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Convergence to Common Fixed Points of Two
Asymptotically Nonexpansive Type Mappings

Safeer Hussain Khan

Abstract. Common fixed points of two asymptotically nonexpansive
type mappings have been approximated by strong convergence of an
iteration scheme in a uniformly convex Banach space.

1. Introduction

Let E be a real Banach space and C a nonempty subset of E. Let S :
C → C be a mapping. S is called asymptotically nonexpansive if for a se-
quence {kn} ⊂ [1,∞) with limn→∞ kn = 1, ‖Snx−Sny‖ ≤ kn ‖x− y‖ holds
for all x, y ∈ C and all n = 1, 2, . . .. S is called a mapping of asymptotically
nonexpansive type if lim supn→∞ supx∈C{‖Snx − Sny‖2 − ‖x − y‖2} ≤ 0
holds for each y ∈ C. S is also called uniformly k-Lipschitzian if for some
k > 0, ‖Snx−Sny‖ ≤ k ‖x−y‖ for all n = 1, 2, . . . and all x, y ∈ C. Asymp-
totically nonexpansive mappings have been studied by various authors. For
example, see [2], [3], [4] and [5]. It follows from the definitions that every as-
ymptotically nonexpansive mapping is an asymptotically nonexpansive type
mapping but not conversely.

Khan and Takahashi [4] took the problem of approximating the common
fixed points of two asymptotically nonexpansive mappings S and T through
weak and strong convergence. Two mappings case has a direct link with
the minimization problem, see for example [6]. Xu [8] proved the existence
of a fixed point of asymptotically nonexpansive type mappings. Chang et
al [1] studied the asymptotically nonexpansive type mappings T (one map-
ping case) for convergence to fixed point through Ishikawa and Mann type
iteration schemes. Keeping in view the importance of the common fixed
points, we approximate, in this paper, the common fixed points of two as-
ymptotically nonexpansive type mappings S and T through a more general
scheme:

x1 ∈ C, xn+1 = (1− αn)xn + αnTn[(1− βn)xn + βnSnxn],
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for all n = 1, 2, . . ., where {αn} and {βn} in [0, 1] satisfy certain conditions.
Our results will generalize the corresponding results of [4] and [1].

2. Preliminaries

Let E be a Banach space and let C be a nonempty closed bounded convex
subset of E. We need the following lemma which was first proved by Khan
and Takahashi [4] for two mappings case.

Lemma 1. Let E be a normed space and let C be a nonempty bounded,
closed and convex subset of E. Let, for k > 0, S and T be uniformly k-
Lipschitzian mappings of C into itself. Define a sequence {xn} as

x1 ∈ C, xn+1 = (1− αn)xn + αnTn[(1− βn)xn + βnSnxn],

for all n = 1, 2, . . ., where {αn} and {βn} are in [0, 1]. If

lim
n→∞

‖xn − Tnxn‖ = 0 = lim
n→∞

‖xn − Snxn‖,

then
lim

n→∞
‖xn − Txn‖ = 0 = lim

n→∞
‖xn − Sxn‖.

The following characterization of a uniformly convex Banach space proved
by Xu [7] will be used as well.

Lemma 2. Let p > 1 and r > 0 be two fixed real numbers.Then a Banach
space E is uniformly convex if and only if there is a continuous strictly
increasing convex function g : [0,∞) → [0,∞) with g(0) = 0 such that

(2.1) ‖λx + (1− λ)y‖p ≤ λ‖x‖p + (1− λ)‖y‖p − ωp(λ)g(‖x− y‖)
for all x, y ∈ U and 0 ≤ λ ≤ 1 where U is a unit ball of radius r centred at
0 and

ωp(λ) = λp(1− λ) + λ(1− λ)p.

In particular, for p = 2, (2.1) becomes

(2.2) ‖λx + (1− λ)y‖2 ≤ λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)g(‖x− y‖)

We would also like to recall the definition of the semicompactness. A
mapping S is called semicompact if for any bounded sequence {xn} in C
with limn→∞ ‖xn − Sxn‖ = 0 there exists a subsequence

{
xnj

}
of {xni}

such that xnj → p ∈ C as nj →∞.
Before we proceed further, we note that from definition of asymptotically

nonexpansive type mapping it follows that for a fixed point q ∈ F (S),

lim
n→∞

sup
m≥n

sup
x∈C

(
‖Smx− q‖2 − ‖x− q‖2

)
≤ 0.

