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Periodic Solutions for a System of Nonlinear
Neutral Functional Difference Equations with
Two Functional Delays

MOUATAZ BILLAH MESMOULI, ABDELOUAHEB ARDJOUNI,
AND AHCENE DJOUDI

ABSTRACT. In this paper, we study the existence and uniqueness of
periodic solutions of the system of nonlinear neutral difference equations

Az (n) =A(m)z(n—71(n)+AQ(n,z(n—g(n)))
+G (n,a(n),@(n - g(n).
By using Krasnoselski’s fixed point theorem we obtain the existence of
periodic solution and by contraction mapping principle we obtain the

uniqueness. An example is given to illustrate our result. Our results
extend and generalize the work [13].

1. INTRODUCTION

A qualitative analysis such as periodicity and stability of solutions of
neutral difference equations which the delay has been studied extensively
by many authors, we refer the readers to [1]-[5], [7]-]9], [10, 12, 13] and
references therein for a wealth of reference materials on the subject.

In 2005, Y. N. Raffoul in [13] studied the existence and uniqueness of
periodic solutions for the system of nonlinear neutral functional difference
equations

Az (n) = A(n)z(n) + AQ (n,z(n—g(n)))

(1) +G(n,z(n),z(n—g(n))).

By employing the Krasnoselskii’s fixed point theorem, the author obtained
existence results for periodic solutions. Also, the author used the contraction
mapping principle to show the uniqueness of periodic solutions of (1).
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In the current paper, we study the existence and uniqueness of periodic
solutions of the system of nonlinear neutral difference equations

@ Az (n) = A(n)z(n—7(n)+AQ (n,x(n—g(n)))
+G(n,x(n),z(n—g(n)),

where A(+) is N x N matrix with sequences as its elements, 7, g : Z — Z7
are scalar and the functions Q : Z x RY — RN and G : Z x RV x RN —
RN are continuous in . The sets Z and ZT denote the integers and the
nonnegative integers, respectively. In the analysis we use the fundamental
matrix solution of Az (n) = A(n)z(n) to invert the system (2). Then
we employ the Krasnoselskii’s fixed point theorem to show the existence of
periodic solutions of system (2). The obtained mapping is the sum of two
mappings, one is a compact operator and the other is a contraction. Also,
transforming system (2) to a fixed point problem enables us to show the
uniqueness of the periodic solution by appealing to the contraction mapping
principle.

The organization of this paper is as follows. In Section 2, we present the
inversion of (2) and the fixed point theorems that we employ to help us show
the existence and uniqueness of periodic solutions to system (2). In Section
3, we present our main results with an example.

2. PRELIMINARIES

For the definitions of the different notions used throughout this paper we
refer, for example [6, 7, 10, 11, 14].
For T > 1 define

Cr={¢:0€C(Z,RY), ¢(n+T)=¢(n)},

where C' (Z, RN ) is the space of all N-vector continuous functions. Then Cr
is a Banach space when it is endowed with the supremum norm
z()||=max|z(n) = max |x(n)],
o ()| = maxlo (o) = _max o (o)
Note that Cr is equivalent to the Euclidean space RVT, where |-| denotes
the infinity norm for z € RY. Also, if A is an N x N real matrix, then we
define the norm of A by
N
|A] = max lagj] -
=1

1<i<N 4
J

Definition 2.1. If the matrix B (-) is periodic of period T, then the linear
system

(3) y(n+1)=B(n)y(n),

is said to be noncritical with respect to 7', if it has no periodic solution of
period T except the trivial solution y = 0.
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In this paper we assume that
An+T)=A(n)
(4) Tn+T)=71(n

) >T7">0,
g(n+T)=g(n)

>
>g" >0,

where 7%, g* are constant. Forn € Z, x, y, z, w € RY | the functions Q (n, )
and G (n,x,y) are periodic in n of period T, they are also globally Lipschitz
continuous in x and in z and y, respectively. That is

(5) Qn+T,2)=Q(n,z), G(n+T,z,y) =G (nz,y),
and there are positive constants k1, ko, k3 such that

(6) Q(n,2) — Q (n,y)| < ki [|z —y,

(7) |G (n,z,y) — G(”?'va)’ < ko Hx - Z” + k3 Hy - w” :

