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Some Results About Best and 2-Best
Approximation on 2-Structures

MEHMET ACIKGOZ

ABSTRACT. The problem of best approximation has been studied by
many mathematicians. Most of these works have dealt with the exis-
tence, uniqueness and characterization of best approximations in spaces
of continuous functions with values in Banach spaces. But little or no
work on approximation has been done on 2-structures such 2-normed
spaces, generalized 2-normed spaces and 2-Banach spaces. It is the aim
of this paper to investigate the above two concepts in the sense of latter
spaces. It is also to investigate the uniqueness and to give attention of
this subject from this view.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

The concept of linear 2-normed spaces has been investigated by S. G&h-
ler ([1]) and has been developed extensively in different subjects by others
(for example, [5] and (|7]-[15])). Then, Lewandowska generalized the no-
tion by providing the notion of generalized 2-normed spaces ([7]-[11]). Also,
Rezapour reviewed proximinal subspaces of 2-normed spaces ([16]) and pro-
vided the notion of 2-proximinality in 2009 ([17]). The aim of this paper is
providing some results in this subjects.

Now, let us give the definition of a 2-normed space which is introduced
by S. Géhler in [1].

Definition 1. Let X be a linear space over K, where K is the real or
complex numbers field, dim X > 1, and let

Il : X* — RTu {0}
be a mapping with the following properties:

(N1) ||z,y|| = 0 if and only if x and y are linearly dependent vectors;
(N2) ||z, yl| = [ly, | for all z,y € X;

(N3) [laz, y|| = [al[lz, y|l, « € K and all 2,y € X;

(N4) ||z +y, 2| < [l z[| + [ly, 2[| for all z,y, 2 € X.
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Then the mapping ||.,.|| is called a 2-norm on X and the pair (X, ||.,.||)
is called a linear 2-normed space. In each 2-normed space (X, ||.,.||), we
have ||z,y|| > 0 and ||z,y + az| = ||z,y| for all z,y € X and a € R.
Also, if x,y and z are linearly dependent (this occurs for dim X = 2) then
e,y + 2l = [l yll + Nz, 2] or [le, y — 2 = [lz, yll + [, =]

Every 2-normed space is a locally convex topological vector space. In fact
for a fixed b € X, pp(z) = ||x,b]|, * € X, is a seminorm and the family
P = {py : b € X} of seminorms generates a locally convex toplogy on X.
This space will be denoted by (X, pp) .

In [4], it is given some examples and definitions on 2-normed spaces as
follows:

Example 1. Let X = R3 and consider the following 2-norm on X,

i j ok
|z, y|| =]z xy| = |det | 1 x2 x3
Yyr Y2 Y3

where z = (z1,22,23) and y = (y1,¥2,¥y3). Then (X, ||.,.||) is a 2-normed
space.

Example 2. Let P, denotes the set of real polynomials of degree less than
or equal to n, on the interval [0, 1] . By considering usual addition and scalar
multiplication, P, is a linear vector space over the reals. Let {1, x2, ..., T2, }
be distinct fixed points in [0, 1] and define the 2-norm on P, as

2n
£l = | (zr) g (k) — £ (z1) g ()] -
k=0

Then (P,,||.,.]|) is a linear 2-normed space.

Example 3. Let X = Q3, the field be the rational numbers and consider
the norm given in example 1. In this case (X, ||.,.||) is a 2-normed space.

Definition 2. A sequence {z,},~; in a linear 2-normed space X is called
Cauchy sequence if there exist independent elements y, z € X such that

lim ||z, — Zm,y]| =0and lm |z, —zny,z|| =0.
n,Mm—00 n,M—00

Definition 3. A sequence {z,},~; in a linear 2-normed space X is called
convergent if there exists an element € X such that lim ||z, —z,y|| =0
n—oo

for all y € X.

