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Transversal Ordered Interval and
Edges Spaces, Fixed Points and Applications

MiLAN R. TASKOVIC

ABSTRACT. In this paper we formulate a new structure of spaces which
we call it transversal (upper, middle or lower) ordered interval spaces.
Also, we formulate a new structure of spaces which we call it transver-
sal (upper, middle or lower) ordered edges spaces. We introduce this
concepts as a natural extension of transversal probabilistic, Fréchet’s,
Kurepa’s and Menger’s spaces. This are concepts of transversal spaces
with nonnumerical transverses. Transversal ordered interval and edges
spaces are new concepts of spaces in the fixed point theory and fur-
ther a new way in nonlinear functional analysis. In this sense , we
introduce notions of the ordered interval contractions on upper and
lower transversal ordered interval spaces and prove some fixed point
statements as and further applications. This concept have very impor-
tant applications in numerical analysis and quantum particle physics by
L. Collatz [Funktionalanalysis und Num. Math. Springer-Verlag,
1964].

1. INTRODUCTION, FACTS AND HISTORY

The notion of distance d(z,y) between points  and y is very old and is essential
connection with measurements. Certainly, the notion is present in works of Thales
of Milet (circa 624B.C.-546B.C.), one of the seven wise men of the Antic Greece,
the first man who predicted the eclipse of the sun (for the year 585 B.C.); he
performed various calculations with distances and angles.

A perpetual monument to the old notion of distance is the Pythagora Theorem
on triangles of Pythagoras of Samos (circa 560 B.C. - 480 B.C.). In fact, this
theorem was already known in Babylon at the time of King Hammurabi (circa
1728 B.C. - 1686 B.C.).
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Presumably, however, it was a mathematician of the Pythagorean school who
first proved the Pythagorean theorem. This theorem appears as Proposition 47 in
Book I of Euclid’s Elements (300 B.C.).

The concept of an abstract metric space, introduced by M. Fréchet in 1905,
furnishes the common idealization of a large number of mathematical, physical
and other scientific constructs in which the notion of a distance appears.

The objects under consideration may be most varied. The may be points, func-
tions, sets, and even the subjective experiences of sensations. A generalization
which was first introduced by K. Menger in 1942 and, following him, is called a
statistical metric space.

In 1934 Dj. K ur e p a defined pseudodistancional spaces, with the nonnumerical
distance, which play an important role in nonlinear numerical analysis (see: L.
Collatz [11]). After that several authors investigated the distance functions
taking values in partially ordered sets (A. Appert, M. Fréchet,J. Colmez,
R. Doss, Ky Fan, Papi¢, Frink and others in the year’s 40’s and 50’s).
See also: Azzimondi-Scaravelli [6], Frink [23],and Wald [60].

Concept of transversal spaces where introduced in 1998 by Taskovié¢ [54] as a
nature extension of Fréchet’s, Kurepa’s, and Menger’s spaces in the following sense.
Also see: Taskovié [51-58].

Let X be a nonempty set and let P := (P, <) be a partially ordered set.
The function p : X x X — P is called an upper transverse on X (or
upper transversal) iff: plz,y] = ply, x], and if there is an upper bisection
function g : P x P — P such that

(A) ple,y) < sup {plz. =), plz, ). 9 (ol 2], ol 1)) |

for all z,y,2z € X. A transversal upper space is a set X together with
a given upper transverse on X. The element 6 = p[x,y] € P if and only if
x =y is called spring of space X.

Let k = N, (a > 0) be a regular cardinal. Call a topological space X an
upper k-transversal space or a g(D,)-space if there exists p: X x X —
wa U{wa} := W such that p[z,y] = w, if and only if x =y, p[z,y] = ply, =],
and if there is g : W x W — W such that (A) for all z,y,z € X.

We notice, Fréchet’s spaces are important examples of upper k-transversal
spaces.

Open problem 1. Does for every regular cardinal k > Rg there exists an
upper k-transversal (i.e., an g(Dy)-space) nonlinearly orderable topological
space? Does some of upper transversal spaces have the fixed point property?

Let X be a nonempty set and we chosen an upper bisection function
g: (RY) = (RY) :=[0,400) defined by

g(s,t) =(s) + 1t (r>1,%: R(}r — R?r)

for a self-map ¢ with the property )(x) — 0 (x — 0), then X is an example
of transversal upper space, which where introduced in 1974 by M. Cicchese
[9]. Special case of this spaces recently is considered Czerwik [13].
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In connection with the preceding, let P := (P, <) be a partially ordered
set. The function p : X x X — P is called a lower transverse on X (or
lower transversal) iff: plz,y] = ply,x] and if there is a lower bisection
function d : P x P — P such that

(B) inf {p[w, 2], plz,y), d(plz, 2], p[zyy])} < pla, y]

for all x,y,z € X. A lower transversal space is a set X together with
a given lower transverse on X. The element 6 = p[z,y] € P if and only if
x =y is called spring of space X.

Middle transversal spaces. As a new space (or as third side of a
given space) is a middle transversal space by Taskovi¢ [54]. In this sense, a
middle transversal space (or middle space) is an upper transversal space
and a lower transversal space simultaneus. For further facts of the middle
transversal spaces see: Taskovié [54] and [56].

In the theory of metric spaces, as and in the theory of transversal spaces,
it is extremely convenient to use a geometrical language inspired by classical
geometry.

Thus elements of a transversal space will usually be called points. Given an
upper transversal space (X, p), with the upper bisection function g : P x P — P
and a point o € X, the open ball of center « and radius r € P is the set

g(B(a,r)) ={reX : pla,z] <1},

till for given a lower transversal space (X, p), with the lower bisection function
d: P x P — P and a point a € X, the open ball of center o and radius r € P is
the set
d(B(a,r)) ={zeX : r<pla,a]}.
In connection with this, for any nonempty set Y in the upper transversal space
(X, p), the diameter of Y is defined as

diam(Y) := sup{p[z,y] : z,ye€Y}

where A C B implies diam(A) < diam(B). On the other hand, for any nonempty
set Y in the lower transversal space (X, p), the diameter of Y is defined as

diam(Y) := inf{p[z,y] : z,ye Y}

where A C B implies diam(B) =< diam(A). We notice that this notations are
essential for further work.

Let k =X, (o > 0) be a regular cardinal. Call a topological space X a lower
k-transversal space or d(D,)-space if there exists the function p : X x X —
wa U {wa} := W such that: p[z,y] = w, if and only if z = y, p[z,y] = ply, z], and
if there is d : W x W — W such that (B) for all x,y, 2 € X.

Open problem 2. Does for every regular cardinal k > Rg there exists a lower
k-transversal (i.e., an d(D,)-space) nonlinearly operable topological space? Does
some of lower transversal spaces have the fized point property?

We notice, in connection with this problem, that work of Dj. Kurepa in 1963 is
very important, where there is result that for every regular cardinal k£ > R there
exists a k-metrizable (i.e., an D,-space) nonlinearly orderable topological space. A
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proof of this result was exhibit by S. Todorc¢evié in 1981. Alsosee Kurepa
[27-31].

Karl Menger initiated the study of probabilistic metric spaces in 1942. A
probabilistic metric space in which the "distance" between any two points is a
probability distribution function. Every Menger’s space is a lower transversal space
(see: Taskovic¢ [54]). The possibility of defining such notions as limit and continuity
in an arbitrary set is an idea which undoubtedly was first put forward by Maurice
Fréchet in 1904, and developed by him in his famous doctoral dissertation 1905
(publish in 1906).

In 1934 Djuro Kurepa introduced the notion of a pseudo-metric space: and in
1936 also Dj. Kurepa introduced , for a given ordinal v, the notion of (A®) or (D)
as the class of pseudo-metric spaces. The case a = 0 coincides with the class of
metric spaces.

A special feature in the former notions (of Fréchet and Kurepa) is the
"triangular relation" occurring in the elementary geometry and in many other cases.

