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Some Results About Best and 2-Best
Approximation on 2-Structures

Mehmet Açıkgöz

Abstract. The problem of best approximation has been studied by
many mathematicians. Most of these works have dealt with the exis-
tence, uniqueness and characterization of best approximations in spaces
of continuous functions with values in Banach spaces. But little or no
work on approximation has been done on 2-structures such 2-normed
spaces, generalized 2-normed spaces and 2-Banach spaces. It is the aim
of this paper to investigate the above two concepts in the sense of latter
spaces. It is also to investigate the uniqueness and to give attention of
this subject from this view.

1. Introduction, Definitions and Notations

The concept of linear 2-normed spaces has been investigated by S. Gäh-
ler ([1]) and has been developed extensively in different subjects by others
(for example, [5] and ([7]-[15])). Then, Lewandowska generalized the no-
tion by providing the notion of generalized 2-normed spaces ([7]-[11]). Also,
Rezapour reviewed proximinal subspaces of 2-normed spaces ([16]) and pro-
vided the notion of 2-proximinality in 2009 ([17]). The aim of this paper is
providing some results in this subjects.

Now, let us give the definition of a 2-normed space which is introduced
by S. Gähler in [1].

Definition 1. Let X be a linear space over K, where K is the real or
complex numbers field, dimX > 1, and let

‖., .‖ : X2 → R+ ∪ {0}
be a mapping with the following properties:
(N1) ‖x, y‖ = 0 if and only if x and y are linearly dependent vectors;
(N2) ‖x, y‖ = ‖y, x‖ for all x, y ∈ X;
(N3) ‖αx, y‖ = |α| ‖x, y‖, α ∈ K and all x, y ∈ X;
(N4) ‖x+ y, z‖ ≤ ‖x, z‖+ ‖y, z‖ for all x, y, z ∈ X.
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Then the mapping ‖., .‖ is called a 2-norm on X and the pair (X, ‖., .‖)
is called a linear 2-normed space. In each 2-normed space (X, ‖., .‖) , we
have ‖x, y‖ ≥ 0 and ‖x, y + αx‖ = ‖x, y‖ for all x, y ∈ X and α ∈ R.
Also, if x, y and z are linearly dependent (this occurs for dimX = 2) then
‖x, y + z‖ = ‖x, y‖+ ‖x, z‖ or ‖x, y − z‖ = ‖x, y‖+ ‖x, z‖.

Every 2-normed space is a locally convex topological vector space. In fact
for a fixed b ∈ X, pb(x) = ‖x, b‖, x ∈ X, is a seminorm and the family
P = {pb : b ∈ X} of seminorms generates a locally convex toplogy on X.
This space will be denoted by (X, pb) .

In [4], it is given some examples and definitions on 2-normed spaces as
follows:

Example 1. Let X = R3 and consider the following 2-norm on X,

‖x, y‖ = |x× y| =

∣∣∣∣∣∣det

 i j k
x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣
where x = (x1, x2, x3) and y = (y1, y2, y3) . Then (X, ‖., .‖) is a 2-normed
space.

Example 2. Let Pn denotes the set of real polynomials of degree less than
or equal to n, on the interval [0, 1] . By considering usual addition and scalar
multiplication, Pn is a linear vector space over the reals. Let {x1, x2, ..., x2n}
be distinct fixed points in [0, 1] and define the 2-norm on Pn as

‖f, g‖ =
2n∑

k=0

∣∣f (xk) .g′ (xk)− f ′ (xk) .g (xk)
∣∣ .

Then (Pn, ‖., .‖) is a linear 2-normed space.

Example 3. Let X = Q3, the field be the rational numbers and consider
the norm given in example 1. In this case (X, ‖., .‖) is a 2-normed space.

Definition 2. A sequence {xn}n≥1 in a linear 2-normed space X is called
Cauchy sequence if there exist independent elements y, z ∈ X such that

lim
n,m→∞

‖xn − xm, y‖ = 0 and lim
n,m→∞

‖xn − xm, z‖ = 0.

Definition 3. A sequence {xn}n≥1 in a linear 2-normed space X is called
convergent if there exists an element x ∈ X such that lim

n→∞
‖xn − x, y‖ = 0

for all y ∈ X.

