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Some Properties of Second
Order Differential Equations

Qusuay H. Alqifiary

Abstract. In this paper we established the Hyers-Ulam-Rassias sta-
bility of a linear differential equation of second order with initial con-
dition. We also proved the Hyers-Ulam-Rassias stability of a nonlinear
differential equation of second order with initial condition.

1. Introduction

In 1940, Hyers-Ulam stability was introduced by S.M. Ulam [7] to raise
the question: suppose one has a function y(t) which is close to solve an
equation. Is there an exact solution x(t) of the equation which is close to
y(t)? (See [1, 12]). In 1941, D.H. Hyers [1] gave an affirmative answer to
the equation of Ulam for additive Cauchy equation in Banach spaces. A
generalized solution to Ulam’s problem for approximately linear mappings
was proved by Th.M. Rassias in 1978. Th. M. Rassias [11] considered a
mapping f : E1 → E2 such that t 7→ f(tx) is continuous in t for each fixed
x. Assume that there exists θ ≥ 0 and 0 ≤ p < 1 such that

‖f(x+ y)− f(x)− f(y)‖ ≤ θ(‖x‖p + ‖y‖p)
for any x, y ∈ E1.

After that, many mathematicians have extended Ulam’s problem in vari-
ous directions (see [2, 6, 13]). A Hyers-Ulam-Rassias problem with differen-
tial equations:
The differential equation φ

(
f, y, y′, . . . , y(n)

)
= 0 has the Hyers-Ulam-Rassias

stability with respect to function θ if there exist a constantM > 0 such that
for given ε > 0 and a function y such that

∣∣φ(f, y, y′, . . . , y(n))∣∣ ≤ εθ(t),
there exists a solution yc of the differential equation such that |y(t)−yc(t)| ≤
Mεθ(t).

Definition of Hyers-Ulam-Rassias stability have applicable significance
since it means that if one is studying an Hyers-Ulam-Rassias stable system
then one does not have to reach the exact solution.(which usually is quite
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difficult or time consuming). This is quite useful in many applications e.g.
numerical analysis, optimization,biology and economics etc., where finding
the exact solution is quite difficult.

Jung has proved the Hyers-Ulam stability of linear differential equations
(see [8, 10, 9]).

In this paper we will study the Hyers-Ulam-Rassias stability of a linear
and nonlinear differential equations of second order. There are two main
sections: in section(2), we will prove the Hyers-Ulam-Rassias stability of the
linear differential equation of second order

(1) z′′ + p(t)z′ + (q(t)− α(t))z = 0

with initial conditions

(2) z(t0) = 0 = z′(t0)

where q ∈ C0(I), p ∈ C1(I), I = [t0, t] ⊆ R, t0 > 0, P (t) > 0 and α(t) is
a bounded for all sufficiently large t in R. In addition to that in Section
3 we investigate the Hyers-Ulam-Rassias stability of the following nonlinear
differential equation of second order

(3) z′′ + p(t)z′ + q(t)z = h(t) |z|β e(
β−1
2

)
∫
p(t)dtsgnz, β ∈ (0, 1)

with the initial conditions

(4) z(t0) = 0 = z′(t0)

where h ∈ C1(I) and h(t) is a bounded for all sufficiently large t in R. It
should note here that we may assume that z > 0 in (3) because if z < 0 we
set z = −u, u > 0. So we will consider in future the equation

(5) z′′ + p(t)z′ + q(t)z = h(t)zβe(
β−1
2

)
∫
p(t)dt, β ∈ (0, 1).

2. Hyers-Ulam-Rassias stability of the linear differential
equation of second order

2.1. Preliminaries.

Definition 1. We will say that (1) has the Hyers-Ulam-Rassias stability
with θ(t), where θ : R→ [0,∞) and the initial conditions (2) if there exists
a positive constant K > 0 with the following property:
For every ε > 0, z ∈ C2(I) where t is sufficiently large in R, if

(6)
∣∣z′′ + p(t)z′ + (q(t)− α(t))z

∣∣ ≤ εθ(t)
then there exists some solution w ∈ C2(I) of (1), such that |z(t)− w(t)| ≤
Kεθ(t) and satisfies the initial conditions

(7) w(t0) = 0 = w′(t0).
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Lemma 1 (see [5]). A substitution z(t) = y(t)e−
1
2

∫
p(t)dt reduces (1) to (8)

(8) y′′ + y = α(t)y

where

(9) q(t)− 1

4
p2(t)− 1

2
p′(t) = 1

Lemma 2 (see [4]). Suppose that |α(t)| ≤ L for all t ≥ t0. If L < 1 then
any solution of (8) is bounded as t→∞.

2.2. Main Results I.

Theorem 1. Suppose that |α(t)| ≤ L < 1 for all t ≥ t0, and y ∈ C2(I),
such that |y′(t)| ≤ |y(t)| and satisfies the inequality

(10)
∣∣y′′ + y − α(t)y

∣∣ ≤ εθ(t)
with the initial condition

(11) y(t0) = 0 = y′(t0).

Then (8) with initial condition (11) has the Hyers-Ulam-Rassias stability
with respect to θ(t) such that θ(t0) = 0.

Proof. Suppose that ε > 0 and y ∈ C2(I), such that |y′(t)| ≤ |y(t)| and
satisfies (10) with the initial conditions (11) and M = max

t≥t0
|y(t)|.

From the inequality (10) we have

(12) −εθ(t) ≤ y′′ + y − α(t)y ≤ εθ(t).

Multiply the inequality (12) by y′ and then integrate we obtain

(13)

−2ε
t∫

t0

y′(x)θ(x)dx ≤ y′2(t) + y2(t)− 2

t∫
t0

α(x)y(x)y′(x)dx

≤ 2ε

t∫
t0

y′(x)θ(x)dx.