At the same time, Fréchet consider instead of triangular relation, apparently
weaker, regularity condition: There exists a self-map f of R} := (0,400) into
itself such that f(z) — 0 (x — 0) and that for any triple (a, b, ¢) of elements of X
one has p(a,b) < z and p(b,c) < x implies p(a,c) < f(x).

Fréchet remark that metric spaces (X, p) and preceding spaces (X, p, f) with
the regularity condition have similar properties. In 1910 he asked whether this
two classes of spaces should be the same. Chittenden in 1917 confirmed this
conjecture. A simple proof was exhibited by Frink in 1937.

We remarked that an important example of upper transversal spaces is also and
every Fréchet’s space with the regularity condition. For this an upper bisection
function g : (R%) — (R%) can be defined by g(s,t) = max{z, f(z)}.

On the other hand, let 7 = w, be a regular cardinal number, X a set, and
(G,+,=<) a linearly ordered abelian group with cofinality cof(G) = w, at the
identity element 0 € G (which means that 0 is the infimum of strictly decreas-
ing 7-sequence {z, : a € 7} C G\{0}). An 7T-metric on X is a function
p: X x X — G which satisfies all the metric axioms (i.e., pz,y] = 0 if and
only if v =y, plz,y] = ply, 2] and plz, y] < plz, 2] + p[z, y]).

This definition of spaces X was given by R. Sikorski in 1950 using the name w,-
metrizable topological space (if its topology can be induced by some w,,-metric
on X).

Call, for £k = X, (a > 0), a topological space X a k-metrizable space or a
D,-space if there exist p : X x X — w, U{w,} and ¢ : w, — w, such that:
p(x,y) = wy if and only if z = y, p(x,y) = p(y,x), and if p(z,y) > ¢(€) and
p(y,z) > ¢(&) implies p(z,2) > £ This definition of space X was given by Dj.
Kurepa in 1934.

Obviously, w,-metrizable topological spaces are fundamental examples of upper
transversal spaces with the upper bisection function g : G x G — G defined by
g(s,t);=s+1.

Also, D,-spaces of Dj. Kurepa for a > 0 are fundamental examples of lower
transversal spaces with the lower bisection function d : P x P — P defined by
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d(s,t) := inf{&, #(&)} for some function ¢ : w, — ws and & < w,. A funda-
mental first example of upper transversal space for the upper bisection function
g:(RY)? — RY defined by g(s,t) := s+t is a metric space.

2. UPPER TRANSVERSES ON PARTIALLY ORDERED INTERVALS

In connection with the preceding, let P := (P, <) be a partially ordered
set and for a,b € P and a < b, the set (interval) [a, b] is defined by

[a,b] :={t :te P and a<t<b}.

The function p : X x X — [a,b] for a < b is called an upper or-
dered interval transverse on X (or upper ordered interval transversal)
iff: p[z,y] = ply, x| and if there is an upper (ordered interval) bisection
function g : [a,b] X [a,b] — [a,b] such that (A).

A transversal upper ordered interval space is a set X together with
a given upper ordered interval transverse p: X x X — [a,b] for a < b on X,
where every decreasing sequence {uy }nen of elements in [a,b] has a unique
element u € [a,b] as limit (in notation wu, — w or limu,, = u).

In further, let S be a nonempty totally ordered set. A mapping M : S —
[a, b] for a < b is called an upper function if it is decreasing with inf M = a
and sup M = b. We will denote by D the set of all upper functions.

Next two spaces are very interesting examples upper ordered interval
spaces.

First, an upper ordered statistical space is a pair (X,R), where X is an
abstract set and R is a mapping of X x X into the set of all upper functions D.
We shall denote the upper function R(u,v) by M, ,(z) or M, , whence the symbol
M, »(z) will denote the "value" of M, , at € S. The functions M, , assumed to
satisfy the following conditions: My, , = My, M, (c) = b for some ¢ € S, and

(Eq) Myo(xz)=a for z>c ifandonlyif u=w,

and if M, ,(x) = a and M, ,(y) = a implies M, ,(max{z,y}) = a for all u,v,r € X
and for all z,y € S.

In view of the condition M, ,(c) = b, which evidently, implies that M, ,(c) =b
for every x < ¢. Thus condition (Eq) is equivalent to the statement: u = v if and
only if M, ,(z) = A(x), where A(z) =bif v S cand A(z) =aif z > c

Also, M, »(x) may be interpreted as the "measure" that the distance between
u and v is less that x. Second example of transversal upper ordered interval space,
an upper ordered interval space (or Taskovic¢’s ordered interval space from
[65]) is a nonempty set X together with the functions M, ,(x) with the following
properties: M, , = M, ,, My ,(c) = b for some ¢ € S, (Eq), and if there is a
nondecreasing function f : [a,b] X [a,b] — [a, b] with the property f(¢,t) < t for all
t € [a, b] such that

(Nt) My (max{z,y}) < f(Mur(2), My (y))
for all u,v,r € X and for all z,y = ¢. (Namely, the function f : [a,b] x [a,b] — [a, D]
is nondecreasing if a;,b; € [a,b] and a; < b; (i = 1,2) implies f(a1,a2) =

F(by,b2).)
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We notice, if we had chosen an upper ordered bisection (interval) function g :
[a,b] x [a,b] — [a,b] such that g = f (from (Nt)), then we immediate obtain that
every upper ordered interval space, for p[u, v] = M, ., is a transversal upper ordered
interval space, because in this case from (Nt) for y = = the following inequalities
hold:

plu, o] = My o(max{z,y}) < f(Mur(2), Mroly)) =

= 9(plu. 7). plryol) < sup {plu. 1, plr ), 9 (o, .l v]) |-

On the other hand, if: M, , = My, M,.(c) = b for some ¢ € S, (Eq), and if
there is a function v : [a, b] X [a,b] — [a,b] such that

Mu,v(x) < ’l/)(Mu,T(I)’ MTW(I))

for all u,v,r € X and for every x = ¢, then it is an example of transversal upper
ordered interval space also.

A very characteristic example, for further work, of the transversal upper
ordered interval spaces is the following space in the following form.

A transversal upper ordered interval T-space is a pair (X, p), where
X is a transversal upper ordered interval space and where the upper ordered
interval transverse plu,v] = M, ,(x) satisfying: M, , = My, My(c) =0
for some ¢ € S, and (Eq).

In further, the concept of a neighborhood can ce introduced and defined
with the aid of the upper ordered interval transfers. In fact, neighborhoods
in transversal upper ordered interval spaces may be defined in several non-
equivalent ways. Here we shall consider only one of these.

If pe X, p > cfor some ¢ € S and r > a, then an (u, r)-neighborhood
of p, denoted by U,(u,r), is denoted by

Up(p,r) = {q € X : plp,q] = Mpq(p) < 7"}~

Lemma 1. Let (X, p) be a transversal upper ordered interval space, where
the upper ordered interval transverse plp,q] = Mpq(x). If e1 < €2 and
r1 < 12, then Up(er,r1) C Up(ea, ra).

Proof. Suppose g € Uy(ey,r1) so that My ,(e1) < m1. Then M, 4(e2) <
My 4(e1) < r1 < ro, whence, by definition, ¢ € Up(e2,r2). The proof is
complete.

From the preceding facts, in this topology a sequence {p,}nen in X con-
verges to a point p € X (in notation p, — p) if for some ¢ € S and for
every u = c and every o > a, there exists an integer M(u, o) such that
pn € Up(p,0), ie., plp,pn] = Mpp, (1) < 0 whenever n > M(u, o).

Lemma 2. Let (X, p) be a transversal upper ordered interval T-space, where
the upper transverse plu,v] = My (z). If pn — p, then My, — My, = A,
i.e., for every x € S, My, () — Mpp(x) = A(x), and conversely.