Definition 4. Let (X, ‖., .‖) be a 2-normed space andW1, W2 two subspaces
of X. A map f : W1×W2 −→ K is called a bilinear 2-functional on W1×W2

whenever for all x1, x2 ∈W1, y1, y2 ∈W2 and all λ1, λ2 ∈ K;
(i) f(x1 + x2, y1 + y2) = f(x1, y1) + f(x1, y2) + f(x2, y1) + f(x2, y2),

(ii) f(λ1x1, λ2y1) = λ1λ2f(x1, y1).



Mehmet Açıkgöz 3

Definition 5. A bilinear 2-functional f : W1×W2 −→ K is called bounded
if there exists a non-negative real number M ( called a Lipschitz constant
for f ) such that

|f(x, y)| ≤M‖x, y‖
for all x ∈W1 and all y ∈W2. Also, the norm of a bilinear 2-functional f is
defined by

‖f‖ = inf{M ≥ 0 : M is a Lipschitz constant for f}.
For a 2-normed space (X, ‖., .‖) , a subspace W of X and b ∈ X, we denote
by W ]

b ; the Banach space of all bounded bilinear 2-functionals on W × 〈b〉 .

Definition 6 ([10]). Let X and Y be linear spaces, D be non-empty subset
of X × Y such that for every x ∈ X, y ∈ Y the sets

Dx = {y ∈ Y : (x, y) ∈ D} , Dy = {x ∈ X : (x, y) ∈ D}
are linear subspaces of Y and X, respectively. A function ‖., .‖ : D → [0,∞)
is called a generalized 2-norm on D if it satisfies the following conditions:

(G2N1) ‖x, αy‖ = |α| . ‖x, y‖ = ‖αx, y‖ for all (x, y) ∈ D and every scalar α;
(G2N2) ‖x, y + z‖ = ‖x, y‖+ ‖x, z‖ for all (x, y) , (x, z) ∈ D;
(G2N3) ‖x+ y, z‖ = ‖x, z‖+ ‖y, z‖ for all (x, z) , (y, z) ∈ D.

Then (D, ‖., .‖) is called a 2-normed set. In particular, if it is taken as
D = X × Y, then (X × Y, ‖., .‖) is called a generalized 2-normed space.
In addition, if X = Y, then the generalized 2-normed space is denoted by
(X, ‖., .‖) or (Y, ‖., .‖).

There are some another definitions about Cauchy sequences and conver-
gent in 2-normed spaces.

Definition 7 ([9]). (i) A sequence {xn}n≥1 in a 2-normed space
(X, ‖., .‖) is called a convergent if there exists x ∈ X such that
{‖xn − x, y‖}n≥1 tends to zero for all y ∈ X. In this case, we
write lim

n→∞
xn = x and we call x the limit of {xn}n≥1 .The unique-

ness of the limit of a convergent can be shown as follows. To show
this, suppose {xn}n≥1 is convergent to two distinct limits x and y

in X. For this choose z ∈ X such that ‖x− y, z‖ 6= 0 and taking
n0 ∈ N sufficiently large such that ‖xn0 − x, z‖ < 1

2 ‖x− y, z‖ and
‖xn0 − y, z‖ < 1

2 ‖x− y, z‖ simultaneously. Then using the triangle
inequality, we get

‖x− y, z‖ ≤ ‖x− xn0 , z‖+ ‖xn0 − y, z‖

<
1
2
‖x− y, z‖+

1
2
‖x− y, z‖

= ‖x− y, z‖
which is contradiction. Hence, whenever limit exists, it must be
unique.
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(ii) A sequence {xn}n≥1 in a 2-normed space (X, ‖., .‖) is called a Cauchy
sequence if there exist two linearly independent elements y and z
in X such that {‖xn, y‖}n≥1 and {‖xn, z‖}n≥1 are real Cauchy se-
quences.

Definition 8. A 2-normed space (X, ‖., .‖) is called 2-Banach space if every
Cauchy sequence is convergent.

The Examples 1 and 2 are 2-Banach spaces while the Example 3 does not.
(For details, see [4]).

Lemma 1 ([4]). (i) Every 2-normed space of dimension 2 is a
2-Banach space, when the underlying field is complete.

(ii) If {xn} is a sequence in 2-normed space (X, ‖., .‖) and
lim

n→∞
(‖xn − x, y‖) = 0, then lim

n→∞
‖xn, y‖ = ‖x, y‖.

A sequence (xn) in X is said to be convergent to x in X if

lim
n→∞

‖xn − x, y‖ = 0

for every y ∈ X.

We conclude this section by a known lemma needed in the proof of a main
result.