Throughout this paper it is assumed that the matrix B (n) = I+ A (n) is
nonsingular and the system (3) is noncritical, where [ is the

N x N identity matrix. Also, if z () is a sequence, then the forward
operator E is defined as Fz (n) = z(n+1). Now, we state some known
results about system (3). Let K (n) represent the fundamental matrix of (3)
with K (0) = I, then:
det K (n) # 0.
K(n+T)=B(n)K(n)and K'(n+T) =K' (n)B~!(n).
System (3) is noncritical if and only if det (I — K (T')) # 0.
There exists a nonsingular matrix L such that
K(n+T)=B(n)K (n) LT and
K'(n+T)=L"TK"(n).

The following lemma is fundamental to our results.

Lo o

Lemma 2.1. Suppose (4) and (5) hold. If x € Cr, then x is a solution of
the equation (2) if and only if

n—1
z(n)=Qmaz(n—gm))— Y  Als)z(s)

s=n—r(n)
(8) n+T-1 s—1
+ ), G |[A() | Qlsw(s—g(e)) = D Au)x(u)
S=n u=s—7(s)
+F(s)x(s—7(s)+G(s,2(s),2(s —g(s))],

where

9 G(n,s)=K(n)(KN(T)—1)" "K' (s) (I - A(s) B (s)),
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and

(10) F(n)=An)—(1—A7r(n)A(n—7(n)).

Proof. Let x € Cr be a solution of (2) and K (-) is a fundamental matrix of
solutions for (3). Rewrite the equation (2) as

Az (n)=AMm)z(n)—An)z(n)+An)z(n—1(n))
+AQ(n,z(n—g(n)) +G(n,z(n),z(n—gn))

—_

=AMz ¥ Au
u=n—7(n)
+[A(n) —(1-A7(n)) A(n—7(n))
+AQ(n,z(n—g(n)))+G(n,z(n),

We put A(n) — (1 —A7(n)) A(n—7(n)) = F (n), we obtain

Since K (n) K= (n) = I , it follows that

0=A[K @)K (n)
=AMn)Kn)K ' (n)B ' (n)+ K (n) AK ™! (n)
=A(n)B ' (n)+ K (n)AK ! (n).

This implies
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If x (+) is a solution of (2) with z (0) = xg, then

K (n) ( () - Qmzimn—gm)+ A<u>x<u>)]

u=n—r7(n)

=AK'(n)E

n—1
z(n) = Q(mz(n—gm))+ Y A(U)I(U)]

u=n—r7(n)

+ K t(n)A

n—1
z(n) = Qnx(n—gm))+ A(U)%(U)]-

u=n—7(n)

Thus
n-1
A K™ (n) (x(n) —Q(n,z(n—g(n))) +u7§ ) A(u)m(U))]
= K '(n)A(n)B™ (n) "
x | B(n) (-’E(n) —Q(n,z(n—yg(n)) + ni A(U)w(u))

+ K1 (n)

n—1
A(n) (Q(n,x(ng(n))) > A(H)%(U))
(n)

+ (e (n—7 )+ G (e m).(n—gn))
— K" (n) (I~ A(n) B~ (n)

X

A(n) (Q (n,z(n—g(n)) -

+ F(n)x(n—7(Mn))+Gn,x(n),x(n—g(n)))).
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Summing of the above equation from 0 to n — 1 yields

n—1
z(n)=Q(mz(n—gm))~ Y Als)z(s)
(n)

S=n—T

s=—71(0)

+

=

S
/.~

-1
2(0)=Q0,z(0-g(0)+ > A(s)x(s))

(11) n-1

Since x (T') = xo = z (0), using (11) we get

2(0) = Q0.2 (~g(0) + > A(s)x(s)

s=—7(0)

z(n)=Q(mzn—gn))— Y Als)z(s)
s=n—7(n)
T-1
(13) +K (n)(I-K(T)™" Y K(T)K™"(s) (I - A(s) B (5))
s=0
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+ (F(s)a(s—7(s) +G(s,2(s),2(s = 9(5)))]

+K(n)) K '(s)(I—A(s) B (s))

(13) = .
X [A () (Q (s,2(s=g(N) = D A(U)»’U(U))
u=s—7(s)