Proof. If x > ¢, then for every ¢ > a, there exists an integer M(x,¢)
such that M,, () < e whenever n > M(z,e). But this means that



MiLaN R. TaskoviC 55

limy, oo Mpp, (x) = a = My ,(z). If © = ¢, then for every n, My, (c) =b
and hence limy, oo Mpp, (¢) = b = M), p(c). The converse is immediate. The
proof is complete.

On the other hand, if T : X — X, then a function u — M, 1, (z) is
ordered lower semicontinuous at { € X if {uy}nen is a sequence in X
and u, — £ (n — oo) implies that M¢ ¢ < lim My, v, (z) for every x € S.

In connection with the preceding, the sequence {p,}nen will be called
fundamental in X if for some ¢ € S and for each p > ¢, 0 > a there is
an integer M(p, o) such that p[py, pm| = My, p.. (1) < o whenever n,m >
M(u, o), or in an equivalent entry as

lim (diam{pk k> n}) =a.
n—oo

In analogy with the completion concept of metric space, a transversal
upper ordered interval space X will be called complete if each fundamental
sequence in X converges to an element in X.

In further we introduce a notion of an ordered interval upper contrac-
tion on a transversal upper ordered interval space and prove a fixed point
statement.

A mapping T of a transversal ordered upper interval space (X, p) into
itself for p[u,v] = M, ,(x) will be called an ordered interval upper con-
traction in there exists an increasing function ¢ : S — S such that t < ¢(t)
for every t € S, for some ¢ € S that is

(As) lim M,,(¢"(t)) =a forevery t>c,
and such that

MTu,Tv (l‘) <

< sup {Mu,v(¢($))v My, ru(p(2)), My 10(0(2)), Mo (0(2)), Mv,TU(‘P(x))}
for all u,v € X and for every x > c.

Theorem 1. Let (X,p) be a complete transversal ordered upper interval
T-space, where the upper transverse plu,v] = M, ,(x) is ordered lower semi-
continuous and the upper bisection function g : la,b] X [a,b] — [a,b] is
nondecreasing such that g(t,t) < t for all t € [a,b]. If T is any ordered
interval upper contraction mapping of X into itself, then there is a unique
point p € X such that Tp = p. Moreover, T"q — p for each q € X.

Proof. For this proof the following inequalities are essential. Namely,
from the conditions for the function g : [a,b] X [a,b] — [a,b] we obtain the
following inequalities

M 9(s,t) < g((sup{s, t},sup{s, t}) < sup{s.}

for all s,t € [a,b]. On the other hand, since X is a transversal ordered
upper interval space, for some ¢ € S and for every x = ¢ we have from (1)
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the following inequalities

o Mur(@) <0 {Mar(@), My (@), 0 (M (). M) §
< ... sup {Mu’r(m), Mm(:n)}.

To prove the existence of the fixed point, consider an arbitrary v € X,
and define u,, = T"(u), for n € NU{0}. We show that sequence {uy }nenuqoy
is fundamental in X. Then for ¢ > ¢ and m > n (m,n € N) from (2) is

(3) Mt (1) <UD { Mo (8, s Moty (D) -

On the other hand, since T is an ordered interval upper contraction map-
ping, from (2) we obtain for every ¢ > ¢ the following inequalities

Munyun+1 (t) = MTUn—lvTun (t) #
<D { M, 0 (9(8)): M, 1, (1)),

Ma, - o (9(8)), My 1 (9(8)), M 1, (2(8)) } =
(@) =S { M (900, Muy iy (2()s My (2(8)),
Map i (9(8))s My s (9(8)) } <
<50 { Mat,at, (9(0)s Mt (9(8)): Moty s (9(6)) } <
< 5D { Mat, a1, (2(0)s My (9(0) §

and thus

(5) M (2(8) < 50D { Moy 0 (£2(6)), Mty (62(8)) -

From (4) and (5) it follows by induction that for every integer k € N the
following inequality holds

M (®) < 80P { Ma 0 (90, Munr (£5(0)

that is, when & — oo, we obtain My, v, ., (t) < My, _; u,(p(t)) for every
n €N ie.,

(6) My 1 () < Mg, (07 (2))

for every n € N. Hence, from the former inequality (3), we obtain

Maiy (8) = 50D { Mg (2 (1), s Mg (677 (0)) } = Mg, (67 (1)),

that is, My, un, (t) < Mygu, (™ (t)). Hence, since { My, (¢"(t)) }nen is a
decreasing sequence from definition of the limes on [a, b] and (As), {un fnenufo)
is a fundamental sequence in X. Since X is a complete space, there is an
p € X such that u, — p, that is T"(u) — p.
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Since plu,v] = M, () is an ordered lower semicontinuous function, from
(As) and (6), we have

My 1p(t) < im My, 1y, () = Him My, y,, . (£) <o < HEm Mg, (€7(2)) = a,

i.e., this means that is Tp = p.

We further prove the uniqueness. Suppose p # g and Tp = p, Tq = q.
Then, there exists an x > ¢ and an a < r < b, such that M, ,(z) = r.
However, since T is an ordered interval upper contraction mapping, we have

Mp () = MrpTe(T) <

< 50 { My (p(2)), My p ((2)), My (9(a)), Myg(0(0)), Mop(i(2)
and thus M, ,(x ) < My 4(o(z )), i.e., by induction,

alp
r=Mpg(r) S Mpg(p(@)) < - S Mpg(@"(2));

and hence, since Mp7q(g0 (x)) — a as n — oo, it follows that r = a, i.e.,
p = q. This contradicts the choice of a < r < b, and therefore, the fixed
point is unique. The proof is complete.

In connection with the preceding statement, from our the Principle of
Symmetry (see: Math. Japonica, 35 (1990), p. 661), we obtain as an imme-
diate consequence of Theorem 1 the following result.

Theorem 2. Let (X,p) be a complete transversal ordered upper interval
T-space, where the upper transverse plu,v] = M,y ,(x) is ordered lower semi-
continuous and the upper bisection function g : [a,b] X [a,b] — [a,b] is non-
decreasing such that g(t,t) < t for all t € [a,b]. If there exists an increasing
function ¢ : S — S such that t < ¢(t) for every t € S with the property (As)
for some ¢ € S and if for each uw € X there is a positive integer n = n(u)
such that

Mrpn(y) 1n(0) (®) <
< 50D { Moy (9(2)), Ma o (9(2)), Mana (9(2)), Mo (), Mo (9(2)) )

for every v € X for every x = ¢, then T has exactly one fived point p € X
and T™q — p for every q € X.

On the other hand, from the preceding facts, since every upper ordered
interval space is a transversal upper ordered interval T-space, hence Theo-
rems 1 and 2 holds and for upper ordered interval spaces; similar, and for
upper ordered statistical spaces.

Also, as an immediate consequence of the preceding Theorem 1 we obtain di-
rectly the following interesting cases of upper ordered interval contractive map-
pings:

(M) There exists an increasing function ¢ : S — S with the property (As) for
some ¢ € S such that for each u,v € X and for every = > ¢ the following inequality
holds

MTu,T1;(z) < Mu,u(‘p(x))
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If the interval [a,b] for a < b is a totally ordered set, then as a directly con-
sequence of the Theorem 1 we obtain the following case of upper ordered interval
contractive mappings:

(N) There is an increasing function ¢ : S — S such that ¢ < ¢(t) for every t € S
with the property (As) and for all u,v € X and for every z > ¢ that is

MTu,T'U ((L‘) '\<
< max { Mo (9(2)), Muz (9(2)), Moo (9(2)), Muzro(9(@)), Moru(9(@)) }.

If [a,b] C RY :=[0,4+o0) for a < b and S = R, then we obtain the following two
cases of upper ordered interval contractive mappings:
(S) There exists a constant 0 < k < 1 such that for each p,q € X, for some
c € R and for every = > c the following inequality holds
x
Mrprq(z) < Mpg (E) .

