by using the property (iii)
of Q1(f;0) we can write

0= @)l < @ ool (5 1 1) a0

<(1+2z+1) <|t;x+1> Qi(f;9).
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Since Ly, 4, is a linear and positive operator we get

| Lngn (f) (2) = ()] < Lng, (1f(8) = f(2)]) ()

(18) < M (f;0) [Ln,qn (14 2z +1t) (x)

+ Lng, <(1 +op )l > x') (m)} .

To estimate the first term, considering (6) and (7), we can write

(Lngn (1 + 22 + 1)) (2))
= (14 22) Ly g, (€0) (x) + Ln.q, (e1) (z)

-1
I L SO R
s (wfn i, ea(nll, @)

<3(1+2) [1 +0 (1/ [n]'gn)] .

Applying the Cauchy-Schwarz inequality to the second term in (18), since
L, 4, is a linear and positive, we get

Lng, (1422 + ) 52) (2)
< (Lmqn ((1 + 2z +t)2) (3:))1/2 X (Ln,qn (“‘55’)2) (:c))l/z.

We now estimate the first term. By using (6),(7) and (8) and by simple

calculations ,we get
1/2
1 /
[n]Qn

Taking into account (16), if we estimate the second term then we get

it — 2| vz ) 1/2
(Lmqn <52 ) (x)) =3 (Ln,qn ((61 —eox) ) (@)

1 1 12
=5 (O <[n]ﬁ> (2 —I—x))
(22) qn

(20)

(21) (Lmqn ((1 + 20+ t)2) (x))1/2 <4(1+ 1)
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with C] is a constant independent of n. Combining (19), (20), (21) and
(22) with (18) we have

| Lng, (f) () = f (2)|
< Q(f;0) x Oy (1 +2)° [1 10 (1/ [n]gn)} (1 I % 15> ,

"lg.
1/2
where Cy = max {3,4C;}. Taking § := 9, = (1/ [n]gn) we obtain

L, () (@) — 1 (@)] < 205 (f:5) (1 + %) [ €5+ 0 (1/ ]2 )|
< Cu(fi8,) (1+22) [14+0 (1/[1],)]

2
with C3 = sup,>q qii% ,C = max {2C9, C3,C3C1} which gives that the
(17).
We notice that, from (13), it is clear that st4 — lim,, d,, — 0 as n — oc.
Therefore st4 —lim, Q1 (f;d,) — 0 due to the property (i) of Q;(f;d). Con-
sequently, order of A-statistical convergence of the sequence of {L 4, (f)}

1/2
to f is (1/ [n]qﬁn> in the pg-norm. O

4. LOCAL APPROXIMATION
Theorem 4.1. Let {q,} be a sequence satisfying the condition (12) with
gn € (0,1] for alln € N. We have
1) For any f € C, we have

[ Lng, (f) (@) = [ (2)] < 20(f; v/0Ona)
where w (f,0) is the usual first modulus of continuity of f and
(23) 5n,x = Ln,qn ((61 - er)Q) (JZ‘)

and sty — limy, 0y, 5 = 0, for all fized x € [0, 00).
2) If f € C, satisfies the Lipschitz condition then | Ly, g4, (f) (z) — f (x)] <
M2 0<a<1,

Proof. 1) Using the linearity and positivity of the operator L, ,4, and the
known properties of w (f,d) and applying Cauchy -Schwarz inequality we
obtain

[ Lng, (f) (@) = f (@) < Lng, (|f @) = f(2)]) (z)
< W(f;6) | Lng, (e0) () + % (Lugo (61 — con)? (2) g 2] .

By choosing 6 = {/dp . as in (23), we reach the desired result. Notice
that, taking into account (14), we get stq — limy, d,,, = 0 for all fixed z.
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Hence we have st4 — limy, w(f;0p,) = 0. This gives the pointwise rate of
A-statistical convergence of the operator Ly, 4, (f) to the function f.
2) Considering the proof of Theorem 2 and formula (23) we obtain that

a/2
Lngn () @) = @) £ M (Lng, ((e1 = e02)’) (@)
= MJS/2. O
Now we give the rate of A—statistical convergence for the operators
Ly, (f) by using the Peetre’s K—functional in the space C% [0, 00).