+ (F(s)a(s—7(s) +G(s,2(s),2(s—9(s5)))]-
Now, we will show that (13) is equivalent to (8). Since

-1

(1=K (@) = (K1) (K@) -1))

n—1
p() = Qna(n—gm)— 3 Als)z(s)
s=n—r(n)
Tl
+ K (n) (K (1)} - I) K (s)(I—A(s) B (s))
5=0
s—1
. [A (5) (Q (s2(5—96)— 3 A<u>x<u>)
u=s—7(s)
+ (F(s)z(s—7(s) +G(s,2(s),2(s = g(5)))]
n—1
+Y K (n) K™ (s) (I - A(s) B (5))
5=0
s—1
x [A () (Q (s,2(s=g(s)— Y Az (u))
u=s—7(s)

+ (F(s)a(s—7(s) +G(s,2(s),2(s—9(s)))]-

For the sake of simplicity, we let
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then
z(n) =Q(n,z(n—g(n))) - g:l( )A(s)aj(s)
+ K (n) <K (1)~ - I>_1
X r_: K=1(s) D (s) +7§_§ (K (1) - I) K-1(s)D (3)]
— Qn.x(n—g(m) - “( As)x (9
+ K (n) (K (1)~ - I>_1 rl K~ (s) D (5)
par
+ nle (T 'K~ (s) D (s) — nzlf(l (s) D (s)]
Thus B B
z(n) =Q(n,z(n—g(n))) - nz:l( )A(S)HC(S)

By letting s = v — T and U (T) = (K (T)"! - I) , the above expression
yields

n—1
r() = Qr—gm)— 3 A(s)z(s)
s=n—7(n)
-~ n—1
(14) + K (n) (K(T)—1—1> ' ~S "K' (s) D (s)
s=T

T+n—1
+ Y KM 'K 'w-T)D(w-T)|.
v=T

By (d) we have K (n —T) = K (n) L~1 and K (T) = LT. Hence,
K'TYK'w-T)=K " (v).
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Consequently, since (4) and (5) hold, (14) becomes

n—1
z(n)=Qna(n—gm))— Y Als)z(s)

s=n—7(n)
+ K (n) (K (1)~ - I) o
n—1 T4+n—1
(15) x [=Y K (s)D(s)+ > K(T)"'K™'(s)D(s)
s=T s=T
n—1
=Qma(n—gm)— D A(s)z(s)
s=n—7(n)
1 n+T-1

+ K (n) (K(T)’l—l)7 S K(T) 'K (s)D(s).

The converse implication is easily obtained and the proof is complete. [J

We end this section by stating the fixed point theorems that we employ to

help us show the existence and uniqueness of periodic solutions to equation
(2); see [6, 14].

Theorem 2.1 (Contraction Mapping Principle). Let (X, p) a complete
metric space and let P : X — X. If there is a constant o < 1 such that for
x,y € X we have

p(Pz, Py) < ap(z,y),
then there is one and only one point z € X with Pz = z.

Krasnoselskii (see [14]) combined the contraction mapping theorem and
Shauder’s theorem and formulated the following hybrid result.

Theorem 2.2 (Krasnoselskii). Let M be a closed bounded convex nonempty
subset of a Banach space (X,||-||). Suppose that R and S map M into X
such that
(1) R is compact and continuous,
(it) S is a contraction mapping,
(13i) x,y € M, implies Rx + Sy € M,
then there exists z € Ml with z = Rz + Sz.

3. EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTION

By applying Theorems 2.1 and 2.2, we obtain in this Section the existence
and the uniqueness of the periodic solution of (2). So, let a Banach space
(Cr, []]]), a closed bounded convex subset of Cr,

(16) M={pelr, el <L},
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with L > 0, and by the Lemma 2.1, let a mapping H given by

n—1
(He)(n) =Q(n,p(n—g(m)) = Y A(s)p(s)

s=n—7(n)

n+T

(17) +> G (ns)

s—1
A(s) (Q(SMO(SQ(S))) > A(U)SO(U))

T F(s)p(s—=7(s) + G (s,90(s),0(s —g(s)))]
Therefore, we express equation (17) as
Hep =Re+Sp,
where R and S are given by

n+T

(Re) (n) =D G (n,s)

(18) + F(s)p(s—7(s) + G (s,0(s) (s —g(s)))],
and
n—1
(19) (Sp) () =Q(n,p(n—gm)— > Als)e(s).
s=n—7(n)

By a series of steps we will prove the fulfillment of (7), (i7) and (éii) in
Theorem 2.2. So that, since ¢ € Cr, (4) and (5) hold, we have for ¢ € M

(20) (Rg)(n+T) = (Re)(n) and Ry € C (Z,RY) = (RM) C Cr,
and
(21)  (Sp)(n+T)=(Sp)(n) and Rp € C (Z,RN) = (SM) C Cr.

