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Some Equalities Which Hold in the
(n,m)-Group (Q, A) for n > 2m

RADOSLAV GALIC AND ANITA KATIC

ABSTRACT. In this paper, we have proved two equalities which hold in
an (n, m)-group (@, A) for n > 2m. The first of them is a generalization
of the equality (a - b)_1 = b~!. 47!, which holds in the binary group
(@, -). The second of them is equality

A YTy = A(A( a7 (0T e (01 ) T e T ).

1. PRELIMINARIES

The notion of an (n, m)-group was introduced by éupona in 1983, as a
generalization of the notion of an n-group, that is of a group. Let ) be a
nonempty set and let A be a mapping of the set Q™ into the set Q. Then,
we say that (@, A) is an (n, m)-groupoid.

Definition 1.1 ([1]). Let n > m+ 1 and let (Q, A) be an (n, m)-groupoid.
We say that (@, A) is an (n, m)-group iff the following statements hold:
(i) For every 22"~ € Q and for every i,j € {1,...,n —m+1},i < j,
the following law holds
(1) A (:Eliil,A (xzernfl) xanm) —A (le‘fl’A (xj:Jrnfl) $2n7m) )

' Yit+n J »Yi+n

(ii) For every i € {1,...,n—m+ 1} and for every a} € @ there is
exactly one z7* € Q™ such that the following equality holds

(2) A (azlilv :len’ ayim) = G’Z—m—i-l'

Remark. The equality (1) is called an (i, j)-associative law. If in the (n, m)-
groupoid (Q, A) the statement (i) holds, then we say that (Q, A) is an (n, m)-
semigroup.

An important notion in the theory of the (n, m)-groupisa {1,n —m + 1}-
neutral operation. It is a generalization of the notion of a neutral element
in binary structures. The notion of a {1,n —m + 1}-neutral operation was
introduced by USan in 1989.
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Definition 1.2 ([2]). Let n > 2m and let (Q, A) be an (n, m)-groupoid.
Also, let ey, er and e be mappings of the set Q™2™ into the set Q™. Then:

(i) er is a left {1,n — m + 1}-neutral operation of the (n,m)-groupoid
(@, A) iff for every 2" € @ and for every aj™ 2m ¢ the following
equality holds

A (eL ( e 2m) ,a?_zm,m’ln) = z1"

(ii) egis aright {1,n —m + 1}-neutral operation of the (n, m)-groupoid
(Q, A) iff for every 2" € @ and for every aj™ 2m ¢ @ the following
equality holds

A (a2 en (a27)) = a7

(iii) eisa {1,n —m + 1}-neutral operation of the (n, m)-groupoid (@, A)

iff for every 2" € Q and for every a}~*™ € Q the following equalities
hold

A e (af™ 2m) a3 ,xf") = af’
and

A (2], af” 2m ce(al™ 2m)) =z

Remark. For (n,m) = (2,1), the Definition 1.2 is a definition of a neutral
element in the binary groupoid (@, A).

2. AUXILIARY PROPOSITIONS

Some properties of the {1,n —m + 1}-neutral operation, which we used
in main theorems, are contained in the following propositions.

Proposition 2.1 ([2]). Every (n,m)-group (Q,A), n > 2m, has a
{1,n — m + 1}-neutral operation.

Proposition 2.2 ([4]). Let (Q, A) be an (n,m)-groupoid and n = 2m. Fur-
ther on, let the following statements hold:
(i) The (1,n —m + 1)-associative law holds in (Q, A);
(ii) For every af € Q there is at least one x* € Q™ such that the equality
Aap™™ xT) =ay_,,.1 holds;
(iii) For every al € Q there is at least one y7* € Q™ such that the equality
Ay, al™™) =al_,, .4 holds.
Then there are mappings e : Q" 2™ — Q™ and ' : Q"™ — Q™ such
that the following laws
(a) (( —2m bm) 17 111 2m A( 1171’(1? 2m .ﬁUT)) 1,71717
(b) ( xl ,(11 - bm) CL? 2 (a’?72ma len) 1)
() A (b af =" (ap 2" b)) = e (af ),
) A (e

(d —2m bm 17 111 2m bm
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hold in the algebra (Q;A,*1 ,e).

Remark. The mapping ~! : Q"™ — Q™ can be defined by the neutral
operation in the following way: let E : Q?" 3™ — Q™ be a {1,2n — 2m + 1}-

2
neutral operation of the (2n — m, m)-groupoid (Q, A), where is

2 n—m def n n—m
Az = A(A(2h),222™) .