(R) There exists a constant 0 < k < 1 such that for each u,v € X, for some
c € R and for every x > ¢ the following inequality holds

MTu,T'u(k'-T) < max {Mu,v(x)v Mu,Tu(x)v Mv,Tv(x)v Mu,Tv(x)v Mv,Tu(x)}-

Annotations. In connection with the preceding facts, we notice that
third characteristic example of a transversal upper ordered interval space
is so-called upper edges ordered space of the form (X, p), where X is
a nonempty set and p : X x X — [a,b) for a < b is given upper edges
ordered transverse with the properties: pl[z,y] = a if and only if z = y,
plz,y] = ply, z], and if there is a function ¢ : [a,b)? — [a,b) such that

ple,y] < sup {pla, 2 plz, 9], % (ol 2], L2, ) |

for all z,y,2z € X. In this sense, an example, we can suppose that every
decreasing sequence of elements in [a,b) has a unique element as limit in
[a,b).

In this sense, in upper edges ordered space (X, p), the sequence {z, }nen
upper converges (or upper edges ordered converges) to a point z € X (in
notation z,, — x (n — 00)) if for some decreasing sequence {ay, }nen in [a,b)
which converges to a the following inequality holds in the form

plr,xn) < a, for every n €N,

or for n large enough.

On the other hand, in connection with this, the sequence {zy }nen in X
will be called upper fundamental (or upper edges ordered fundamental) if
the following inequality holds in the form

pln, Tm] < ap, forall n,meN (n<m),

or for n and m large enough, where the decreasing sequence {a, }nen in [a, b)
converges to a.
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An upper edges ordered space (X, p) is called upper complete (or upper
edges ordered complete) if any upper fundamental sequence {zp, fnen in X is
upper convergent (to a point of X, of course). For further results on upper
edges ordered spaces see: Taskovi¢ [57].

Examples of the transversal upper edges ordered spaces. In the next
section of this part paper we give some illustrations of the upper edges ordered
spaces and the set [a, b).

Example 1. (Kurepa [27]). As a first example of upper edges ordered spaces
we obtain so-called pseudodistantial space by P. Kurepa with the nonnumerical
transverse (of the form) for the bisection function g(s,t) = s+ ¢. In this case
the nonnumerical transverse is given in the partially ordered set [a,b), where the
element a in the partially ordered set G of the following form: [a,b) = (G, +, X)
is a linearly ordered abelian groups with cofinality cof(G) = w, at he identity
element ¢ = § € G (which means that a is the infimum of a strictly decreasing
T-sequnce. An 7-metric on X is a function p : X x X — [a,b) = G which satisfies
all the metric axioms (i.e., p[z,y] = 0 = a if and only if x = y, p[z,y] = ply, z],
and plz,y] < p[z, 2] + plz,y]). For this see: Collatz [11], Cammaroto-
Koé¢inac [17)and Sikorski [50].

Example 2. (Kantorovitch’s lineal, Kantorovitch [26]). Let K be a real
linear space and K be a K-lineal, by L.V. Kantorovitch. In this sense, K is a
K-lineal if there exists an element 6 € K as a neutral element such that 6 < «
for all x € K, and if the partially ordering < is defined with z < y if and only if
x —y =0 for all z,y € K such that the following hold:

(i) x = 0, y = 0 implies x # 0, x +y = 0, and zy > 0,

(ii) there exists sup{x,y} for two arbitrary elements z,y € K.

In this case, [a,b) = K with nonnumerical upper transversal p : X x X — K as
an element in K.

Example 3. (M-sets, Taskovié [51]). Let O be a partially ordered set by
the relation =< such that there exists § € O with the property: a) 8 < w for
every u € O. Also, 2): for every nonincreasing sequence {uy },en there exists the
uniques element u € O called the limit of {u,}nen all signed by u = lim, o0 U
(alternative designation w,, | u) such that: w, = u (for n € N) implies w,, | u; if
Up | u, vy | v, up < vy, then u < v; and the limit of {u,}nen is invariant with
respect to the initial conditions. The partially ordered set O with the preceding
properties we call the M-set.

We notice that the property 2) is specially realized if in O is introduced the usual
ordered topological structure and eachy subset of O from the upper side bounded
has its supremum, the term of limit having its standard meaning.

If the set [a,b) = O where a = 6 we obtain an upper nonnumerical transverse
p: X xX — O as an element in [a,b). It is evident that p satisfy all conditions of
the upper transversal ordered edges transverse!!

Example 4. (The cone metrical spaces, Kurepa [30]). We begin by intro-
ducing a structure ot the ordered Banach space and define a cone metric space. Let
E be a real Banach space and P a subset of E. In this case P is called a cone if: P
is a closed, nonempty set and P # {0}, ax + by € P for all a,b € R (a,b > 0) and
x,y € P, and x € P such that —z € P implies = 0. In this case a =0 € [a,)).
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Given a cone P C F we define a partially ordering < with respect to P by
x <y if and only if y — z € P. We shall write z < y iff z < y and = # y. Also, we
shall write z < y iff y — x € Int P, where Int P denotes the interior of P.

In this sense, suppose that the mapping p : X x X — FE has all the metric
axioms as in the papers: Kurepa [30], Collatz [11] and Sikorski [50].
Thus p satisfis all the axioms of the upper transversal ordered edges spaces (as and
all axioms of Kurepa’s pseudodistantial spaces, see: Kurepa [30]).

Equations on edges ordered spaces. In connection with the edges ordered
spaces we have the following applications. Let P := (P, <) be a partially ordered
set, and let {u’ }nen for i = 1,...,k be sequences in [a,b) C P (a < b) such that

monotone decreasing converges to u’ € [a,b) for i =1,... k.
In this context, if f : [a,b)* — [a,b), for the fixed k& € N, satisfying that
f(ul, ..., uk) monotone decreasing converges to f(ul,...,u¥) as n — oo, then we

say that f is continuous with respect to sequences. The following result provided
by Taskovié¢ [51].

Theorem 3. Let (X, p) be an upper edges ordered space with the continuous upper
transverse p : X x X — [a,b) for a <X b and let the upper bisection function
Y : [a,b)? — [a,b) is nondecreasing such that 1 (t,t) < t for all t € [a,b). Let X be
an upper complete space, and let K := K(z,7) C X be a sphere. If T : X* — X
(for a fized k € N), and if there exists a continuous nondecreasing function f :
[a,b)¥ — [a,b) satisfying

(A) p[T(ul, cooyug), T(ug, .. vk)} < f(p[u1, v1], ... ,p[uk,vk])

for allu;,v; € K (i=1,...,k) such that the equation x = f(x,...,z) forx € [a,b)
has the unique solution a. If there exists q € [a,b) such that

p[ng(z,...,z)}sq and Sup{q,f(r,...,r)}ﬁr7

where f(y,...,y) Ky forr Xy, then the following facts hold in suitable form as:
1) T(E,....§) =¢& for some & € K(z,7).
2) The point & € K(z,7) is the limit of the sequence {x, }nen in the space X
defined by the following equalities of the form as

Ttk =T (Xny ..o Tpgg—1) forall neN,

where the points x1,...,x, € K(z,r) are arbitrarily chosen. In this context, the
unique solution of the following equation of the form as,

x=T(x,...,x) for z€X,

s the point lim, oo , and holds the following inequality in the form as

g fr—
PlTnir, €] < Anti(y), where A;(y) = fily,...,y) =y for i < k and fori > k
that is

Az(y) = fl(yaay) = f(fi—k(y7"'7y)""7fi—1(y7"'7y))'

Some annotations. In the Figure 1(i) we give the geometric interpretation of
the preceding localization statement which is realized by the condition (A’) on a
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sphere K. On the other hand, in 1977 we have a localization condition of the form
as

(B) p|:T(U]_7...,U;k),T(U,Q,...,UkH_]_)} < f(p[ul,uz],...,p[uk,uk+1])

for all points ug,...,ur+1 € X, where all other facts of Theorem 3 hold. For (B’)
we give a geometric interpretation on Figure 1(ii) also. In connection with the
preceding facts see: Wazewski [61], Kurpelj [15],and Taskovié [51].