Proposition 1 ([12];Theorem 3.6). Let (X, ‖., .‖) be a linear 2-normed
space, W be a subspace of X, b ∈ X and let 〈b〉 be the subspace of X generated
by b. If x0 ∈ X is such that

δ = inf {‖x0 − w, b‖ : w ∈W} > 0,

then there exists a bounded bilinear functional F : X × 〈b〉 → K such that
F |W×〈b〉= 0, F (x0, b) = 1 and ‖F‖ = 1

δ .

2. Some Types of Proximinality in 2-normed spaces

The main part of this paper is given in this section. We know that,
approximation is an old notion. It has many applications in many areas,
especially in engineering. Here, we will denote by 〈b〉 be the subspace of
X generated by b, by P b

W (x), the set of all b-best approximations of x in
W and by X]

b , the Banach space of all bounded bilinear 2-functionals on
W × 〈b〉. Also, we will provide some results about approximation in gen-
eralized 2-normed spaces [3]. The following definitions are important in
establishing our results, theorems, corollaries and examples.

Definition 9. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X,
0 6= b ∈ X and let 〈b〉 be the subspace of X generated by b.

(i) w0 ∈W is called b-best approximation of x ∈ X in W , if

‖x− w0, b‖ = inf{‖x− w, b‖ : w ∈W}.
The set of all b-best approximations of x in W is denoted by P b

W (x).
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(ii) W is called b-proximinal if for every x ∈ X\(W\W ), there exists
w0 ∈W such that

‖x− w0, b‖ = inf{‖x− w, b‖ : w ∈W},

where W denotes the closure of W in the seminormed space (X, pb).
(iii) W is called 1-type proximinal if W is b-proximinal for all 0 6= b ∈ X,

that is for every 0 6= b ∈ X and every x ∈ X\(W + 〈b〉), where
W denotes the closure of W in the seminormed space (X, pb), there
exists w0 ∈W such that

‖x− w0, b‖ = inf{‖x− w, b‖ : w ∈W}.

Definition 10. (i) Let (X ×Y, ‖., .‖) be a generalized 2-normed space,
W1 be a subspace of X and let W2 be a subspace of Y . Then,
W1 × W2 is called 2-proximinal if for every (x, y) ∈ X × Y there
exists (w0, go) ∈W1 ×W2 such that

‖x− w0, y − g0‖ = inf{‖x− w, y − g‖ : (w, g) ∈W1 ×W2}.

In this case, (w0, g0) is called 2-best approximation of (x, y) in
W1×W2 and the set of all 2-best approximations of (x, y) in W1×W2

is denoted by P 2
W1×W2

(x, y).
(ii) Let (X × Y, ‖., .‖) be a generalized 2-normed space and f be a real-

valued map on X × Y . Then, f is called a 2-subadditive if

f(x1 + x2, y) ≤ f(x1, y) + f(x2, y),

f(x, y1 + y2) ≤ f(x, y1) + f(x, y2)

for all x, x1, x2 ∈ X and all y, y1, y2 ∈ Y .
Also, f is called bounded if there exists a positive real number M

such that |f(x, y)| ≤ M‖x, y‖, for all (x, y) ∈ X × Y . Then, the
norm of f is defined by

‖f‖ = inf{M > 0 : |f(x, y)| ≤M‖x, y‖,

for all (x, y) ∈ X × Y }.
Note that, |f(x, y)| ≤ ‖f‖‖x, y‖, for all (x, y) ∈ X × Y .

2.1. Some Results.

(1) If b ∈W and dimW = 1, then P b
W (x) = W for all x ∈ X.

(2) If x ∈W , then P b
W (x) = x+ 〈b〉.

(3) If x is not in W + 〈b〉, then P b
W (x) = ∅ for all x ∈ W\W , where W

denotes the closure of W in the seminormed space (X, pb).
(4) If x ∈W + 〈b〉 and x = w1 + λ1b, then P b

W (x) = {w1}.
(5) If x ∈ 〈b〉, then P b

W (x) = W
⋂
〈b〉.

(6) P b
W (x) is closed and convex in (X, pb), for all x ∈ X.
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Finally note that, W is b-proximinal if and only if P b
W (x) 6= ∅ for all

x ∈ X\(W + 〈b〉).

Theorem 1. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X,
0 6= b ∈ X, w0 ∈W and let 〈b〉 be the subspace of X generated by b. Suppose
that x0 ∈ X is such that

δ = inf{‖x0 − w, b‖ : w ∈W} > 0.

