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Inequalities of Jensen Type for
h-Convex Functions on Linear Spaces

SILVESTRU SEVER DRAGOMIR

ABSTRACT. Some inequalities of Jensen type for h-convex functions
defined on convex subsets in real or complex linear spaces are given.
Applications for norm inequalities are provided as well.

1. INTRODUCTION

We recall here some concepts of convexity that are well known in the
literature.
Let I be an interval in R.

Definition 1 ( [38]). We say that f : I — R is a Godunova-Levin function
or that f belongs to the class Q (I) if f is non-negative and for all x,y € I
and t € (0,1) we have

1

(11) Pl (1 =0)9) < 2 f @)+ =7 (0).

Some further properties of this class of functions can be found in [28,29,
31,44,47,48]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

The above concept can be extended for functions f : C C X — [0,00)
where C' is a convex subset of the real or complex linear space X and the
inequality (1.1) is satisfied for any vectors z,y € C and t € (0,1). If the
function f: C C X — R is non-negative and convex, then is of Godunova-
Levin type.

Definition 2 ( [31]). We say that a function f: I — R belongs to the class
P (I) if it is nonnegative and for all z,y € I and t € [0, 1] we have

(1.2) flr+A—=t)y) < f(z)+f(y).

Obviously @ (I) contains P (I) and for applications it is important to note
that also P (I) contain all nonnegative monotone, convex and quasi convez
functions, i. e. nonnegative functions satisfying
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(1.3) [z +(1=t)y) <max{f(z),f(y)}

for all z,y € I and ¢ € [0, 1].

For some results on P-functions see [31]| and [45] while for quasi convex
functions, the reader can consult [30].

If f:CCX —[0,00), where C' is a convex subset of the real or complex
linear space X, then we say that it is of P-type (or quasi-convex) if the
inequality (1.2) (or (1.3)) holds true for z,y € C and ¢ € [0, 1].

Definition 3 ( [7]). Let s be a real number, s € (0,1]. A function f :
[0,00) — [0,00) is said to be s-convexr (in the second sense) or Breckner
s-convex if

flz+ (1 —-t)y) <t°f(z)+(1—1)" f(y)
for all x,y € [0,00) and t € [0, 1].

For some properties of this class of functions see [1,2,7,8,26,27,39,41,50].

The concept of Breckner s-convexity can be similarly extended for func-
tions defined on convex subsets of linear spaces.

It is well known that if (X, [|-||) is a normed linear space, then the function
f(z)=|z||”,p>1is convex on X.

Utilising the elementary inequality (a + b)® < a® + b® that holds for any
a,b >0 and s € (0,1], we have for the function g (z) = ||z||° that

gltz+ (1 —t)y) =tz + A=)yl < @zl + (1 =) [ly])°
< (=) + (X =) lyll]®
=t°g(x)+(1-1)"g(y)
for any z,y € X and t € [0, 1], which shows that g is Breckner s-convex on
. In order to unify the above concepts for functions of real variable,
S. VaroSanec introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f
are real non-negative functions defined in J and I, respectively.

Definition 4 ( [53]). Let h : J — [0,00) with h not identical to 0. We say
that f : I — [0,00) is an h-convex function if for all z,y € I we have

(1.4) e+ (@ =t)y) <h(@)f(@)+h(1-1)f(y)
for all't € (0,1).

For some results concerning this class of functions see [6,42,49,51-53|.

This concept can be extended for functions defined on convex subsets
of linear spaces in the same way as above replacing the interval I be the
corresponding convex subset C' of the linear space X.

We can introduce now another class of functions.
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Definition 5. We say that the function f : C C X — [0,00) is of s-
Godunova-Levin type, with s € [0,1], if

(1) f b+ (1= 00) < 32 @)+ e ().

for allt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for
s = 1 we obtain the class of Godunova-Levin. If we denote by @, (C) the
class of s-Godunova-Levin functions defined on C, then we obviously have

P(C)=Qo(C) C Qs (C) C Qs (C)CQ1(C)=Q(0)
for 0 < s1 <359 <1.
For different inequalities related to these classes of functions, see [1-4,6,
9-37,40-42,45-52].
A function A : J — R is said to be supermultiplicative if

(1.6) h(ts) > h(t)h(s) for any t,s € J.