FIGURE 1.

Also, we notice that under the preceding conditions of Theorem 3 substituting
the condition (A’) with the following condition of the form as

P Tn(uh...,uk),TnH(vl,...,vk)] < f(p[ul,vl],...,p[uk,vk]>,

for all u;,v; € K(z,7) withi =1,..., k and where T}, : X* — X (k € N is fixed) for
n € N is a sequence of functions, and p[z,T(z,...,2)] 5 ¢ with p[z, T, (z,...,2)] =
q; affirmation of Theorem 3 is valuable, but relates to the sequence of the form as

Ttk = Tn(Tny ooy Tpgk—1) for n € N.

Proof of Theorem 3. Let K := K(z,r) C X be a sphere and let uy,...,u; €
K (z,7) be arbitrary points. Since X is an upper edges transversal ordered space
and ® is increasing, then we have the following inequalities in the form as

p|:T(’U;1,...,’U/]€),Z:| <

< sup { £ (plus, 2], o pluns 1) 0.0 (£ (pluss 2 pluns 1) 0) } <
< sup{f(r,...,r),q,@/}(f(r,...,r),q)} < sup{f(r,...,r),q} <

we conclude that the mapping 7 maps (K(z,7))* into K(z,7). Let z, € K(z,7)
for n € N. Then we obtain the following inequalities in the form as

pless i) < sup {plas, 2. ol @l ¥ (plees 2], ple, ] ) | <

< sup {rr (1) } < supfrrr} =1 <y
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for m € Nand for i = 1,..., k. On the other hand, we supposed that the following
fact holds in the following form as

(7) PlTnsis Tnymti) < fari(y, -0 y) = Angi(y)

for i = 1,...,k and where fi(y,...,y) = y = A;(y) for i < k, and where the
following convention holds in the suitable form as

fily,...,y) = f(fi—k(y7'"ay)a"'7fi—l(y7"'7y)> = Ai(y)

for i > k; i.e., then in the context of the preceding facts we obtain the following
inequalities in the form as

P[$n+k7 $n+k+m+1] = P{T(anrh cee 7xn+k)a T($n+m+17 e 7$n+k+m):| <
< f(P[$n+17~’Cn+m+1], ‘e ap[‘rn+k7xn+m+k}) =<
# f(fn+1(y7 R 7y)a SRR fn-‘rk(ya SRR 7?])) = fn+k+1(y7 .. 7y) = A’ﬂ"rk"rl(y))

and thus (7) holds for every n € N. Also, we have A;(y) =--- = A, (y) = y. If we
suppose that A,1i(y) < Apyi—1 (for i =1,...,k), then

Angrr1(y) = f(An+1(3/)7 . 'uAn+k(y)) < f(An(y), e 7An+k,1(y)) = Antr();

therefore, the sequence {A4,,(y)}nen is nonincreasing such that a < A4,(y), ie.,
this sequence is convergent. Let A,(y) — a (n — o0). Then « satisfies the
equation © = f(z,...,z), i.e., « = a. Hence, by upper completeness of X, there
is an £ € X such that £ = lim,,_. z, € K(z,r). Making m — oo in (7) we get
Plntk, €] < Antk(y). On the other hand, we have

pl&, T(E, ... 9] <
< sup {plE @ al: p [0, T(E 8|0 (pl6 2l pwnins T(E O] )} <

< sup {pl€, zusnl, £ (plns €, plonsn-1,8])
(G (P[& Trtk); f(ﬂ[ﬂ?n, &, plTntr—1, §]>> } <

< sup { Anin (@), £ (An(®)s s Anriaa(v)

N———

)

<
~~
b
3
+
S
—
=
~
/
b
3
—~
<
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3
+
e
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—~
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~—
—
—
N

< sup { A ), F (An (W), Ansra (0)) | < Anaw):

hence, for n — oo we get that ¢ satisfies the equation © = T'(z, ..., z). If n € K(z,r)
is an element satisfying n = T'(n, ..., n), then

pln, i] < sup {p[n, ZLP[Z»%]W(P[% Z]m[z,xi])} < sup {r, 7, (r, r)} <r<y=Aiy)
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for i = 1,...,k. If the following inequality holds in the form p[n, £,+i] < Anti(y)
for i =1,...,k, then the following inequalities hold in the form as

P[T)a xn+k+l] = P[T(ﬂa s 777)7 T(xn+17 CER xn-‘-k)} <

< £ (. @nels- ol @nin] ) < F(Ansr @)oo Anra(®)) = Anisn W)

which means that a < p[n, Zn4i] < Anti(y) for every n € N. Hence, as n — oo, we
obtain the following inequalities a < p[n, &] < a, i.e.,, n = &, because X is an upper
edges transversal ordered space. The proof is complete.

Open problem 16. Let (X, p) be a lower edges transversal ordered space with
the lower bisection function d : (a,b]> — (a,b] for a < b (a,b € P := (P,x)). If
T:X* — X (k €N is fized), to invent suitable sufficient conditions for solutions
of the following equation in the form as

x=T(x,...,x) for z€X

on the lower edges transversal ordered space X, does possible some condition of
the symmetric form from (A’)? To invent a suitable statement on the lower edges
transversal ordered space?!

3. LOWER TRANSVERSES ON PARTIALLY ORDERED INTERVALS

In connection with with the preceding, the function p : X x X — [a,b]
for a < b is called a lower ordered interval transverse on X (or lower
ordered interval transversal) iff: plx,y] = ply,z] and if there is a lower
(ordered interval) bisection function d : [a,b] X [a,b] — [a, b] such that (B).

A transversal lower ordered interval space is a set X together with
a given lower ordered interval transverse p: X x X — [a,b] for a < bon X,
where every increasing sequence {uy }nen of elements in [a, b] has a unique
element u € [a, b] as limit (in notation u, — w or limwu, = u).

Let S be a nonempty totally ordered set. A mapping N : S — [a,b] for
a < b is called a lower function if it is increasing with inf N = a and
sup N = b. We will denote by L the set of all lower functions.

Otherwise, a middle transversal ordered interval space is an upper
and a lower transversal ordered interval space simultaneous.

A lower ordered statistical space is a pair (X, F), where X is an abstract
set and F is a mapping of X x X into the set of all lower functions £. We shall
denote the lower function F(p,q) by Npq(x) or Ny 4, whence the symbol N, ()
will denote the "value" of N, ; at x € S. The functions N, , are assumed to satisfy
the following conditions: N, ; = Ny ,, Np 4(c) = a for some c € S, and

(Em) Npqx)=0b for x>c ifandonlyif p=g,

and if N 4(z) = b and Ny ,(y) = b implies N, ,(max{z,y}) = b for all p,q,r € X
and for all z,y € S.

In view of the condition N, 4(c) = a for some ¢ € S, which evidently, implies that
N, 4(x) = a for all x < c. Thus the condition (Em) is equivalent to the statement:
p = ¢ if and only if N, ,(z) = H(x), where H(z) = a if x < ¢ and H(z) = b if
T = c.
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An example of transversal lower ordered interval space is a lower ordered
interval space which is a nonempty set X together with the function N, ,(z)
with the following properties: N, , = Ny, Npq(c) = a for some ¢ € S, (Em),
and if there is a nondecreasing function 7 : [a, b] X [a,b] — [a,b] with the property
7(t,t) =t for all ¢ € [a,b] such that

(Nm) Np,q(max{xay}) = T<Np,r(x)aNr,q(y))
for all p,q,r € X and for all z,y = c.

