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Central Operation of the (n, m)-Group

RADOSLAV GALIC AND ANITA KATIC

ABSTRACT. In this paper we have defined a central operation of the
(n,m)-group, as a mapping « of the set Q"~>™ into the set @™, such
that for every a7~ 2™, b7 2™ € Q and for every z7* € Q™ the following
equality holds:
Ao (a?_Qm) cayTEm, z") = Az, a (b?_Qm) ,b?_2m) .

This is a generalization of the notion of a central operation of the n-
group, i.e. of the central element of a binary group. The notion of
the central operation of the n-group was defined by Janez USan in [4].
Furthermore, in this paper we have proved some claims which hold for
the central operation of the (n, m)-group.

1. NOTION AND EXAMPLE

Definition 1.1. Let @ be a nonempty set and let A be a mapping of the
set Q™ into the set Q™. Then, we say that (Q, A) is an (n, m)-groupoid.
Definition 1.2 ([1]). Let n > m + 1 and let (Q, A) be an (n, m)-groupoid.
We say that (Q, A) is an (n, m)-semigroup iff for every i,j € {1,..., n —
m +1}, 4 < j and for every 22"~™ € Q the following equality holds:

(1) Al A ) ) = A (oA (7))
Remark. The equality (1) is called an (i, j)-associative law.

Definition 1.3 ([1]). Let n > m + 1 and let (Q, A) be an (n, m)-groupoid.
We say that (@, A) is an (n, m)-group iff the following statements hold:
a) (@,A) is an (n,m)-semigroup, and
b) for every i € {1,...,n—m+ 1} and for every a}' € @Q, there is
exactly one z7" € Q" such that the following equality holds:

(2) A (aililv I{na a?im) = a’z—m—l-l‘
An important notion in the theory of the (n,m)-group is {1,n —m + 1}-
neutral operation. This notion was introduced by Janez USan in 1989 and

it is a generalization of the notion of a neutral element in binary structures.
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54 CENTRAL OPERATION OF THE (n,m)-GROUP

Definition 1.4 ([3|). Let n > 2m and let (Q, A) be an (n,m)-groupoid.
Also, let ey, er and e be mappings of the set Q™2™ into the set Q™. Then:

1) er, 1s a lett {1,n — m + 1;-neutral operation of the (n,m)-groupol

i is a left {1 1 1 i f th id
(Q, A) iff for every z]* € @) and for every a?72m € @ the following
equality holds

Afer (a72") a1 7", ") = af;

(ii) ep is aright {1,n —m + 1}-neutral operation of the (n, m)-groupoid
(Q, A) iff for every 2" € @ and for every a?_%‘ € @ the following
equality holds

A a2, e (a7 = P

(iii) eisa {1,n —m + 1}-neutral operation of the (n, m)-groupoid (@, A)

iff for every 27" € @ and for every a?iQm € @ the following equalities
hold

Ale (d2m) af " ) = af
and

A (2, a2 e (af7PM)) = 2.

Remark. For (n,m) = (2,1), the definition 1.4. is a definition of a neutral
element in binary groupoid.

In an (n, m)-group, for its {1,n — m + 1}-neutral operation, the following
proposition holds.

Proposition 1.5 ([2]). Let (Q,A) be an (n,m)-group, n > 2m and e
its {1,n —m + 1}-neutral operation. Then for every z[* € Q™, for every
n—22m

ay € Q and for every i € {1,...,n—2m+ 1} the following equalities
hold:

i

Aai ™", e (a]7") a2t =

A (:L”ln, a?m e (a’f_gm) ,a’i_l) =z,
m
1 .
One more important notion in the theory of the binary structures is a
central element. The next definition give the generalization of this notion.

Definition 1.6. Let (Q, A) be an (n,m)-group, n > 2m and let a be a
mapping of the set Q" 2™ into the set Q™. We say that a is a central
operation of the (n, m)-group (Q, A) iff for every a?_zm, b?‘Qm € @ and for
every x" € Q™ the following equality holds:

(3) A(a(af™2™) a2 ) = A (2, o (bP72™)  bp2m)
Remark. For m = 1 a notion of the central operation of the n-group was
defined in [4]. Furthermore, for (n,m) = (2,1), « (a?iQm) = a(d) = ¢

equality (3) is A (c,z) = A(z,c), Vo € Q, that is a definition of the central
element of a binary group.
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Example 1.7. By definitions 1.4. and 1.6. and proposition 1.5. we conclude
that the {1,n — m + 1}-neutral operation of the (n, m)-group (Q, A) is the
central operation.

2. MAIN PROPOSITIONS

Proposition 2.1. Let (Q, A) be an (n,m)-group, n = 2m and « its central

operation. Than for every ay™ 2m N 2m,:z:7f € Q the following equalities
hold:

711_2m7 A (x?)) =

)

A(

A(

A( )

A (m’f‘, A (a b?fzm) ,b?iZm, 53371711) ,x§m+1),'
A( )

A(

a):

A(
A0 (5727) 52 ) &
Ao (5727) B ) )

Proof b):

i Ao (b7727) by 2" al) s 2B 4a)
Proof c):

a( —2m) n 2m A( )) (3)