Lemma 3.1. Suppose (4)—(7) hold. If R is defined by (18), then R is
continuous and the image of R is contained in a compact set.

Proof. Let oy € M where N is a positive integer such that oy — ¢ as
N — oco. Then

(Ren) (n) = (Re) (n)]
n+T s—1

<Z|g<n,s>|[m<s>\( S AW e (u) — o (w)

u=s—7(s)
1 1Q (s on (s~ () — Qs (s — g <s>>>|)
FIF )] lon (5 — 7 (8)) — 0 (s — 7 ()]

+1G (s,0n (8) v (s = 9(5)) =G (s,0(5) (s —9(5)))I]-
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Since @), G are continuous, the Dominated Convergence Theorem implies,
dm [(Rey) (n) = (Re) (n)] =0,
— 00

then R is continuous. Next, we show that the image of R is contained in a
compact set, let M defined by (16), by (6) and (7), we obtain

Q (n,9)] <[Q (n,y) — @ (n,0) + Q (n,0)]
< k1 lyll +1Q (n, 0)], |G (n, z, y)|
< |G (n,z,y) — G (n,0,0) + G (n,0,0)]
< ka2 [l2) + ks [lyl| + |G (n,0,0)].
Let oy € M where N is a positive integer, then by (18) we obtain
T—1
I(Re) (Il < e X (Al (@Al + ki L+ B) + | F| L+ (kz + k3) L + ]

s=0
=cT[|A|(a|A| L+ ki L+ )+ |F|L+ (ka+ ks) L +7],

where
a= sup |T(n)|,
nel0,7—1]NZ
B= sup [Q(n,0),
nel0,T—1)NZ
v = sup |G (n,0,0)],
nel0,7—-1]NZ

c=  sup < sup |G (n, 8)|> :

n€l0,T—1]NZ \ s€[n,n+T—1]NZ

Second, we show that R maps bounded subsets into compact sets. As M
is bounded and R is continuous, then RM is a subset of RVT which is
bounded. Thus RM is contained in a compact subset of M. Therefore R
is continuous in M and RM is contained in a compact subset of M. O

Lemma 3.2. Suppose (4)-(6) hold and

(22) ky+ alA| < 1.

If S is defined by (19), then S is a contraction.

Proof. Let S be defined by (19). Then for ¢1, p2 € M we have by (6)

(Se1) (n) = (Se2) (n)] = ‘Q (n, 1 (n—g(n)) = Q(n,p2(n—g(n)))

n—1 n—1
+ Z A(s)pr(s) — Z A(s) p2(s)
(n)

s=n—r(n) s=n—r
< (k1 + a|A]) [[o1 = ol -
Hence S is contraction by (22). O
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Theorem 3.1. Suppose the assumptions of the Lemmas 3.1 and 3.2 hold.
If there exists a constant L > 0 defined in M such that

CTUA\ (|A|L+kiL+B)+|F|L+ (k’2+k3)L+ﬂ
+kL+B+a|AL<LL.
Then (2) has a T-periodic solution.

Proof. By Lemma 3.1, R : M — Cr is continuous and R(M) is contained
in a compact set. Also, from Lemma 3.2, the mapping S : M — Cr is a
contraction. Next, we show that if ¢, ¢ € M, we have |Ry + S¢|| < L. Let
0, € M with ||¢||, [|¢]| < L. Then

I(Re) (-) + (S¢) ()| < eT[|Al (| A| L + k1 L + )
+ |F| L+ (ko + ks) L + 7]
+kiL+p+alAlL
< L.