If the inequality (1.6) is reversed, then h is said to be submultiplicative. If
the equality holds in (1.6) then A is said to be a multiplicative function on
J.

In [53] it has been noted that if & : [0, 00) — [0, 00) with h () = (z + ¢)P ™",
then for ¢ = 0 the function h is multiplicative. If ¢ > 1, then for p € (0,1)
the function A is supermultiplicative and for p > 1 the function is submulti-
plicative.

We observe that, if h, g are nonnegative and supermultiplicative, the same
is their product. In particular, if h is supermultiplicative then its product
with a power function ¢, (t) = ¢" is also supermultiplicative.

The case of h-convex function with h supermultiplicative is of interest due
to several Jensen type inequalities one can derive.

The following results were obtained in [53] for functions of a real variable.
However, with similar proofs they can be extended to h-convex function
defined on convex subsets in linear spaces.

Theorem 1. Let h : J — [0,00) be a supermultiplicative function on J.
If the function f : C C X — [0,00) is h-convex on the conver subset C
of the linear space X, then for any w; > 0, i € {1,..,n}, n > 2 with

Wy, := >, w; > 0 we have
) f(@i).
In particular, we have the unweighted inequality

(1.7) / (V[l/ ZW%) < Zh (;[U;
=1 i=1
(1.8) f (iZ%) <h <711> > Flm).
i=1 i=1

n
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Corollary 1 ( [27]). If the function f : C C X — [0,00) is Breckner s-
convex on the convex subset C' of the linear space X with s € (0,1), then for
any x; € C, w; >0, i€ {1,...,n}, n>2 with W, :=>"" |, w; >0 we have

1 & 1 «—
(1.9) f ( wil“i) < wi f () -
W 22" ) = 2

S
n -

If (X, ]]]|) is a normed linear space, then for s € (0,1), z; € X, w; > 0,
ie{l,...,n}, n>2with W, := 3", w; >0 we have the norm inequality

n s n
Zwil‘i < waszHs
i=1 =1

Corollary 2. If the function f: C C X — [0,00) is of s-Godunova-Levin
type, with s € [0,1], on the convex subset C' of the linear space X, then for
any z; € C, w; > 0,1 € {1,...,n}, n > 2 we have

1 < JRy |
(1.11) f (m;wx> < Wn;wff(xi).

This result generalizes the Jensen type inequality obtained in [44] for
s =1.

Let K be a finite non-empty set of positive integers. We can define the
index set function, see also [53]

(1.10)

(1.12) T () = 3" hwi) £ ()~ h (Wic) £ (I/;KZM>
€K €K
where Wi := >, cpw; >0, 2, € C,i € K.
We notice that if A : [0,00) — [0,00) is a supermultiplicative function
on [0,00) and the function f: C C X — [0,00) is h-convex on the convex
subset C' of the linear space X, then

S () £ - 1 (WlKwa)] -

€K €K

(1.13)  J(K) > h(Wk) [

Theorem 2. Assume that h : [0,00) — [0,00) is a supermultiplicative func-
tion on [0,00) and the function f : C C X — [0,00) is h-conver on the
convex subset C' of the linear space X. Let M and K be finite non-empty
sets of positive integers, w; > 0, z; € C, 1 € KU M. Then

(1.14) JKUM)>J(K)+J(M)>0,
i.e., J is a superadditive index set functional.

This results was proved in an equivalent form in [53| for functions of a
real variable. The proof is similar for functions defined on convex sets in
linear spaces.
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Corollary 3. With the assumptions of Theorem 2 and if we note My, =
{1,...,k}, then
(1.15) J(Myp)>J(Mp—1) > ...> J (M) >0

and

~ 1<i<j<n

(1.16) — h(w; +w)) f <W>}

J (M) > max {h(wi)f(wi) + h (wj) f (z;)

w; + wj

> 0.