Hence for given for given ε > 0, there exists a positive integer n0 such that

(2.3) sup
m≥n0

sup
x∈C

(
‖Smx− q‖2 − ‖x− q‖2

)
< ε.
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3. Main Results

First we prove our strong convergence theorem as follows.

Theorem 1. Let E be a uniformly convex Banach space and let C be its
closed and convex subset. Let S and T from C into itself be two uniformly
k-Lipschitzian semicompact mappings of asymptotically nonexpansive type
such that ‖Snx− Tny‖ ≤ ‖x − y‖ + εn for all x, y ∈ C where εn → 0 as
n →∞. Define a sequence {xn} in C as:

(3.1) x1 ∈ C, xn+1 = (1− αn)xn + αnTn[(1− βn)xn + βnSnxn],

for all n= 1, 2, . . ., where {αn} and {βn} are sequences in [0, 1] such that
0 < δ ≤ αn, βn ≤ 1 − δ < 1 for all n = 1, 2, . . .. If F (T ) ∩ F (S) 6= φ then
{xn} converges strongly to a common fixed point of S and T .

Proof. Let q be a common fixed point of S and T . Put, for the sake of
simplicity, zn = (1− βn)xn + βnSnxn. Then (3.1) can be written as xn+1 =
(1− αn)xn + αnTnzn.Then using (2.2), we have

‖xn+1 − q‖2 = ‖(1− αn)(xn − q) + αn(Tnzn − q)‖2

≤ (1− αn)
∥∥xn − q

∥∥2 + αn

∥∥Tnzn − q
∥∥2−

− αn(1− αn)g (‖xn − Tnzn‖) .

Since E is a uniformly convex Banach space so by Lemma 2 there is an
increasing function g with g(0) = 0.Therefore g (‖xn − Tnzn‖) ≥ 0 and
hence

‖xn+1 − q‖2 ≤ (1− αn)
∥∥xn − q

∥∥2 + αn

∥∥Tnzn − q
∥∥2

≤ ‖xn − q‖2 + αn

(
‖Tnzn − q‖2 − ‖zn − q‖2

)
+ αn

(
‖zn − q‖2 − ‖xn − q‖2

)
≤ ‖xn − q‖2 + αn

(
‖Tnzn − q‖2 − ‖zn − q‖2

)
+ αn

[
βn

(
‖Snxn − q‖2 − ‖xn − q‖2

)
−(3.2)

−βn(1− βn)g (‖xn − Snxn‖)]

≤ ‖xn − q‖2 − δ3

2
g (‖xn − Snxn‖)

+ αn

(
‖Tnzn − q‖2 − ‖zn − q‖2 − δ2

4
g (‖xn − Snxn‖)

)
+ αnβn

(
‖Snxn − q‖2 − ‖xn − q‖2 − δ

4
g (‖xn − Snxn‖)

)
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Let η = infn≥0 ‖xn − Snxn‖ .We now prove that η = 0. Suppose on contrary
that η > 0. Since g is continuous and increasing so

g (‖xn − Snxn‖) ≥ g(η) > g(0) = 0

yields

‖xn+1 − q‖2 ≤ ‖xn − q‖2 − δ3

2
g (η)

+αn

(
‖Tnzn − q‖2 − ‖zn − q‖2 − δ2

4
g (η)

)
+αnβn

(
‖Snxn − q‖2 − ‖xn − q‖2 − δ

4
g (η)

)
Since S and T are mappings of asymptotically nonexpansive type so, by
(2.3), for a given δ2

4 g(η), there exists a positve integer n0 such that

‖Snxn − q‖2 − ‖xn − q‖2 <
δ2

4
g (η) <

δ

4
g (η) for all n ≥ n0

and

‖Tnzn − q‖2 − ‖zn − q‖2 <
δ2

4
g (η) for all n ≥ n0 .

This gives

(3.3) ‖xn+1 − q‖2 ≤ ‖xn − q‖2 − δ3

2
g (η) for all n ≥ n0 .

so that
m∑

n=n0

δ3

2
g (η) ≤ ‖xn0 − q‖2 − ‖xm+1 − q‖2

≤ ‖xn0 − q‖2 for all m ≥ n.

Letting m → ∞ , we reach at a contradiction. Hence η = 0. By definition
of η there is a subsequence {xni} of {xn} such that

(3.4) ‖xni − Snixni‖ → 0 as ni →∞
By Lemma 1,

(3.5) ‖xni − Sxni‖ → 0 as ni →∞
Since S is semicompact there exists a subsequence

{
xnj

}
of {xni} such that

(3.6) xnj → p ∈ C as nj →∞.