Then, w0 ∈ P b
W (x0) if and only if there exists f ∈ X]

b such that f |W×〈b〉 = 0,
f(x0 − w0, b) = ‖x0 − w0, b‖ and ‖f‖ = 1.

Proof. First suppose that there exists f ∈ X]
b such that f |W×〈b〉 = 0,

f(x0 − w0, b) = ‖x0 − w0, b‖ and ‖f‖ = 1. Then,

‖x0 − w0, b‖ = f(x0 − w0, b) = f(x0, b) = f(x0 − w, b)

≤ ‖f‖ ‖x0 − w, b‖ = ‖x0 − w, b‖,

for all w ∈ W . Hence, w0 ∈ P b
W (x0). Conversely, let w0 ∈ P b

W (x0). Then,
δ = ‖x0 − w0, b‖ = inf{‖x0 − w, b‖ : w ∈ W} > 0. By Proposition 2, there
exists g ∈ X]

b such that g|W×〈b〉 = 0, g(x0, b) = 1 and ‖f‖ = 1
δ . Now for

f = δg we have, f |W×〈b〉 = 0, f(x0 −w0, b) = ‖x0 −w0, b‖ and ‖f‖ = 1. �

Corollary 1. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X,
0 6= b ∈ X and let 〈b〉 be the subspace of X generated by b. Then, W is
b-proximinal subspace of X if and only if for every x ∈ X\(W + 〈b〉), where
W denotes the closure of W in the seminormed space (X, pb), there exist
w0 ∈ W and f ∈ X]

b such that f |W×〈b〉 = 0, f(x− w0, b) = ‖x− w0, b‖ and
‖f‖ = 1.

Lemma 2. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X,
0 6= b ∈ X, x ∈ X\(W + [b]), where W denotes the closure of W in the
seminormed space (X, pb), and let 〈b〉 be the subspace of X generated by b.
Then, M ⊆ P b

W (x) if and only if there exists f ∈ X]
b such that f |W×[b] = 0,

‖f‖ = 1 and f(x0 −m, b) = ‖x0 −m, b‖ for all m ∈M .

Proof. Let M ⊆ P b
W (x) and fix m1 ∈M . By Theorem 1, there exists f ∈ X]

b
such that f |W×〈b〉 = 0, f(x0 − m1, b) = ‖x0 − m1, b‖ and ‖f‖ = 1. But,
f(x0 −m, b) = ‖x0 −m1, b‖ = ‖x0 −m, b‖, for all m ∈M . �

Example 4. Let X = R2, the plane, W = {(x, y) ∈ X : x = y} and
‖(x1, x2), (y1, y2)‖ = |x1y2 − x2y1| for all (x1, x2), (y1, y2) ∈ X. Let b =
(b1, b2) ∈ X\{(0, 0)}. Then, ‖., .‖ is a 2-norm on X, W is b-proximinal
subspace of X , P b

W (x) = W if b ∈W and P b
W (x) = {(x2b1−x1b2

b2−b1
, x2b1−x1b2

b2−b1
)}

if b is not in W .
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Example 5. Let X = R3, W = {(0, x, 0) : x ∈ R} and

‖(x1, x2, x3), (y1, y2, y3)‖ = |x1y2 − x2y1|+ |x2y3 − x3y2|+ |x1y3 − x3y1|
for all (x1, x2, x3), (y1, y2, y3) ∈ X. Let b = (b1, b2, b3) ∈ X\W . Then,
‖., .‖ is a 2-norm on X and W is b-proximinal subspace of X. In fact,
P b

W (x) = {(0, x2b3−x3b2
b3

, 0)} if b1 = 0 and b3 6= 0, P b
W (x) = {(0, x2b1−x1b2

b1
, 0)}

if b1 6= 0 and b3 = 0, P b
W (x) = {(0, x2b1−x1b2

b1
, 0)} if b1 6= 0, b3 6= 0 and

| − b1b3x3 + b23x1| ≤ |b1b3x1 − b21x3|, and finally P b
W (x) = {(0, x2b3−x3b2

b3
, 0)}

if b1 6= 0, b3 6= 0 and | − b1b3x3 + b23x1| ≥ |b1b3x1 − b21x3|. Since dimW = 1,
P b

W (x) = W if 0 6= b ∈W .