If we consider the functional

S

I (K) =) wi |zl —

1€EK

§ Wiy

€K

for s € (0,1), then we have the norm inequalities

S

n
> wf flaill” —

n S n—1
sz’xz’ > wa lzi]l® —
=1 =1

n—1
E W;T;
i=1

=1
(1.17) ) , s
> =y w) e - | wi|| =0
=1 =1

and

n n S

> wi llzl* = > wi
(1.18) i=1 i=1

> e {uf ol + 1w | = i+ wyay ) 2 0

where w; >0, z; € X, i€ {1,...,n}, n>2.

2. MORE JENSEN TYPE RESULTS

Let h(z) = > o7 janz" be a power series with complex coefficients and
convergent on the open disk D (0, R) C C, R > 0. We have the following
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examples
oo
1 1
:Zfz":ln , z2€ D(0,1);
n 1-2
n=1
oo
1
h(z) = Z (2n)!z2" = cosh z, z € C;
(2.1) Y
1 24l _ .
h(z):z_:owz” = sinh 2, z € G

= 1
z):g Zn:l—z’ z€ D(0,1).
n=0

Other important examples of functions as power series representations with
nonnegative coefficients are:

=1
=Y S =ewp(z),  zeC,
n!

_ 1 on—1_ 1 1+2 )
h(z)—z2n_1z —2ln<1_z), z€D(0,1);

n=1

2+l _ -1 D(0.1):
(2.2 Zf2n+1 z sin” " (z), z2e€D(0,1);
1
h(z):E:QH_1 2271 = tanh ™! (2), z€ D(0,1)
n=1

B i o ZT(n4+a)T(n+p)T(v)
hE) = B (@872 = D S T () T (n 4 )

Zn’a’/877> O?

2€D(0,1);

where I' is Gamma function.
The following result may provide many examples of supemultiplicative
functions.

Theorem 3. Let h(z) = > 07 janz"™ be a power series with complex co-
efficients and convergent on the open disk D (0,R) C C, R > 0. Assume

that 0 < r < R and define h, : [0,1] — [0,00), h;, (t) := ’;L((:t). Then h, is

supemultiplicative on [0, 1].

Proof. We use the Cebysev inequality for synchronous (the same monotonic-
ity) sequences (¢;);cy » (bi);cy and nonnegative weights (p;);cy

n n n n
(2.3) > pi Y picibi = > _pici Y pibi,
i=0 =0 i=0 =0
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for any n € N.

Let t,s € (0,1) and define the sequences ¢; := t', b; := s*. These sequences
are decreasing and if we apply Cebyéev’s inequality for these sequences and
the weights p; := a;rt > 0 we get

(2.4) Z a;rt Z a; (rts)" > Z a; (rt)’ Z a; (rs)’
i=0 i=0 0 =0

1=
for any n € N.
Since the series

e . s . > . © .
Z a;r', Z a; (rts)", Z a; (rt)" and Z a; (rs)"
=0 =0 =0 =0

are convergent, then by letting n — oo in (2.4) we get
h(r)h(rts) > h(rt) h(rs)
ie.
hy (ts) > hy (t) hy (s) .

This inequality is also obviously satisfied at the end points of the interval
[0,1] and the proof is completed.

Remark 1. Utilising the above theorem, we then conclude that the functions
1—7r

iy [0,1] = [0,00), Ay () i= T—

, 7€ (0,1)

and
hy :]0,1] = [0,00), hy () :=exp[-r(1—1¢t)], r>0
are supermultiplicative.
We say that the function f: C C X — [0,00) is r-resolvent convex with
r fized in (0,1), if f is h-convex with h (t) = 11:[75, i.€.

@25  Flta+ -0y <—r) |——F (@) + —

1—nrt 1—r+rtf(y)

for any z,y € C and t € [0,1].
In particular, for r = % we have %-resolvent convex functions defined by
the condition
1
(2.6) flz+(1-t)y) < 51
for any t € [0,1] and x,y € C.
Since
1 1 1 1
t<—<-andl —t< — < —— te (0,1
<g; < <1+t<1—tf0r € (0,1)

it follows that any nonnegative convex function is %-Tesolvent convex which,

in its turn, is of Godunova-Levin type.
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We say that the function f : C C X — [0

,00) is r-exponential convex with
r fized in (0,00), if f is h-convex with h(t) =

exp [-r (1 —1)], te.