Clearly, all the hypotheses of the Krasnoselskii’s theorem are satisfied. Thus
there exists a fixed point z € M such that z = Rz + Sz. By Lemma 2.1
this fixed point is a solution of (2). Hence (2) has a T-periodic solution. [

Theorem 3.2. Suppose the assumptions of Lemma 2.1 hold. If
(23)  T[JAl (@] Al + k1) + [F| + (ks + ka)] + k1 + ] A| < 1,
then equation (2) has a unique T-periodic solution.

Proof. Let the mapping H be given by (17). For ¢1, ps € Cp, we have
[(Hepr) (n) — (Hez) (n)]
<1Q(n, o1 (n—yg(n)) —Q(n,e2(n—g(n)))

n—1 n—1
+ Y A e - Y As)pal(s)
(n) (n)

n+T s—1
+ Y 1Gm)AG] | D [A@)] o1 (w) = o2 (w)]
s=n u=s—7(s)

+1Q (5,01 (s =9 (5)) —Q(s,02(s —g(s)))l]

n+T
+ > 1G () {IF (5)] o1 (s = 7 (5)) = p2 (s = 7 (5))]
+1G (5,01 (5) 1 (5 =9 (5))) = G (s,02(5), 2 (s — g (s)))]]
= [T [|A[ (a|A] + k1) + [F| + (k2 + ks)] + k1 + a|Al] o1 — @2

< llgr = wall-
Since (23) hold, the Contraction Mapping Principle completes the proof. [
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Corollary 3.1. Suppose (4) and (5) hold. Let M defined by (16). Suppose
there are positive constants k7, k5 and k3, such that for x, y, z and w € M,
we have

(24) 1Q (n,2) —Q (n,y)| < ki llz —yll and k7 <1,
(25) |G (n,2,y) — G (n,2,w) | < kal|r — 2] + K3 lly — wl].
and

T[|Al(a|A|L + KL+ B) + |F| L + (k3 + k3) L + ]
+kL+B+al|AL<L.

If |Hel| < L, for ¢ € M, then (2) has a T-periodic solution in M. More-
over, if

(26)

cT|A] (| Al + k7)) + | F| + (k5 + k3)] + ki + o |A] < 1,
then (2) has a unique solution in M.

Proof. Let the mapping H defined by (17). Then the proof follow immedi-
ately from Theorem 3.1 and Theorem 3.2. O

Remark 3.1. Note that, when 7 (n) = 0, the Theorems 3.1 and 3.2 reduces
to the Theorems 2.5 and 2.7 respectively in [13]. The first part of the
Corollary 3.1 reduces to [13, Corollary 2.6] and the second part reduces to
[13, Corollary 2.8].

Example 3.1. Consider the 2-dimensional nonlinear neutral difference sys-

tem
s ()= (3 20 Gazr))
(27) +A (/\1 sin(n)x?(n —~ g(n))>
<)\2 cos(n)a1 (n) ! Asz1(n — g(n))> ’
where

a0=(5 )

0
Qa0 = 900 = ot — o)

Gln,an)a(n () = ( 0 ).

Az cos(n)xi(n) — Azz1(n — g(n))

Let 7(n) = a € Z%, g(-) : Z — ZT are nonnegative sequence and 27-
periodic. Since the matrix B = I + A has eigenvalues with non-zero real
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parts, the system z (n + 1) = Bx (n) is noncritical. So, let a Banach space

(Con, [I11),
Con={¢:0€C(Z,R?), ¢(n+T)=¢(n)},
a closed bounded convex subset of Cp,
M ={p €Conr, ol <L}.
Let ¢ = (¢1,92), ¢ = (¢1,¢2). Then for ¢, ¢ € M we have
1G (e () =g()=G(0(),0( =g
<Azl =l + A3l -9

Hence k3 = Ag, k3 = A3, in the same way k] =2\ L, B3 =0, v =0 and

Fn)=An)—(1-A71(n))A(n—7(n)) =0, |4 =\
Consequently

T [As (AL + 20 L%) 4+ (A2 + A3) L] +2M L% + aM\L < L,

for all A;, 1 <1i <4 small enough. Then (27) has a 27-periodic solution, by
Corollary 3.1. Moreover,

cT [)\4 (Oz)\4 + 2/\1L) + (AQ + )\3)] 4+ 2M L+ aXg < 1,

is satisfied for \;, 1 < i < 4 small enough. Then (27) has a unique 27-
periodic solution, by Corollary 3.1.
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