From which we get that

y2(t) ≤ 2

t∫
t0

α(x)y(x)y′(x) + 2ε

t∫
t0

y′(x)θ(x)

= 2ε

t∫
t0

y′(x)θ(x) + α(t∗)y2(t)

≤ 2εMθ(t) + LM2.
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Therefore
M ≤ 2ε

1− L
θ(t).

Hence |y(t)| ≤ Kεθ(t), for all t ≥ t0. Obviously, w(t) = 0 satisfies (8) and
the zero initial conditions (11) such that

|y(t)− w(t)| ≤ Kεθ(t).
Hence (8) with initial condition (11) has the Hyers-Ulam-Rassias stability.

�

Corollary 1. Suppose that |α(t)| ≤ L < 1 for all t ≥ t0, and z ∈ C2(I), such
that |z′(t)| ≤ |z(t)| and satisfies the inequality (6) with the initial condition
(2). If the integral

∫∞
t0
p(t)dt converges then (1) has the Hyers-Ulam-Rassias

stability with initial condition (2).

Proof. Suppose that z ∈ C2(I), such that
∣∣∣z′(t)∣∣∣ ≤ |z(t)| and satisfies the

inequality (6). From the Theorem 1 it follows that (8) has the Hyers-Ulam-
Rassias stability with initial condition (11) and according to the substitution
in Lemma 1 it follows that (1) has the Hyers-Ulam-Rassias stability with
initial condition (2). �

3. Hyers-Ulam-Rassias stability of the nonlinear differential
equation of second order

3.1. Preliminaries.

Definition 2. We will say that (5) has the Hyers-Ulam-Rassias stability
with θ(t), where θ : R→ [0,∞) and the initial conditions (4) if there exists
a positive constant K > 0 with the following property:
For every ε > 0, z ∈ C2(I) where t is sufficiently large in R, if

(14)
∣∣∣z′′ + p(t)z′ + q(t)z − h(t)zβe(

β−1
2

)
∫
p(t)dt

∣∣∣ ≤ εθ(t)
then there exists some solution w ∈ C2(I) of (5), such that |z(t)− w(t)| ≤
Kεθ(t) and satisfies the initial conditions

(15) w(t0) = 0 = w′(t0).

Lemma 3 (see [5]). A substitution z(t) = y(t)e−
1
2

∫
p(t)dt reduces (5) to (16).

(16) y′′ + y = h(t)yβ, β ∈ (−1, 0) ∪ (0, 1)

where

(17) q(t)− 1

4
p2(t)− 1

2
p′(t) = 1.

Lemma 4 (see [5]). Suppose that h(t) is a continuously differentiable func-
tion, bounded for all sufficiently large t ∈ R, and that the integral

∫∞
t0
|h′(t)| dt

is convergent then any solution of (16) is bounded as x→∞.



Qusuay H. Alqifiary 93

3.2. Main Results II.

Theorem 2. Suppose |h(t)| ≤ A for all t ≥ t0, and y ∈ C2(I), such that∣∣∣y′(t)∣∣∣ ≤ |y(t)| and satisfies the inequality

(18)
∣∣∣y′′ + y − h(t)yβ

∣∣∣ ≤ εθ(t), β ∈ (0, 1)

with initial condition

(19) y(t0) = 0 = y′(t0)

If A ≤ (β+1)
2 (max

t≥t0
|y(t)|)−β, for t ≥ t0, then the equation

(20) y′′ + y = h(t)yβ, β ∈ (0, 1)

has the Hyers-Ulam-Rassias stability with initial condition (19).

Proof. Suppose that ε > 0 and y ∈ C2(I), such that |y′(t)| ≤ |y(t)| and
satisfies (18) with the initial conditions (19) and M = max

t≥t0
|y(t)|.

From the inequality (18) we have

(21) −εθ(t) ≤ y′′ + y − h(t)yβ ≤ εθ(t).

Multiply the inequality (21) by y′ and integrate we obtain

−2ε
t∫

t0

y′(x)θ(x)dx ≤ y2(t) + y2(t)− 2

t∫
t0

h(x)y′(x)yβ(x)′dx

≤ 2ε

t∫
t0

y′(x)θ(x)dx.

From which we get that

y2(t) ≤ 2

t∫
t0

h(x)y
′
(x)yβ(x)dx+ 2ε

t∫
t0

y
′
(x)θ(x)dx

=
2h(t∗)yβ+1

β + 1
+ 2εMθ(t) ≤ 2AMβ+1

β + 1
+ 2εMθ(t).

Therefore
M ≤ 2ε

1− 2AMβ−1

β+1

θ(t).

Hence |y(t)| ≤ Kεθ(t), for all t ≥ t0. Obviously, w(t) = 0 satisfies (20) and
the zero initial conditions (19) such that

|y(t)− w(t)| ≤ Kεθ(t).
Hence (20) with initial condition (19) has the Hyers-Ulam-Rassias stability.

�
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Corollary 2. Assume that h(x) and z(t) satisfy the conditions of Theorem
2, and the inequality (14) with initial condition (4).

If A ≤ (β+1)
2 (max

t≥t0
|y(t)|)−β, for t ≥ t0 and the integral

∫∞
t0
p(t)dt con-

verges then (5) has the Hyers-Ulam-Rassias stability with initial condition
(2).

Proof. Suppose that z ∈ C2(I), such that |z′(t)| ≤ |z(t)| and satisfies the
inequality (14) with initial condition (4). From the Theorem 2 it follows
that (20) has the Hyers-Ulam-Rassias stability with initial condition (19)
and according to the substitution in Lemma 3 it follows that (5) has the
Hyers-Ulam-Rassias stability with initial condition (4). �
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