Since S is continuous so

(3.7) Sxnj → Sp as nj →∞

Therefore by (3.5), ‖p− Sp‖ = 0 implies p ∈ F (S) in C. Now
∥∥Snjxnj − p

∥∥ ≤∥∥Snjxnj − xnj

∥∥ +
∥∥xnj − p

∥∥ gives by virtue of (3.4) and (3.6) that

(3.8)
∥∥Snjxnj − p

∥∥ → 0 as nj →∞.
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Now znj = xnj + βnj

(
Snixnj − xnj

)
. Therefore by (3.4) and (3.6),

(3.9) znj → p as nj →∞

Next, consider∥∥Tnjznj − p
∥∥ ≤

∥∥Tnjznj − Snjxnj

∥∥ +
∥∥Snjxnj − p

∥∥
≤

∥∥znj − xnj

∥∥ + εnj +
∥∥Snjxnj − p

∥∥
≤

∥∥znj − p
∥∥ +

∥∥xnj − p
∥∥ + εnj +

∥∥Snjxnj − p
∥∥

→ 0 as nj →∞.

That is

(3.10) Tnjznj → p as nj →∞.

Moreover,∥∥znj − Tnjznj

∥∥ ≤ ∥∥znj − p
∥∥ +

∥∥Tnjznj − p
∥∥ → 0 as nj →∞.

So by Lemma 1,
∥∥znj − Tznj

∥∥ → 0 as nj →∞. By continuity of T , znj → p
implies Tznj → Tp and hence p = Tp. Consequently p ∈ F (T )∩F (S). Now
consider (3.2) again with q = p,∥∥xnj+1 − p

∥∥2 ≤
∥∥xnj − p

∥∥2 − δ3

2
g

(∥∥xnj − Snjxnj

∥∥)
+ αnj

(∥∥Tnjznj − p
∥∥2 −

∥∥znj − p
∥∥2 − δ2

4
g

(∥∥xnj − Snjxnj

∥∥))
+ αnjβnj

(∥∥Snjxnj − p
∥∥2 −

∥∥xnj − p
∥∥2 − δ

4
g

(∥∥xnj − Snjxnj

∥∥))
Then by (3.4), (3.6), (3.8), (3.9), (3.10), the fact that g is continuous and
g(0) = 0 we obtain

(3.11) xnj+1 → p as nj →∞.

Also
lim sup
nj→∞

(∥∥Snj+1xnj+1 − p
∥∥2 −

∥∥xnj+1 − p
∥∥2

)
≤ lim sup

nj→∞
sup
x∈C

(∥∥Snj+1x− p
∥∥2 − ‖x− p‖2

)
≤ lim sup

n→∞
sup
x∈C

(
‖Snx− Snp‖2 − ‖x− p‖2

)
≤ 0

because S is asymptotically nonexpansive type mapping. Since xnj+1 → p,

therefore lim supnj→∞

(∥∥Snj+1xnj+1 − p
∥∥2

)
≤ 0 and so

(3.12) lim sup
nj→∞

∥∥Snj+1xnj+1 − p
∥∥ = 0 as nj →∞.
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Now znj+1 = xnj+1 + βnj+1

(
Snj+1xnj+1 − xnj+1

)
gives by (3.11) and (3.12)

(3.13) znj+1 → p as nj →∞.

Again∥∥Tnj+1znj+1 − p
∥∥ ≤ ∥∥Tnj+1znj+1 − Snjxnj+1

∥∥ +
∥∥Snjxnj+1 − p

∥∥
≤

∥∥znj+1 − xnj+1

∥∥ + εnj+1 +
∥∥Snjxnj+1 − p

∥∥
≤

∥∥znj+1 − p
∥∥ +

∥∥xnj+1 − p
∥∥ + εnj+1 +

∥∥Snjxnj+1 − p
∥∥

→ 0 as nj →∞.

That is Tnj+1znj+1 → p as nj →∞. Contining in this way , we can prove by
induction that for any m = 0, 1, 2, . . . , xnj+m → p as nj → ∞. As a result
xn → p ∈ F (T ) ∩ F (S). This completes the proof. �

Remark 1. Since every asymptotically nonexpansive mapping is of asymp-
totically nonexpansive type, Theorem 2 of [4] is now contained in the above
theorem.

Remark 2. Theorems 2.1, 2.2, 2.3 and 2.4 of Chang et al [1], and the
results generalized there, are all a special case of our above theorem.
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