Theorem 2. Let (X, ‖., .‖) be a 2-normed space and let W be a subspace
of X. Then, W is 1-type proximinal subspace of X if and only if for every
0 6= b ∈ X and every x ∈ X\(W + 〈b〉), where W denotes the closure of W
in the seminormed space (X, pb), there exist w0 ∈W and fb ∈ X]

b such that
fb|W×〈b〉 = 0, fb(x− w0, b) = ‖x− w0, b‖ and ‖fb‖ = 1.

Proof. Note that, δ = inf{‖x0 − w, b‖ : w ∈ W} > 0, whenever x ∈
X\(W + 〈b〉). Hence, it is an immediate consequence of Theorem 1. �

Definition 11. Let (X, ‖., .‖) be a 2-normed space, E be a subset of X and
0 6= b ∈ X. An element x ∈ X is said to be b-orthogonal to an element
y ∈ X, and we write x⊥by, if ‖x + λy, b‖ ≥ ‖x, b‖ for every scalar λ. Also,
an element x ∈ X is said to be orthogonal to E, and we write x⊥bE, if x⊥by
for all y ∈ E.

Lemma 3. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X, b ∈ X.
Then, w0 ∈ P b

W (x) if and only if x− w0⊥bW .

Proof. Note that, ‖x− w0 + λw, b‖ ≥ ‖x− w0, b‖, for all w ∈ W and every
scalar λ if and only if w0 ∈ P b

W (x). �

Corollary 2. Let (X, ‖., .‖) be a 2-normed space and let W be a subspace
of X. Then, W is 1-type proximinal subspace of X if and only if for every
0 6= b ∈ X and every x ∈ X\(W + 〈b〉), where W denotes the closure of W
in the seminormed space (X, pb), there exist w0 ∈W such that x−w0⊥bW .

Lemma 4. Let (X, ‖., .‖) be a 2-normed space, W be a subspace of X,
0 6= b ∈ X and W denotes the closure of W in the seminormed space (X, pb).
Then the following are equivalent:

(1) W is b-proximinal.
(2) W + 〈b〉 is closed in (X, pb) and for every x ∈ X\(W + 〈b〉), there

exists an element 0 6= y0 ∈Wx = W
⊕
〈x〉 such that y0⊥bW .

(3) W + 〈b〉 is closed in (X, pb) and for every x ∈ X\(W + 〈b〉), every
ϕ ∈ (Wx)]

b with the property

W = {y ∈Wx : ϕ(y) = 0}
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has at least one maximal element, that is, z ∈ Wx\{0} such that
ϕ(z, b) = ‖ϕ‖‖z, b‖.

Proof. (1) ⇒ (2) Let {gn + λnb}n≥1 be a sequence in W + 〈b〉 and gn +
λnb −→ x0 for some x0 ∈ X. Choose g0 ∈ P b

W (x0). Then, ‖x0 − g0, b‖ ≤
‖x0 − gn, b‖ = ‖x0 − gn − λnb, b‖ −→ 0. Hence, x0 ∈ W + 〈b〉. Now, for
every x ∈ X\(W + 〈b〉), take g0 ∈ P b

W (x). Then, 0 6= y0 = x− g0 ∈Wx and
y0⊥bW . �

(2) ⇒ (3) For every x ∈ X\(W+〈b〉), there exists an element 0 6= y0 ∈Wx

such that y0⊥bW . Then, 0 ∈ P b
W (y0). Thus by Theorem 1, there exists

ψ ∈ (Wx)]
b such that ‖ψ‖ = 1, ψ|W×〈b〉 = 0, ψ(y0, b) = ‖y0, b‖. Let now

ϕ ∈ (Wx)]
b\{0} be arbitrary with the property W = {y ∈ Wx : ϕ(y) = 0}.

Then, there exists a non-zero scalar λ such that ϕ = λψ. Hence,

ϕ(λ̄y0, b) = (λψ)(λ̄y0, b) = |λ|2ψ(y0, b)
= |λ|2‖y0, b‖ = ‖λψ‖‖λ̄y0, b‖ = ‖ϕ‖‖λ̄y0, b‖.

Therefore, λ̄y0 is a maximal element of ϕ.