Definition 4. Let (X, ||.,.||) be a 2-normed space and W, W two subspaces
of X. Amap f: Wiy xWy — K is called a bilinear 2-functional on Wy x W
whenever for all xr1,T9 € Wl, Y1,Y2 € W5 and all /\1, Ao € K;

(1) f(m1+ 22,91 +y2) = f(z1,91) + f(21,92) + f(@2, 1) + f72,92),
(1) f(AMx1, Aoy1) = Midaf(z1, y1).
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Definition 5. A bilinear 2-functional f : W1 x Wy — K is called bounded
if there exists a non-negative real number M ( called a Lipschitz constant
for f ) such that

|f(z,y)| < M|z, y|

for all z € W7 and all y € Ws. Also, the norm of a bilinear 2-functional f is
defined by

|fll =inf{M > 0: M is a Lipschitz constant for f}.
For a 2-normed space (X, ||.,.||), a subspace W of X and b € X, we denote
by W/; the Banach space of all bounded bilinear 2-functionals on W x (b) .

Definition 6 ([10]). Let X and Y be linear spaces, D be non-empty subset
of X x Y such that for every x € X, y € Y the sets
D,={yeY :(z,y) € D}, DY ={xe X :(x,y) € D}
are linear subspaces of Y and X, respectively. A function ||.,.|| : D — [0, c0)
is called a generalized 2-norm on D if it satisfies the following conditions:
(G2N1) ||z, ay| = |af. |z, y|| = ||ax,y|| for all (x,y) € D and every scalar «;

(G2N2) |z,y+ z|| = |z, yll + ||lz,2[|  forall (z,y),(x,2) € D;
(G2N3) [z +y, 2]l = ||z, 2l + [ly, 2l for all (z,2),(y,2) € D.
Then (D,|.,.||) is called a 2-normed set. In particular, if it is taken as

D = X xY, then (X xY,|.,.||) is called a generalized 2-normed space.
In addition, if X = Y, then the generalized 2-normed space is denoted by
(X, [ -1) or (Y3 [, 1))

There are some another definitions about Cauchy sequences and conver-
gent in 2-normed spaces.

Definition 7 ([9]). (i) A sequence {zp},~,; in a 2-normed space
(X, ||.,.]) is called a convergent if there exists z € X such that
{llzrn, — z,y||},,>; tends to zero for all y € X. In this case, we
write lim , = = and we call x the limit of {z,},, .The unique-

ness 0? tﬁz limit of a convergent can be shown as follows. To show
this, suppose {z,},~, is convergent to two distinct limits = and y
in X. For this choose z € X such that ||z —y, 2| # 0 and taking
ng € N sufficiently large such that ||zn, — 2, 2|| < & |z —y, 2| and
|ne — ¥, 2[| < 3 ||z — v, 2|| simultaneously. Then using the triangle
inequality, we get

le =gzl < [z — Tngs 2l + no — v, 2l
< 5 I+ ||
5 Iz —y,2 5 Iz —y,2

= Jo—y

which is contradiction. Hence, whenever limit exists, it must be
unique.
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(#7) A sequence {z,},~, in a 2-normed space (X, ||, .||) is called a Cauchy
sequence if there exist two linearly independent elements y and z
in X such that {||z,,y|l},~; and {||zs, 2[|},,>; are real Cauchy se-
quences.

Definition 8. A 2-normed space (X, ||.,.||) is called 2-Banach space if every
Cauchy sequence is convergent.

The Examples 1 and 2 are 2-Banach spaces while the Example 3 does not.
(For details, see [4]).

Lemma 1 (|4]). (i) Every 2-normed space of dimension 2 is a
2-Banach space, when the underlying field is complete.
(43) If {xn} is a sequence in 2-normed space (X, ||.,.||) and
lim (||z, —z,y||) =0, then lim ||z,,y| = ||z, y].
n—oo n—oo
A sequence () in X is said to be convergent to x in X if
lim ||z, -,y =0
n—oo
for every y € X.

We conclude this section by a known lemma needed in the proof of a main
result.

Proposition 1 ([12|;Theorem 3.6). Let (X, ||.,.||) be a linear 2-normed
space, W be a subspace of X, b € X and let (b) be the subspace of X generated
by b. If o € X 1is such that

d = inf {||lxg — w,b|| : w € W} >0,

then there exists a bounded bilinear functional F : X x (b) — K such that
F |Wx<b>: 0, F (20,b) =1 and ||F| = %

2. SOME TYPES OF PROXIMINALITY IN 2-NORMED SPACES

The main part of this paper is given in this section. We know that,
approximation is an old notion. It has many applications in many areas,
especially in engineering. Here, we will denote by (b) be the subspace of
X generated by b, by P{}V(ac), the set of all b-best approximations of z in
W and by Xg, the Banach space of all bounded bilinear 2-functionals on
W x (b). Also, we will provide some results about approximation in gen-
eralized 2-normed spaces [3]. The following definitions are important in
establishing our results, theorems, corollaries and examples.