(2.7) [tz + (1 —1t)y) <expl—r(l—1)] f(z)+exp(—rt) f(y)
for any t € [0,1] and x,y € C.
Since

t<exp[-r(l—1t)] and1—t <exp(—rt) forte[0,1]

it follows that any nonnegative convex function is r-exponential conver with
r € (0,00).

Corollary 4. Let h(z) = > 7 janz" be a power series with complex coef-
ficients and convergent on the open disk D (0, R) C C, R > 0. Assume that

0 < r < R and define h, : [0,1] — [0,00), h, (t) := f;l((:t)). If the function

f:CCX —0,00) is hp.-convex on the convex subset C' of the linear space
X, namely

@8) [+ (=09 < s B0 S @) +hir(L=0)f ()

for any t € [0,1] and x,y € C, then for any x; € C, w; > 0,7 € {1,...,n},
n > 2 with Wy, ==Y 1", w; > 0 we have

(2.9) f (V{lfn ;wm) <z b) 3 h (TVIIZ) f ).

7

Remark 2. If the function f : C C X — [0,00) is %—resolvent convexr on C,

then for any x; € C, w; >0, i€ {1,...,n}, n>2 with Wy, :==>" jw; >0

we have
f Liw‘r < W- i 1 f(a:)
Wn = ) ni=12W”_wi v

If the function f : C C X — [0,00) is r-exponential convex with r fized
in (0,00), then for any z; € C, w; > 0,1 € {1,...,n}, n > 2 with W,, :=
Yo wi >0 we have

(e S < S [ (1- 2] e

3. SOME RELATED FUNCTIONALS

Let us fix K € Py (N) (the class of finite parts of N) and z; € C (i € K).
Now consider the functional Jg : S; (K) — R given by

(3.1) Ji (p) := h(Pk) f (PlK ZPm) >0

1€EK
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where S, (K) := {p = (pi);e;|pi =0, i € K and Pg >0} withh: (0,00) —
(0,00) and f is nonnegatlve on C.

Theorem 4. Let h : (0,00) — (0,00) be a supermultiplicative (submulti-
plicative) function on J. If the function f : C C X — [0,00) is h-convex
(h-concave) on the convex subset C' of the linear space X, then for any
p,q €S+ (K) we have

(3:2) Ik (p+a) < (2)Jk (P) + Ik (a),
i.e., Ji is a subadditive (superadditive) functional on Sy (K).

Proof. If the function f : C C X — [0,00) is h -convex, then we have for
any p,q €54 (K)

JKk (p+q)
:h(PK+QK)f<Pj_PZ (pi +a:) 1)
€K
:h(PK+QK)f< K PKZlGKp;UKiii QKEzeK‘JgC)

(3.3)
< h(Pk + Qk)

(52 ) (QK Z%)]

= A.

Since h is supermultiplicative, then

Pk
h(PK+QK)h<PK+PK> < h(Pgk)

and

IN

h(Qk)

QK
h(Px +Qk)h <PK+PK>

which imply that

(34) A<h (PK ( sz$z> + h QK ( Z qle>

zEK ZEK
= Jk (p) + Jk (a).

Making use of (3.3) and (3.4) we deduce the desired result (3.2).
The case when h is submultiplicative and f : C C X — [0, 00) is h-concave
goes likewise and the details are omitted. I
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Corollary 5. Let h: (0,00) — (0,00) be a submultiplicative function on J.
If the function f:C C X — [0,00) is h-concave on the convex subset C of
the linear space X, then for any p,q €Sy (K) with p > q, i.e. p; > q; for
any t© € K, we have

(3.5) Jk (p) > Jk (q) > 0,

i.e., Ji is monotonic nondecreasing on Sy (K) .
The proof is obvious from (3.2) on noticing that

Jrk(p)=Jrk(P—qa+q)2Jx(p—q)+Jx(q) = Jk(q).
We also have:
Corollary 6. Let h: (0,00) — (0,00) be a submultiplicative function on J.
If the function f:C C X — [0,00) is h-concave on the convexr subset C of

the linear space X, then for any p,q €S54 (K) with Mp > q >mp, for some
M > m > 0, we have

h (M Px)
h (Px)