A (bn 2m) b71L—2m) (2

m n—2m n—2m ®3)
) (n m+1s & (bl 2 )’bl ? )):

zy”
A2 A (0 (077 B ) O

Proposition 2.2. Let (Q, A) be an (n,m)-group, n > 2m. Furthermore, let

a be a mapping of the set Q™2™ into the set Q™ and for every a?*zm pr2m gm
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Q the following equality holds:
(4) Al af 7 o (@] 7) = A7 0 (b)) 2T

n—2am bn 2m

Than for every aj 2 € Q the following equalities hold:

a) A(A(2f), a7 " o (a7”*")) =

A (A ($1 7bn 2m (bn 2m)) ’le+1);
b) A(A(x}),ay” 2m ya(ap™m)) =
Al A (oS B @ (7)) )
Q) A(AD) . " (@) =
A (m?—m7 A (xn7m+17 b7ll_ m? «Q (b?_ m))) .
Proof. a)
N n—2m n—omyy 4
A(A(af) 0", a (0] 72")) =
n—2m n—am n (—)
AT (2, A(ep)
n—=2m n—22m m n )
A(A®Ba (Bp72m) 2l) af) =
A (A (2, 677" a (b)) 2 ia)
Proof b)
A(AGD) a7, a (ap ) @
n—m n n—2m n—zm @
A(:Ul ,A(:L’n_m+1aa1 2 7a(a1 2 ))) -
n—m n—2m —2m n 0
A(.’L‘l ,A(bl 2 ,Ol(bl 2 )7xnfm+1>) =
A ($?72m7 A (:Ez:gnm—i-la b?72m7 & (b?72m)) ’xﬁ_m"‘l) :
Proof c)
A(A (D) a0 0 2m))
1/-,%1 ’ 1
n—m n—2m n—am @
A(a}l ,A(a:n m+1> 31 2 a(al 2 ))) -
n—m n— m n—am n @
Ay AT o (07727) 2 ) =
A (.%'? m,A ( Lp— m+1 bn—2m, o (bql‘L_Qm))) : L

Proposition 2.3. Let (Q, A) be an (n,m)-group, n = 2m and « its central
operation. Than for every aj™ m b 2m ,x7 € @ the following equalities
hold:

) A( ( n— 2m) a?f 2m 1’?1) _A(.Tl ,bn 2m (b?—Zm));

b) A(l’l, (a? 2m) a? 2m) _A(bn 2m (bn Qm) ,."L'T')
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d
Proof. a): Let y" ;fA (mT,b’f_2m,a (b’f_Qm)) for every b’f_zm,x{” € Q.
Than for arbitrary sequence 2" € @ the following sequence of equalities
hold:

—

1)

A 07 A1) = A (A (7,017 (0]777)) b2
S A (02 Y = A (B2 A (o (b2 2 ) P
S A (BT ) = A (@2 a2 A (2 B ) @
G A (Y B ) = A (A (o (ap2m) a2, o) b2, ) &

@yi” Ao () o)

Proof b): Let y1 <A (B72™, o (bY2™) &) for every by 2™ 2 € Q.
Than for arbitrary sequence 27" 6 Q@ the following sequence of equalities
hold:

A(D0=2m o gy = A (Bp2m, 0 A (0027 o (b-2m) ))&

A(B2m i gy = A (20, A (2 502 o (b=2m)) | ) P

A(D02m 0 gy = A (0727, A (a (a27) al=2m ) ) D

A(Bp2m 30 ) = A (027, A (20 o (a2 ai=2m) | gy

A(Bp=2m o my = A (B0=2m i A (o (aB2m) | n=2m, gmy))

A(D02m i gy = A (B2 00 A (2 o (a22m) | at=2m)) B
yit=A(

e (a’f_Qm) ,a?_Qm) . O
)

Proposition 2.4. Let (Q,A) be an (n,m)-group, n > 2m and let o be
a mapping of the set Q" 2™ into the set Q™. Furthermore, let for every
a?‘Qm by~ e Q and for every x € Q™ the equality (4) holds. Than
for every a]™ m N M e Q and for every xT' € Q™ the following equalities

hold:
a) A (a(a™*") at ™" al) = A (2 B o (b))
b) A (2, (a}™2™), a? 2m) A by~ 2m. (bn ) a).

Proof. a): Let < Ao (af ") .0} ay") for every af "2 € Q.
Than for arbitrary sequence 2" € @ the followmg sequence of equahtles

hold:

m m m n— m (1)
A(Z17a71Z 2 ayl):A(Zlval 2mA( ( - ) ay 2m ))<:>

(2.2.a)

A (2" a}” Zm,y{n) A (A (2" a]” Qm,a(a?_Zm)) ar—m z) S
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e

A(z{”,a? 2m’y1n) ( (21 7a’iz 2m m) bn 2m (b711—2m))

s

2)

Y CHN NS

A
A (a7 A (2072 e (0772))
yi'=A

(331 ’bn 2m (b? 2m))

d
Proof b): Let yi* = (9571”’04 (a77?™) ,a}~?™) for every a} ™, a7 € Q.
Than for arbitrary sequence 21" € @ the following sequence of equahtles
hold:

s = A a ()2 apom)

A A ) = A (A (@ (a2 a2y o ap ) ¥

A (Y, 20, am=m) = A (2, A (a (al=2m) al=2m, ) | qn2m) B&Y
A 20 m) = A (A B (72 )

A(y, 20, al=2m) = A (2, A (P27, (a22m) 20, an2m) &
A ap ) = A(A ] a0 (af2)) 2 ap o) &
Ay, 2 a2y = A (A Q2" (0772 o) a2 B D

Theorem 2.5. Let (Q,
mapping of the set Q2
are equivalent:

CRES

) be an (n,m)-group, n = 2m and let o be a
into the set Q™. Than the following statements

(i) « is a central operations of the (n,m)-group (Q, A);
(ii) for every z* € Q™ and af~ 2m b Im e Q the following equality
holds
A (551 yay” m o (a?_zm)) =A (b?_zm, o (b’f_zm) ,azgn) .
Proof. (1) = (i1)
A (2], a7 a (a)72M)

A(a:l,oz(al —2 ),al 2 ) =

(id) = (2)
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