We notice, if we chosen a lower (ordered interval) bisection function d : [a, b] x
[a,b] — [a,b] such that d = 7 (from(Nm)), then we immediate obtain that every
lower ordered interval space, for p[p, ] = N, 4 is a transversal lower ordered interval
space; because in this case from (Nm) for y = z the following inequalities hold:

olp, q] = Np)q(max{a:,y}) = T(Np,r(x),NT,q(y)) =

v = d(plp.r]. plr.a)) = inf {plp. ). plr. . dplp. ). plroal) }.

In connection with the preceding, a transversal lower ordered interval
T-space is a pair (X, p), where X is a transversal lower ordered interval
space and where the lower ordered transverse plu,v] = N, ,(z) satisfying:
Nuywy = Ny, Nyn(c) =a for some ¢ € S and (Em).

This space is a very characteristic example of transversal lower ordered
interval spaces for further work.

The concept of a neighborhood in a lower transversal ordered interval
space X for the lower interval ordered transverse p[p, q] = N, q(x) in [a,b]
for a < b is the following. If p € X, u > ¢ for some ¢ € S, and ¢ < b, then
an (p, o)-neighborhood of p denoted by O,(u, o), is defined by

Op(p,0) = {a € X+ plp,a] = Npg() = 7 }.

Lemma 3. Let (X, p) be a transversal lower ordered interval T-space, where
the upper transverse p[p,q) = Npq4(z). If e1 < €2 and r1 < 1o, then
Op(e1,71) C Op(e2,12).

Proof. Suppose ¢ € O,(e1,r1) so that Np4(e1) = r1. Then Ny 4(e2) =
Npq4(e1) = 7 = re, whence, by definition, ¢ € Op(e2,72). The proof is
complete.

From the preceding facts, in this topology a sequence {p, }nen in X con-
verges to a point p € X (in notation p, — p) if for some ¢ € S and for
every p > ¢ and every o < b, there exists an integer M(u, o), such that
Pn € Op(p,0), ie., p[p,pn] = Npp, (1) = o whenever n > M(p,0).

Lemma 4. Let (X, p) be a transversal lower ordered interval T-space, where
the lower plu,v] = Ny(z). If p, — p, then Ny, — Np, = H, i.e., for
some ¢ € S and every x > ¢, Npp, (x) — Npp(x) = H(x), and conversely.

Proof. If x > ¢, the for every ¢ < b there exists an integer M(x,¢)
such that Np,, (x) > e whenever n > M(x,e). But this means that
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limy, oo Npp, () = b = Npp. If 2 = ¢, then for every n, Np,,.(c) = a
and hence lim,, oo Npp, (¢) = a = N, ,(c). The converse is immediate. The
proof is complete.

In further, if 7 : X — X, then a function u — N, 7,(z) is ordered
upper semicontinuous at £ € X if {uy, }nen is a sequence in X and u,, — ¢
(n — oo) implies that N¢ 7e(x) = RILH;O Nu,, Tu, (x) for every x € S.

In connection with the preceding, the sequence {py}nen will be called
fundamental in X if for some ¢ € S and for each y > ¢, 0 < b there is
an integer M(u, o) such that p[pn, pm] = Np, pm (1) = 0 whenever n,m >
M(u, o) or in an equivalent entry as

lim (diam{pk ck > n}) =b.
n—oo

In analogy with the completion concept of metric space, a transversal
lower ordered interval space X will be called complete if each fundamental
sequence in X converges to an element in X.

In this paper, a mapping 1" of a transversal lower ordered interval space
(X, p) into itself, for plu,v] = Ny,(x), will be called a lower ordered
interval contraction if there exists an increasing function ¢ : S — S such
that t < ¢(t) for every t € S, for some ¢ € S that is

(Ar) lim Ny, (cp”(t)) =0b forevery t>c,
and

NTu,Tv ($) =

= inf { N (9(2), Nz (9(2)), Noro(9(@)), Nuizo (p(2)), Nogra () }
for all u,v € X and for all z > c.

Theorem 4. Let (X,p) be a complete transversal lower ordered interval
T-space, where the lower transverse plu,v] = Ny () is ordered upper semi-
continuous and the lower bisection function d : [a,b] X [a,b] — [a,b] is non-
decreasing such that d(t,t) =t for all t € [a,b]. If T is any lower ordered
interval contraction mapping of X into itself, then there is a unique point
p € X such that Tp = p. Moreover, T"q — p for each q € X.

The proof of this statement is a totally analogous with the preceding proof of
Theorem 1. Also a totally analogous with Theorem 2 is the following statement.
We notice that with this result are connection: Bocgsan-Constantin [7],
Constantin-Istrategscu [12], Gorniewicz [20], Istrdtesgcu [24],
KalevaSeikkala [25], Onicescu [36], Schweizer-Sclar [43], Se-
hgal[44], Sehgalet.al [45], Sherwood [46], Serstnev [47], Sharma
[48], and Singh et. al. [49].
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Theorem 5. Let (X,p) be a complete transversal ordered lower interval
T-space, where the upper transverse plu,v] = Ny, () is ordered upper semi-
continuous and the lower bisection function d : [a,b] X [a,b] — [a,b] is non-
decreasing such that d(t,t) =t for all t € [a,b]. If there exists an increasing
function ¢ : S — S such that t < p(t) for every t € S with the property (Ar)
for some ¢ € S and if for each uw € X there is a positive integer n = n(u)
such that

Ny, 1m(0) (%) =
= inf { N (9(@)), Nara ((2)), Norma (0(2)), Nugzmo ((2)), Nogrmap(a) }

for every v € X for every x > ¢, then T has exactly one fized point p € X
and T™q — p for every q € X.

A brief proof of this statement based on the preceding facts, is special case for
transversal lower probabilistic T-space, may be found in Taskovié¢ [55].

As immediate consequence of the preceding Theorem 4 we obtain directly the
following interesting cases of lower ordered interval contractive mappings:

(M’) There exists an increasing function ¢ : S — S with the property (Ar) for
some ¢ € S such that for each u,v € X and for every = > ¢ the following inequality
holds

NTu,Tv(x) % Nu,v(‘ﬁ(x))

If the interval [a,b] for a < b is a totally ordered set, then as a directly conse-
quence of Theorem 4 we obtain the following case of lower ordered interval con-
tractive mappings:

(N’) There is an increasing function ¢ : S — S such that ¢ 5 ¢(t) for every t € S
with the property (Ar) and for all u,v € X and for every z > ¢ that is

NTu,Tv(x) =
= min {Nu,v(‘p(x))v Nu,Tu(%O(x))7 Nv,TU(QO(I'))a Nu,Tv(QO(x))a Nv,Tu(QO(x))}'

If [a,b] C R(j_ for a < b and S = R, then we have the following two cases of lower
ordered interval contractive mappings:

(S’) There exists a constant 0 < k < 1 such that for each p,q € X, for some
¢ € R and for every z > ¢ the following inequality holds

T
NTp,Tq(x) > Npq (%) :

(R’) There exists a constant 0 < k < 1 such that for each u,v € X for some
¢ € R and for every x > ¢ the following inequality holds

NTu,T'u(kl') > min {Nu,v(z)v Nu,TU(I)7 NU,TU (1‘), Nu,Tv (l‘), NU,Tu(I)}-

Annotations. In connection with the preceding facts, we notice that third
characteristic example of a transversal lower ordered interval space is so-called
lower edges ordered space of the form (X, p), where X is a nonempty set and
p: X xX — (a,b] for a 5 b is given lower edges ordered transverse with the
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properties: plz,y] = b if and only if x = y, plx,y] = p[y,x], and if there is a
function d : (a,b)*> — (a,b] such that

inf {plz, 2], plz. ). d(plz. 2], plz ) | < pla.y]

for all z,y,z € X. In this sense, an example, we can suppose that every increasing
sequence of elements in (a, b] has a unique element as limit in (a, b].