Proof. From the inequality (3.5) we have

Jig (Mp) > Jk (q) -

(3.6) Jrk (p) > Jk (q) >

However

Jx (Mp) = h (M Px) f (11( Z Mpil‘z)

which proves the first inequality in (3.6).
The second inequality can be proved similarly and the details are omit-
ted. B

Further, consider the functional L : Sy (K) — R given by

(3.7) Lic (p) == h(P) Y h ( P ) f (@) >0,

where S; (K) := {p = (pi)ief‘pi >0,i€ K and Pk > 0} with i : (0,00) —
(0,00) and f is nonnegative on C.

Theorem 5. Let h : (0,00) — (0,00) and f : C C X — [0,00). If h is
convex (concave) on (0,00) and g : (0,00) — (0,00) defined by g (t) = @

is decreasing (increasing), then for any p,q €S+ (K) we have

(3-8) Lk (p+a)<(>) Lk (p)+ Lk (q).
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Proof. 1If h is convex on (0,00), then we have for any p,q €5 (K)

- Di +q A
Lt =P+ Q0 S h () e

Pr 4 —I-QKQK
:h(PK+QK)Zh< PK+QK >

€K

Qk % '

* PK+QKh (QK)]f(:CZ)
_ h(Pk +Qk) Pk pi .
P +Qk §h< ) )

h(Pk + Qk) Qk 4
Prx 4+ Qx Zh(QK

Sh(Pk+Qr) % ) | 57—

€K

K K (

+ ' > f (@)
= B. =

= My

Since g (t) +— is decreasing, then

h(Px +Qk) _ h(Pxk)
Px +Qk Py

h(Px +Qk) _ h(Qk)
Px + Qk Qr

BnE X n () re0+n@0 S0 (g ) £

(3.10) €K €K
=Lk (p) + Lk (q)-
Making use of (3.9) and (3.10) we deduce the desired result (3.8).

The case when h is concave and ¢ is increasing goes likewise and the
details are omitted. 1

Corollary 7. Let h : (0,00) — (0,00) and f : C C X — [0,00). If h
is concave on (0,00) and g : (0,00) — (0,00) defined by g(t) = @ is
increasing, then for any p,q €S (K) with p > q we have

(3.11) Lk (p) > Lk (q) = 0.

Also, for any p,q €S+ (K) with Mp > q >mp, for some M > m > 0, we
have

| /\

and

IN

Therefore

h (M Pg)

(3.12)  (Pr)

Lk (p) > Lk (q) >
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We define the difference functional

Sk (p) := Lk (p) — Jk (P)

Son(£) £ - s (le me)] .

€K €K

= h(Pk)

We observe that, if A is supermultiplicative and f : C C X — [0,00) is
h-convex, then by Jensen’s type inequality (1.7) we have

Sk (p) > 0 for any p €51 (K).

Proposition 1. Let h : (0,00) — (0,00) be supermultiplicative and f :
C C X — [0,00) a h-convex function on C. If h is concave on (0,00)
and g : (0,00) — (0,00) defined by g (t) = %t) is increasing, then for any
P,q €54 (K)

(3.13) Sk (p+a) = Sk (p) + Sk (q) = 0.
If p,q €55 (K) with p > q, then we have
(3.14) Sk (p) > Sk (q) > 0.

Also, for any p,q €S+ (K) with Mp > q >mp, for some M > m > 0, we
have

h (M P K) h (mP K)
3.15 ——=S5 > S > ———=29 .
The proof follows by Theorem 4 and Theorem 5 and we omit the details.
If we take h(t) = ¢, i.e. in the case of convex functions we obtain from
Proposition 1 the superadditivity and monotonicity properties of the func-

tional
1
Jek (p) == sz'f (zi) — P f (P Zpﬁz)
icK K ek
established in ( [32]).
From (3.15) we get

(3.16) MJek (p) > Jex (q) > mJek (p)
that has been obtained in [24].
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