Definition 9. Let (X, ||.,.||) be a 2-normed space, W be a subspace of X,
0 # b€ X and let (b) be the subspace of X generated by b.

(1) wg € W is called b-best approximation of z € X in W, if
lx — wo, b|| = inf{||lx — w,b]| : we W}
The set of all b-best approximations of x in W is denoted by PII}V (z).
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(i)

(i)

W is called b-proximinal if for every z € X\(W\W), there exists
wg € W such that

o — wo, bl = inf{lle — w,bl| : we W),

where W denotes the closure of W in the seminormed space (X, pp).
W is called 1-type proximinal if W is b-proximinal for all 0 £ b € X,
that is for every 0 # b € X and every z € X\(W + (b)), where
W denotes the closure of W in the seminormed space (X, p;), there
exists wg € W such that

|z — wo,b|| = inf{||z —w,b|| : we W}

Definition 10. (i) Let (X xY,|.,.||) be a generalized 2-normed space,

(i)

W1 be a subspace of X and let W5 be a subspace of Y. Then,
Wi x Wy is called 2-proximinal if for every (z,y) € X x Y there
exists (wo, go) € Wi x Wy such that

|z —wo,y — gol| = inf{||z —w,y — g : (w,g) € W1 x Wa}.

In this case, (wo, go) is called 2-best approximation of (z,y) in
W1 x Wy and the set of all 2-best approximations of (x,y) in Wi x Wa
is denoted by P%lewQ (x,y).

Let (X x Y, ||.,.||) be a generalized 2-normed space and f be a real-
valued map on X x Y. Then, f is called a 2-subadditive if

[z +22,y) < flz1,y) + fz2,9),
floyr +y2) < fl@,u1) + fz,92)
for all x,x1,29 € X and all y,y1,y2 € Y.
Also, f is called bounded if there exists a positive real number M

such that |f(z,y)] < M||z,yl, for all (x,y) € X x Y. Then, the
norm of f is defined by

[/} = inf{M >0 |f(z,y)] < M|z,yl|,

for all (z,y) € X x Y'}.
Note that, [f(z,y)| < [[f[l[lz, yll, for all (z,y) € X x Y.

2.1. Some Results.

(1)
(2)
3)

(4)
()
(6)

If b€ W and dim W = 1, then P}, (z) =W for all z € X.

If z € W, then PY},(z) = x + (b).

If z is not in W + (b), then Pf,(z) = () for all z € W\W, where W
denotes the closure of W in the seminormed space (X, pp).

If 2 € W+ (b) and & = w1 + Aib, then P5 () = {w:}.

If z € (b), then Py (x) = W ) (b).

P (z) is closed and convex in (X, py), for all z € X.
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Finally note that, W is b-proximinal if and only if P4 (z) # 0 for all
x € X\(W + (b)).

Theorem 1. Let (X, ||.,.|]|) be a 2-normed space, W be a subspace of X,
0#be X, wy € W and let (b) be the subspace of X generated by b. Suppose
that xo € X is such that

d=inf{||lzo — w,b||: we W} >0.

Then, wgy € Pll/’v(xo) if and only if there exists [ € Xg such that flyw @) =0,
f(zo —wo,b) = [[wg — wo, b]| and | f|| = 1.

Proof. First suppose that there exists f € Xg such that flyw.e = 0,
f(zo — wo,b) = ||lxo — wo, b|| and ||f|| = 1. Then,

|0 — wo, b|| = f(xo — wo,b) = f(x0,b) = f(xg —w,b)
< |fll llzo — w,b|| = |lzo — w, bl

for all w € W. Hence, wy € P5(z¢). Conversely, let wy € P§,(xo). Then,
0 = ||lxo — wo, b|| = inf{||lzo — w,b|| : w € W} > 0. By Proposition 2, there
exists g € Xg such that gly @y = 0, g(w0,0) = 1 and ||f|| = . Now for

f =g we have, fly@p =0, f(zo—wo,b) = [[zo —wo,b|| and ||f| =1. O

Corollary 1. Let (X, ||.,.||) be a 2-normed space, W be a subspace of X,
0 # b e X and let (b) be the subspace of X generated by b. Then, W is
b-proziminal subspace of X if and only if for every x € X\(W + (b)), where
W denotes the closure of W in the seminormed space (X,py), there exist
wo € W and f € Xg such that flwxw =0, f(x —wo,b) = ||z — wo, b|| and
IfIl = 1.