Let Cp[0,00) be the space of all real valued uniformly continuous and
bounded functions f on the interval [0, 00) with the norm

[flley = sup [f(2)].

z€[0,00)

The Peetre’s K-functional of function f € Cp[0,00) is defined by
K50 = ink, {17 = gllcy +9 Nl

where § > 0 and C%[0,00) = {f € Cp: f', f" € Cp[0,00)} endowed with

the norm

(24) 1l = 1 lley + |||

cn Hf Cp
Theorem 4.2. For each f € C%[0,00) we have

sta — h?{n [ L f — fHCB = 0.

Proof. Applying the Taylor expansion to the function f € C%[0,00), we
can write

L () (2) = £(@) = () Lg, (€1 = e02)) (2)
50" g, ((er-con?) (). C e (1),

where Ly, o, ((e1—€ox)) (z), Lnq, ((el_eox)2> (x) are given by (15) and (16)

respectively.
Hence

HLn,qn (f) — fHCB < HJNHCB HL”7Qn ((e1 — er))Hc[QA]

25
%) 1y [[Enae (1 = c0n?)

Hc[o,a] ’

Now for given € > 0, let us define U = {n eN:||Lng, (f) — fHC[o o] 2 5},

Ur = {neN: | Fllg, 1Zna, ((er = coxDll,,, ., =¢/2}
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v = {nen: 7],

Ly g, ((61 — eox)2) > 5/2} .

It is obvious that U C U;UUs; and hence 4U < §4U; +64Uz. By using (14)
we get st4 —lim || Ly, q, ((e1 — eox)”)HC[O,a] =0,v = 1,2 with [0,a] C [0, 00)

HC[O,a]

and ||, ||C[0,a] is maximum norm. Therefore we obtain §4U; = 0, d4Us = 0
so 04U = 0 which completes the proof. O

Theorem 4.3. For each f € Cp|0,00)
||Ln,qn (f) - f”cB <K (fa 5n,x)
where {IKC (f;0n.2)}is the sequence of Peetre’s K-functional and

ne = gy (1 — 0wl +]

Ln(er = eon)’
cl0,a n (€1 — €o) o0l

and sty —liméy, 5, = 0 for each fized x € [0, 00).

Proof. For each g € C%[0,00) ,by using (24) and ( 25), we get

IEnas = sl < (M (01 = 02l

|

Lngn (€1 = eom)QHC[O’aJ lgllcz,
=na ”9”0123 say.
For each f € Cp[0,00) and g € C%[0,00), we obtain
”Ln,qnf - f”cfB < HLn,an - Ln,anHCB + HLN#Ing - gHC% + Hg - fHCB
<2lg = flley + 1ng9 = 9llce,
<21lg = Fllgy + e lglles

<2 (llg = flly + on lgllcs,) -
Taking the infimum on the right hand side over all g € C% [0, 00) we get
HLn,qnf - ch% <K (f?‘sn,w) .

By (14), we get st4 —lim 0, 5 = 0 so st4 —lim K (f;0p,2) = 0. Therefore we
n n

obtain the rate of A—statistical convergence of the sequence of the operators
Ly, 4. (f) to f in the space Cp [0, c0). O

5. CONCLUDING REMARKS

Some particular cases of the operators L, , are defined as follows:
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a) If we take ¢y (z) = (1+ ), then we obtain g-Balazs-Szabados
operators which are studied by O. Dogru [5]. In [5], the function f
has been taken as f ([k‘]q / [n]g) instead of f ([k]q /"t [n]fj) which
is a natural generalization of ¢g-Balazs-Szabados operators.

b) Taking into account the g-analogues of the exponential function

. o ih—1)/2 (Ml52)"
given by E, ([n}qx) = > 04 W and eg ([n]q x) =
oo (Inly2)* .
Y o ( [kaq!) choosing ¢, () = E, (— [n]qa)) or ¢y, () = eq (— [n],
with 8 = 1, we obtain ¢-Szasz-Mirakjan operators studied in differ-
ent spaces in [1| and [20], respectively.

¢) Taking ¢n (z) = (1+ q"flx);n we obtain the g-analogue of classical
Baskakov operators studied in [2].

Consequently the A—statistical approximation properties are valid in large

spectrum of the operators (5).

If we take A = I, identity matrix, we have the ordinary rate of conver-

gence for the operators (5) (see, |14, 16]).
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