In this sense, in lower edges ordered space (X, p), the sequence {z,, },en lower
converges (or lower edges ordered converges) to a point € X (in notation z,, — =
(n — 00)) if for some increasing sequence {b,}nen in (a,b] which converges to b
the following inequality holds in the form

pl,xn] = by for all n e N,

or for n and m large enough. On the other hand, in connection with this, the
sequence {z, }nen in X will be called lower fundamental (or lower edges ordered
fundamental) if the following inequality holds in the form

plTn, Tm] = b, foral n,meN (n<m),

or for n and m large enough, where the increasing sequence {b, }nen in (a,b] con-
verges to b.

An lower edges ordered space (X, p) is called lower complete (or lower edges
ordered complete) if any lower fundamental sequence {x,},en in X is lower con-
vergent (to a point of X, of course). For further results on lower edges ordered
spaces see: Taskovié [57].

Coincidence on middle transversal ordered interval spaces. In
conection with this, the mappings T, f : X — X of a transversal middle
ordered interval space X := (X, p,r) into itself for plu,v] = M, (x) and
rlu,v] = Ny (), will be called middle ordered interval contractions if
there exists an increasing function ¢ : S — S such that ¢t < ¢(t) for every
c €S, and for some = € S that is (As) and (Ar) with the properties

MTu,Tv (l‘) <
<50 { My o (9(0)), Mps (00, Mpaira(0(a)). My (). My rulio(@) )

and
NTU,TU(I) =
7 inf {Nfu,fv(@(g:))» Nfu,Tu(SO(x))7 Nfu,Tv(QD(x))a va,Tv(‘P(x))v va,Tu(‘P(x))}

for all u,v € X and for every = > c.

In conection with this we notice a middle transversal ordered interval
space X will be called middle complete if X is upper and lower complete,
simultaneous.

Now, from Theorems 1 and 4 directly we obtain the following result for
middle transversal ordered interval spaces in the following form as.
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Theorem 6. Let (X, p,r) be a middle complete middle transversal ordered
interval T, f-space where plu,v] = M, ,(z) is ordered lower semicontinu-
ous and riu,v] = Ny,(x) is ordered upper semicontinuous. Let the upper
bisection function g be a nondecreasing such that g(t,t) < t and the lower bi-
section function d be a nondecreasing such that d(t,t) =t for every t € [a, b]
If the mappings T, f : X — X are any middle ordered interval contractions
mappings of X into itself, if for an arbitrary fived xqg € X there exists xt1 € X
such that T(xg) = f(x1), and if T and f commutes, then T and f have a
common unique fized point £ € X, i.e., E =T (&) = f(§) for some § € X.

The proof of this statement is a completely analogy with the proofs of
the preceding statements for upper and lower transversal ordered interval
spaces.

4. APPLICATIONS AND CONSEQUENCES

We notice that numerous questions in physics, chemistry, biology, and
economics lead to nonlinear problems. In this sense the preceding concept
of transversal ordered (upper and lower) interval spaces can be have funda-
mental role. An example of this is nonlinear numerical analysis by L. Collatz
[11]. Also, this concept have very important applications in quantum parti-
cle physics particulary in connection with both string and €*°-theory which
were given and studied by El Naschie [18].

In connection with this, as a consequence of the preceding facts, we have
the following applications.

The functions p,r : X x X — [a,b] for a < b are called middle ordered
interval transverses on X (or middle ordered interval transversals) iff:
plz,y] = ply, z],r[x,y] = r[y, x| and if there is a middle (ordered interval)
bisection function ¢ : [a,b] X [a,b] — [a,b] such that (A) with p and (B)
with 7.

A transversal middle ordered interval space is a set X := (X, p,r)
together with given middle ordered interval transverses p,r: X x X — [a, b
for a < b on X, where every increasing (or decreasing) sequence {uy, }nen of
elements in [a, b] has a unique element u € [a, b] as limit (in notation u,, — u
or limu, = u).

We notice that any metric space is a transversal middle ordered interval space,
i.e., an upper and lower transversal ordered interval space, simultaneous.

K. Menger introduced in 1928 and 1942 the notion of probabilistic metric
spaces. O. Kaleva and S. Seikkala proved in 1984 that each Menger space,
which is a special probabilistic metric space, can be considered as a fuzzy metric
space.

Interesting, every fuzzy metric space is, de facto, also a lower ordered transversal
space.

Let X be a nonempty set, E a set of all upper semicontinuous normal convex
fuzzy numbers, G a set of all nonnegative fuzzy numbers of Eand m: X x X — G.
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A quadruple (X, m, L, R) is called a fuzzy metric space with m as a fuzzy
metric if L, R : [0,1]> — [0,1] are symmetric functions, nondecreasing in both
arguments, L(0,0) = 0 and R(1,1) = 1 such that m(x,y) =0 iff z = y, m(z,y) =
m(y, z),

m(z,y)(s+r) < R (m(x, 2)(s)s m(z,y)(r))
for all z,y,z € X, where s > A\ (z,2), r > M(z,y) and s+ 7 > A\i(x,y), and such
that

M@, y) ) 2 L(mle, 2)0)mlz v )

for all z,y,z € X, where s < A\1(x, 2), u < A1 (z,y), and s + u < A (z,y).

In connection with this, let P := [0,1] and we chosen a lower bisection function
d : [0,1]> — [0,1] such that d = L (with the preceding properties), then we
immediately obtain that every fuzzy metric space is a lower ordered transversal
space. On the other hand, if for the upper bisection function g : [0,1]* — [0,1]
we chosen that is g = R (with the preceding properties), then we have that every
fuzzy metric space is an upper ordered transversal space. This means, common
with the preceding, that every fuzzy metric space, de facto, is an ordered middle
transversal space.

Following Atanassov [4] and [5], also, George-Veeramani [19], J.
H. Park [39] have defined intuitionistic fuzzy metric spaces and obtained several
classical statements on this structure. Alaca et. al. [2] and [3] studied new
properties of intuitionistic fuzzy metric spaces.

In this sense, a 5-tuple (X, M, N, x*, Q) is said to be an intuitionistic fuzzy met-
ric space if X is an arbitrary set, * is a continuous ¢-norm, ¢ is a continuous
t-conorm and M, N are fuzzy sets on X x X xR (R4 := (0, 00)) satisfying, for all

z,y,z € X and s,t € Ry, the following conditions: M(x,y,t) + N(z,y,t) < 1,
M(z,y,t) > 0, M(z,y,t) = 1 if and only if z = y, M(z,y,t) = M(y,z,t),
M(z,y,t) * M(y,z,8) < M(z,z,t + s), t — M(z,y,t) and t — N(z,y,t) are
continuous, N(z,y,t) > 0, N(z,y,t) = N(y,z,t), N(x,y,t) = 0 if and only if
x =y, and N(x,y,t)ON(y,z,8) > N(z,z,t + s).

Then (M, N) is called an intuitionistic fuzzy metricon X. The functions M (x, y, t)
and N (z,y,t) denote the degree of nearness and the degree of nonnearness between
x and y with respect to t, respectively.

In an intuitionistic fuzzy metric space X, we notice that ¢ — M (x,y,t) is non-
decreasing, and t — N(z,y,t) is nonincreasing for all z,y € X.

Every fuzzy metric space (X, M, %) is an intuitionistic fuzzy metric space of the
form (X, M,1 — M, x,Q) such that t-norm * and ¢t-conorm ¢ are associated, i.e.,
xQy:=1—((1—2)* (1 —vy)) for any z,y € X.

We notice that, de facto, as an important example of transversal middle ordered
interval spaces we have an intuitionistic metric space.

Indeed, if for every lower ordered bisection function d : [a, b] X [a,b] — [a,b] for
a < b, [a,b] :=[0,1], we chosen that is d := M(x,y,t) x M(y, 2, s), and if for upper
ordered bisection function g : [a,b] X [a,b] — [a,b] for [a,b] := [0, 1] we chosen that
is g := N(z,y,t)ON(y, 2, 8), then we have, directly, that every intuitionistic metric
space is a transversal middle ordered interval space.