Then the mapping ~! : Q"™ — Q™ is determined by the following equality:

“1d
(af™ ! efE( 17 b a}™?™) and called an inverse operation of
the (n, m) groupoid (Q A).

—2m bm

3. MAIN RESULTS

In the following theorem, a well known equality (a - b)_1 =bt.agt,
which holds in binary structures, is generalized.

Theorem 3.1. Let (Q, A) be an (n, m)-group, n > 2m and let ~1 : Qn~™
Q™ be its inverse operation. Then, for every af ,b71”, AT e Q) the followmg
equality holds

(Cl —2m A(al 701 —2m bm)) —A(( n—2m bm) 1, 71’L 2m (C'iz 2m’a§n) 1).

Proof. Letebea {1,n —m + 1}-neutral operation of the (n, m)-group (Q, A)

n—22m

it exists by proposition 2.1) and let a{?, b7, ¢ € e arbitrary elements
it exists by ition 2.1) and let ai*, b7*, cf @ be arbitrary el t
of the set Q. Then the following equivalence holds:

A (A a2 b)) = e (2m) T

A (2 A (a2 b)) T AR A (A (0 ) ) ) =
Mumqummﬁﬁmwﬁm)

By the proposition 2.2 (a), for ¢} *" = a}~*" and A (a}*, ¢} ~>™, b1") = b,

we conclude that the following equality holds:

A((C? 2m A(CLl ’Cn 2m bm)) 176711—27717

A(A(al",c} —2m NN 2m x)) = ol

By the definition of a {1,n —m + 1}-neutral operation, we conclude that
the following equality holds:

A((Fm A g, b) e () ) =
= (7", A (a]" 701_2m7b71n))_1
Hence, we have the following equality:

(3) o = (2 A (a2 b)) !
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Furthermore, the following sequence of equivalences holds:
A(A a2 b)) = e (2m) '
A a2, A, o a)) = e () H
A ((011172771’ aﬁ”)_l LA A (al, mIm A (b7, c’ffzm,:cg”))) =
=A ((071‘_2’”, a71")_1 LM e (c?_Qm)>
By the proposition 2.2 (a) we conclude that the following equality holds:
A ((c?_%", a’f‘)f1 ,c?_Qm, A (a’ln, ch_2m, A ( " c?_Qm, xT))) =
A ( 71”,0711727”73:’1”) .

By the definition of a {1,n —m + 1}-neutral operation, we conclude that
the following equality holds:

A(emap) e (7)) = (G ap)
Hence, we have the following equality:
A, G al) = (G ap)
Further on, the following equivalence holds:
A a) = (¢ ap) T
A (2o T A o ) ) =
= A () e (g ap) ) A

o = A (7o) T (@) ).

(4)

By (3) and (4) we conclude that the following equality holds:
(F>m A a2 b)) =

=A ((c?_Qm, b{”)i1 ,chm (0711_27”, a{”)A) . O
Theorem 3.2. Let (Q, A) be an (n,m)-group, n > 2m, lete : Q" 2™ — Q™
be its {1,n —m + 1}-neutral operation and let =1 : Q™™™ — Q™ be its
inverse operation. Then for every a?_Qm,b?_2m,xT,y{” € Q the following
equality holds:

A (2, b2y =

O (A (@ e (02) ) o ).

Proof. For n = 2m the equality (5) reduces to the equality: A (21", y]") =
A", 1)
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Let n > 2m. For the arbitrary sequences a} ™™, b} =™

the following sequence of equalities holds:

oy 2 € Q

m n—2m  m) L2 m ,n—2m n—2m n—22m , m 11_(1)
A(217a12 ,yl)——A(zl,alz 7A(6(%_2 27b12 yl)) -

= A (A (a2 e (B2M)) by, 1)
Hence, we have the equality:
6) A (A (z{n, a?_zm, e (b?_zm)) ,b?_Qm, y{”) =A (z’ln, a’f_Qm, y{n) i
Further, the following sequence of equivalences holds:
A (=, al=im e (b?iQm)) =l 1%:@)
A(A Gt (52m)) ™ (a7 (52)) ) =
= A (o, a2 (an2m e oy 2m)) ) A
Z=A (:Ui”, al"*m, (ay ™ e (b?‘Qm))fl) .

If the first equality of the above sequence of equivalences is put to the left
side of equality (6) and the third equality to the right side of equality (6),
then the statement of this theorem is proved. O

The above discussed equality for m = 1, was proved in [3].
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