Lemma 2. Let (X,||.,.||) be a 2-normed space, W be a subspace of X,
0#be X, e X\(W+[b]), where W denotes the closure of W in the
seminormed space (X, py), and let (b) be the subspace of X generated by b.
Then, M C P{}V(m) if and only if there exists [ € Xg such that flw @ =0,
Il =1 and f(xog —m,b) = ||zg — m,b|| for allm € M.

Proof. Let M C P‘I}V(ac) and fix m; € M. By Theorem 1, there exists f € X£
such that flwy g = 0, f(zo — m1,b) = [|zg — mq,b|| and [|f| = 1. But,

f(xo —m,b) = ||xg — my,b|| = ||zo —m,bl|, for all m € M. O
Example 4. Let X = R2 the plane, W = {(z,y) € X : * = y} and
[(z1,22), (Y1, v2)[| = |z1y2 — zoyn| for all (z1,22), (y1,y2) € X. Let b =
(b1,b2) € X\{(0,0)}. Then, |.,.| is a 2-norm on X, W is b-proximinal

subspace of X , Py, (z) = W if b€ W and Pj(z) = {(“Z;:lflll”, “Z;:lel”)}
if b is not in W.
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Example 5. Let X =R3 W = {(0,2,0) : x € R} and

|(z1, x2, 23), (Y1, Y2, ¥3)|| = |T1Y2 — 2y1| + |T2Yy3 — x3Y2| + |T1Y3 — Z3Y1|

for all (z1,z2,23), (y1,y2,y3) € X. Let b = (b1,ba,b3) € X\W. Then,
|| I is a 2-norm on X and W is b-proximinal subspace of X. In fact,

Pjy(w) = {(0, 22252282, 0)} if by = 0 and by # 0, Py () = {(0, 247222, 0)}
if b1 # 0 and by = 0, Py (x) = {(0, 222152 0)} if by # 0, bs 7é 0 and
| — bibsxs + bz | < |brbszy — bws|, and finally P, (x) = {(0, 252382 0)}
if by #0, by # 0 and | — bybgzs + b§x1| > |bibgz1 — b?x3]. Since dsz =1,
Ph(z)=Wif0£beW.

Theorem 2. Let (X,|.,.||) be a 2-normed space and let W be a subspace
of X. Then, W is I-type proximinal subspace of X if and only if for every
0#be X and every x € X\(W + (b)), where W denotes the closure of W
in the seminormed space (X, py), there exist wo € W and fi, € Xg such that
Tolwx@y =0, fol@ —wo,b) = ||z — wo,bl| and || f]| = 1.

Proof. Note that, 6 = inf{[lxo — w,b[| : w € W} > 0, whenever x €
X\(W + (b)). Hence, it is an immediate consequence of Theorem 1. O

Definition 11. Let (X, ||.,.]|) be a 2-normed space, E be a subset of X and
0 #be€e X. An element x € X is said to be b-orthogonal to an element
y € X, and we write x Ly, if || + Ay, b|| > ||z, b|| for every scalar A. Also,
an element x € X is said to be orthogonal to E, and we write xz L, F, if x 1y
for all y € E.

Lemma 3. Let (X, ||.,.||) be a 2-normed space, W be a subspace of X, b € X.
Then, wg € ng(a:) if and only if x — woLpyW.

Proof. Note that, ||z —wo + Aw, b|| > ||z — wo, b||, for all w € W and every
scalar \ if and only if wo € P4 (z). O

Corollary 2. Let (X,|.,.||) be a 2-normed space and let W be a subspace
of X. Then, W is I-type proximinal subspace of X if and only if for every
0#be X and every x € X\(W + (b)), where W denotes the closure of W
in the seminormed space (X, py), there exist wy € W such that x — wo Ly W.