For recently result of fixed points on intuitionistic metric spaces see: P ark [39],
Saadati et al [41], Sharma [48], Singh et al. [49], Mohamad [33],
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Pant [38], Kramosil-Michalek [32], Razani [40], Saadati [42],
and others.

On the other hand, Saadati et al. [41] have defined the concept of L-fuzzy
metric spaces and proved a common fixed point theorem for a pair of commuta-
tive mappings with linear contractive conditions. The definition of £-fuzzy metric
spaces is given by Saadati et al. [41] in the following sense.

Let £ := (L, <) be a complete lattice, and U a nonempty set called universe.
An L-fuzzy set A on U is defined as a mapping A : U — L. For each u € U,
A(u) represents the degree (in L) to which u satisfies A. We define 0:= inf L and
I:=sup L.

A triangular norm (¢t-norm) on £ is a mapping £ : L x L — L satisfying for
all z,y,z,21,y1 € L the following conditions: L(x,1) = z, L(z,y) = L(y,x),
L(z, L(y,z)) = L(L(z,y),2), and z < z1 and y < y; implies L(x,y) < L(z1,y1)-

The 3-tuple (X, M, £) is said to be an L-fuzzy metric space if X is an arbitrary
nonempty set, £ is a continuous ¢t-norm on £ and M is an L-fuzzy set on X x X xR
satisfying for all z,y, 2z € X and ¢, s € R, the following conditions: M (x,y,t) > 0,
M(z,y,t) = 1 for every t € Ry if and only if z = y, M(z,y,t) = M(y,x,t),
L(M(z,y,t), M(y,2,8)) < M(z,2,t+s), and t — M(x,y,t) is continuous. In this
case M is called an L-fuzzy metric.

In this sense, if for lower ordered bisection function d : [a,b] X [a,b] — [a,]
for a < b, [a,b] = L, we chosen that is d = £ : L x L — L (with the preceding
properties) and plz,y] := M(z,y,t), then we have, directly, that every L-fuzzy
metric space is a transversal lower ordered interval space. This means, common
with the preceding, that every L£-fuzzy metric space, de facto, is a transversal lower
ordered space.

Also, in the connection with the preceding transversal edges spaces, the
functions p,r: X x X — [a,b] for a < b are called middle edges ordered
transverses on X (or middle edges ordered transversals) iff: p is an upper
and r is a lower edges ordered transverse simultaneously.

A middle edges ordered space is a set X := (X, p,r) together with
given middle edges ordered transverses p,r : X x X — [a,b] for a < b on
X. We notice that any intuitionistic fuzzy metric space is a middle edges
ordered space, i.e., an upper and lower edges ordered space, simultaneously.
For further facts of this see: Taskovi¢ |57].

Also, we notice that any £-fuzzy metric space is an example of lower edges
ordered spaces.

Asymptotic conditions on spring ordered spaces. Let X be a nonempty
set and let P := (P,<) be a partially ordered set. The function A : X x X —
[a,b) C P for a < bis called an upper spring ordered transverse on a nonempty
set (or upper spring ordered transversal) iff A(x,y) = a if and only if 2 = y for all
z,y € X.

An upper spring ordered transversal space X := (X, A) is a nonempty
set X together with a given upper spring ordered transverse A on X, where every
decreasing sequence {u, },en of elements in [a,b) has a unique element u € [a,b)
as limit (in notation u, — u (n — ©0)).
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In 1986 we investigated the concept of upper spring ordered TCS-convergence
in a space X, i.e., and upper spring ordered transversal space X := (X, A) satis-
fies the condition of upper spring ordered TCS-convergence iff x € X and
if A(T"™(x), T""1(x)) — a (n — oo) implies that {T™(z)},en has a convergent
subsequence in X, by Taskovié¢ [57].

We notice that the sequence {x,}nen in the upper spring ordered transversal
space X := (X, A) is convergent in notation xz,, — x (n — oo) iff A(z,,z) — a as
n — oo.

Theorem 7. Let T be a mapping of upper spring ordered transversal space X :=
(X, A) into itself, where X satisfies the condition of upper spring ordered TCS-
convergence. Suppose that for all x,y € X there exist a sequence of functions
{an(z,y) bnen such that a,(x,y) — a (n — 00) and positive integer m(x,y) such
that

(R) A(T™(2),T"(y)) < an(z,y) for all n >m(z,y),

where © — A(z,T(x)) is ordered lower semicontinuous, then T has a unique fized
point £ € X and T"(xz) — & (n — o0) for each x € X.

A proof of this statement may be found in: Taskovié [57]. For second proof
of this statement see: Taskovié [51].

We notice that, from the preceding facts of this paper, we can give the following
local form of this statement.

Theorem 8. (Localization of (R)). Let T be a mapping of upper spring ordered
transversal space X := (X, A) into itself, where X satisfies the condition of up-
per spring ordered TCS-convergence. Suppose that for each x € X there exist a
sequence of functions {a,(x,T(x))}nen such that ap(z, T(x)) — a (n — o0) and
positive integer m(z,T(x)) such that

A(T™(x), T" (1)) < ap(z,T(x))  for all n >m(z,T(zx)),

where x — A(z,T(x)) is ordered lower semicountinuous, then T has at least one
fized point in X.

In the next, let X be a nonempty set and let P := (P, <) be a partially ordered
set. The function 4 : X x X — (a,b] C P for a < b is called a lower spring
ordered transverse on a nonempty set (or lower spring ordered transversal) iff
A(z,y) =bif and only if x =y for all z,y € X.

A lower spring ordered transversal space X := (X, A) is a nonempty set
X together with a given lower spring ordered transverse A on X, where every
increasing sequence {uy, fnen of elements in (a,b] has a unique element u € (a, b]
as limit (in notation u, — u (n — 0)).

In 1986 we investigated the concept of lower spring ordered TCS-convergence
in a space X, i.e., a lower spring ordered transversal space X := (X, A) satis-
fies the condition of lower spring ordered TCS-convergence iff x € X and
if A(T™(x),T"(x)) — b (n — oo) implies that {T™(x)},en has a convergent
subsequence in X by Taskovié [57].

We notice that the sequence {z,}nen in the lower spring ordered transversal
space X := (X, A) is convergent in notation z,, — = (n — oo) iff A(x,,x) — b as
n — oo.



72 TRANSVERSAL ORDERED INTERVAL AND EDGES SPACES, FIXED POINTS. . .

Theorem 9. Let T be a mapping of lower spring ordered transversal space X :=
(X, A) into itself, where X satisfies the condition of lower spring ordered TCS-
convergence. Suppose that for all x,y € X there exist a sequence of functions
{an(z,y) bnen such that a,(z,y) — b (n — 00) and positive integer m(x,y) such
that

(@) A(T™(2), T"(y)) = an(e,y) for all n = mia,y),

where x — A(x,T(x)) is ordered upper semicontinuous, then T has a unique fixved
point £ € X and T"(z) — & (n — o0) for each v € X.

A proof of this statement may be found in: Taskovié¢ [57]. For second proof
of this statement see: Taskovié [51].

We notice that, from the preceding facts of this paper, we can give the following
local form of this statement.

Theorem 10. (Localization of (G)). Let T' be a mapping of lower spring ordered
transversal space X := (X, A) into itself, where X satisfies the condition of lower
spring ordered TCS-convergence. Suppose that for each x € X there exist a se-
quence of functions {a, (2, T(x))}nen such that oy (z,T(x)) — b (n — o0) and
positive integer m(xz, T(x)) such that

A(T™(x), T (2)) = ap(z,T(z)) for all n >m(z,T(x)),
where x — A(x,T(x)) is ordered upper semicountinuous, then T has at least one

fized point in X.

We notice that a middle spring ordered transversal space X is an up-
per spring ordered transversal space and a lower spring ordered transversal space
simultaneous. For further facts on middle spring ordered transversal spaces see:
Taskovié [57].
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