Lemma 4. Let (X,||.,.||) be a 2-normed space, W be a subspace of X,
0+# b€ X and W denotes the closure of W in the seminormed space (X, pp).
Then the following are equivalent:
(1) W is b-proziminal.
(2) W + (b) is closed in (X,py) and for every x € X\(W + (b)), there
exists an element 0 # yo € Wy = W @ (z) such that yoLp,W.
(3) W + (b) is closed in (X, pp) and for every x € X\(W + (b)), every
RS (Wz)g with the property

W={yeW,:¢(y) =0}
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has at least one mazimal element, that is, z € Wy\{0} such that
p(z,0) = llelllz bl

Proof. (1) = (2) Let {gn + Anb}n>1 be a sequence in W + (b) and g, +
Anb — x¢ for some xyp € X. Choose gy € Pé’v(xo). Then, ||zo — go,b|| <
|0 — gn, bl = ||xo — gn — Anb,b|]| — 0. Hence, z9 € W + (b). Now, for
every x € X\ (W + (b)), take go € Pj,(x). Then, 0 # yo = — go € W, and
yoJ_bW. O

(2) = (3) For every & € X\ (W +(b)), there exists an element 0 # yo € W,
such that yolsW. Then, 0 € P{,’V(yo). Thus by Theorem 1, there exists
W € (We)] such that ¢ = 1, ¢lwrey = 0, ¥(yo,b) = ||y, bll. Let now
Y € (Wx)g\{O} be arbitrary with the property W = {y € W, : p(y) = 0}.
Then, there exists a non-zero scalar A such that ¢ = Ai. Hence,

(Ao, b) = (Mp)(Ayo,b) = [A[*¢(yo,b)
= [AP|lyo, bl = 1Ml | Ago, bl = o]l Ayo, b]l-

Therefore, Ay is a maximal element of .

(3) (1) For every x € X\(W + (b)), choose ¢ € (Wm)g such that
€ Wy : o(y) =0} and 0 # z € W, such that ¢(z,b) = ||¢]||lz,0]-
%*HWHW—1¢WMMQ¢@@—WM|@Tmmm

1,0 ( ). Now, put wyg = = — Zg Zgz. Note that wg € W, because

(wg,b) = 0. Also, ((Z Z% (w—wp) € W for all w € W. On the other hand,

|22 12,00 < [223 11z — S25(w — wo),b]| = [|lz — w,b].

={y
t, Y =
€ P

[l — wo,b]| =
Therefore, wy € Pb ( ).

Theorem 3. Let (X x Y, |.,.||) be a generalized 2-normed space, W1 be a
subspace of X, Wo be a subspace of Y, (wo, go) € Wi xWsy and (z,y) € X xXY.
Then, (wo, go) € PI?VMWQ (z,y) if and only if there exists a 2-subadditive map

[ X xY — R such that f‘Wlx{y} = f|{z}><W2 = f’W1><W2 =0, Hf” <1
a‘ndf(x_w07y_g0): ”x_UJO)y_gOH

Proof. First suppose that there exists a 2-subadditive map f: X XY — R
such that f|W1><{y} = f|{:c}><W2 = f|W1><W2 =0, Hf” <1and f(xo —Wo,Y —
90) = llzo — wo,y — gol|- Then, f(z —wo,y—go) = flz —w,y—g) = f(z,y)
for all w € W; and all g € W5. Hence,
lz —wo,y —goll = flz—wo,y—g0) = flx—w,y—g)
< |fle—wy—gl <fllllz—wy—4dl
< =z —w,y—gll,

for all w € Wy and all g € Ws. Therefore, (wo, go) € nglwa (z,y).
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Now, let (wo, g0) € nglxwz(x,y). Define f: X XY — R by f(z,y) =
infew, gemn{l|lz — w,y — g||}. It is easy to see that f is a 2-subadditive
map such that flyw, «qy1 = flizyxwe = flwixwy = 0. Also, || f|| < 1 because
[f(z,9)| = fz,y) < [|@,y| for all (z,y) € X x Y. Finally,

—wo,y — - inf —wy — W,y — gy —
flz —wo,y — go) wewllr}ge%{llw wo —w,y — go — g||}
terlI,lseWQ{”w y — s}

= |z —wo,y — goll

Corollary 3. Let (X xY,|.,.||) be a generalized 2-normed space, W1 be a
subspace of X and W be a subspace of Y. Then, W1 x Wy is 2-proximinal
subspace of X if and only if for every (z,y) € X x Y there exists a 2-
subadditive map f on X XY such that flw, x(y = flizyxwe = flwixws =0,
Il <1 and f(z — wo,y — go) = Il — wo,y — gol|-

Lemma 5. Let (X x Y,|.,.||) be a generalized 2-normed space, Wi be a
subspace of X, Wy be a subspace of Y and (xz,y) € X xY. Then, M C

P‘?lewQ (x,y) if and only if there exists a 2-subadditive map f on X XY
such that

f’WlX{y} - f‘{z}sz - f’W1><W2 =0, HfH <1
and
fle—my,y —mg) = |l —m,y —ms
for all (m1,mg) € M.
Proof. Let M C PT%GXWQ (z,y) and fix (t1,t2) € M. By Theorem 1, there
exists a 2-subadditive map in each variable f on X x Y such that

flwixqyy = fligyxwe = flwaxw, =0, [[f <1
and
flx =ty —t2) = [lz —t1,y — 2.
But
flx —t1,y —t2) = f(xz —ma,y — ma)
for all (m1, mg) € M. Therefore,

fle=myy —ma) = |lz—t1,y —taf| = [lo —m1,y —ma
for all (mq,mg) € M. O
Example 6. Let X = Y = R%2 Wy = {(z1,22) € X : 1 = 13},
Wi ={(y1,y2) €Y : y1 = y2} and define ||.,.|| : X x Y — R by
[(z1, 22), (41, y2)[| = 2192 — 201 |
for all (z1,22) € X, (y1,y2) € Y. Then, |.,.|| is a generalized 2-norm on

X xY and Wy x Wy is 2-proximinal subspace of X x Y. In fact,

T1Y2 — T2Y1 T1Y2 — T2Y1
P2 x,y) = Wiy x ( , )
W, (25 Y) 1 { 71 — Ta 71 — T3
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if y1 = yo and x1 # w9;

T1Y2 — T2Y1 T1Y2 — T2Y1
) = {( — ) — )} X Wa,
Y2 —U Y2 — U1
if 21 = 29 and y1 # yo; Pv2V1xW2(x7?J) =Wy x Wy, if 1 = 29 and y1 = yo;
and finally
(ﬂflyz — T2Y1 T1Y2 — T2Y1 0 0)
y2 _ yl ) y2 _ yl ) ) )
(0 0 L1Y2 — T2Y1 T1Y2 — T2Y1
T r1 — T2 ’ r1 — T2

P‘gvl xWa (f]f, y

) € P‘%/lXWQ (3:7 y)

if 71 # x2 and y1 # y2.

Example 7. Let W; and W3 be proximinal subspaces of (X, ||.||1) and
(Y, ].]2), respectively. Then, ||z,y|| = |lz|1]|y|l2 is a generalized 2-norm
on X x Y and Py, () X Pw,(y) € P, (2,9) for all (z,y) € X x Y.
Also, the equality holds if z € X\W; and y € Y\Wj.

Definition 12. Let (X XY/ ||.,.||) be a generalized 2-normed space and let E
be a subset of X X Y. An element (x,y) € X xY is said to be orthogonal to
an element (¢,s) € X x Y, and we write (z,y) L(¢,s), if ||z + Aty + A2s| >
|z, y|| for all scalars A\; and Aa. Also, an element (z,y) € X x Y is said to
be orthogonal to E, and we write (z,y) LE, if (z,y)L(t,s) for all (¢,s) € E.

Lemma 6. Let (X x Y,||.,.||) be a generalized 2-normed space, Wi be a
subspace of X, Wy be a subspace of Y and (x,y) € X xY. Then, (wo,go) €
Pi%leWQ (x,y) if and only if (x —wo,y — go) LW1 x Wj.

Proof. Note that, ||z — wo + Mw,y — go + A2g|| > || — wo,y — go||, for all
(w, g) € Wi x Wy and all scalars A1 Aq if and only if (wp, go) € PI%VMWQ (z,y).
Il
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