(3) ⇒ (1) For every x ∈ X\(W + 〈b〉), choose ϕ ∈ (Wx)]
b such that

W = {y ∈ Wx : ϕ(y) = 0} and 0 6= z ∈ Wx such that ϕ(z, b) = ‖ϕ‖‖z, b‖.
Put, ψ = ϕ

‖ϕ‖ . Then, ‖ψ‖ = 1, ψ|W×〈b〉 = 0, ψ(z, b) = ‖z, b‖. By Theorem

1, 0 ∈ P b
Wx

(z). Now, put w0 = x − ϕ(x,b)
ϕ(z,b)z. Note that w0 ∈ W , because

ϕ(w0, b) = 0. Also, ϕ(z,b)
ϕ(x,b)(w − w0) ∈ W for all w ∈ W . On the other hand,

‖x − w0, b‖ = |ϕ(x,b)
ϕ(z,b) |‖z, b‖ ≤ |ϕ(x,b)

ϕ(z,b) |‖z −
ϕ(z,b)
ϕ(x,b)(w − w0), b‖ = ‖x − w, b‖.

Therefore, w0 ∈ P b
W (x).

Theorem 3. Let (X × Y, ‖., .‖) be a generalized 2-normed space, W1 be a
subspace of X, W2 be a subspace of Y , (w0, g0) ∈W1×W2 and (x, y) ∈ X×Y .
Then, (w0, g0) ∈ P 2

W1×W2
(x, y) if and only if there exists a 2-subadditive map

f : X × Y −→ R such that f |W1×{y} = f |{x}×W2
= f |W1×W2 = 0, ‖f‖ ≤ 1

and f(x− w0, y − g0) = ‖x− w0, y − g0‖.

Proof. First suppose that there exists a 2-subadditive map f : X ×Y −→ R
such that f |W1×{y} = f |{x}×W2

= f |W1×W2 = 0, ‖f‖ ≤ 1 and f(x0−w0, y−
g0) = ‖x0−w0, y− g0‖. Then, f(x−w0, y− g0) = f(x−w, y− g) = f(x, y)
for all w ∈W1 and all g ∈W2. Hence,

‖x− w0, y − g0‖ = f(x− w0, y − g0) = f(x− w, y − g)
≤ |f(x− w, y − g)| ≤ ‖f‖ ‖x− w, y − g‖
≤ ‖x− w, y − g‖,

for all w ∈W1 and all g ∈W2. Therefore, (w0, g0) ∈ P 2
W1×W2

(x, y).
�
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Now, let (w0, g0) ∈ P 2
W1×W2

(x, y). Define f : X × Y −→ R by f(x, y) =
infw∈W1,g∈W2{‖x − w, y − g‖}. It is easy to see that f is a 2-subadditive
map such that f |W1×{y} = f |{x}×W2

= f |W1×W2 = 0. Also, ‖f‖ ≤ 1 because
|f(x, y)| = f(x, y) ≤ ‖x, y‖ for all (x, y) ∈ X × Y . Finally,

f(x− w0, y − g0) = inf
w∈W1,g∈W2

{‖x− w0 − w, y − g0 − g‖}

= inf
t∈W1,s∈W2

{‖x− t, y − s‖}

= ‖x− w0, y − g0‖.

Corollary 3. Let (X × Y, ‖., .‖) be a generalized 2-normed space, W1 be a
subspace of X and W2 be a subspace of Y . Then, W1 ×W2 is 2-proximinal
subspace of X if and only if for every (x, y) ∈ X × Y there exists a 2-
subadditive map f on X×Y such that f |W1×{y} = f |{x}×W2

= f |W1×W2 = 0,
‖f‖ ≤ 1 and f(x− w0, y − g0) = ‖x− w0, y − g0‖.

Lemma 5. Let (X × Y, ‖., .‖) be a generalized 2-normed space, W1 be a
subspace of X, W2 be a subspace of Y and (x, y) ∈ X × Y . Then, M ⊆
P 2

W1×W2
(x, y) if and only if there exists a 2-subadditive map f on X × Y

such that
f |W1×{y} = f |{x}×W2

= f |W1×W2 = 0, ‖f‖ ≤ 1
and

f(x−m1, y −m2) = ‖x−m1, y −m2‖
for all (m1,m2) ∈M .

Proof. Let M ⊆ P 2
W1×W2

(x, y) and fix (t1, t2) ∈ M . By Theorem 1, there
exists a 2-subadditive map in each variable f on X × Y such that

f |W1×{y} = f |{x}×W2
= f |W1×W2 = 0, ‖f‖ ≤ 1

and
f(x− t1, y − t2) = ‖x− t1, y − t2‖.

But
f(x− t1, y − t2) = f(x−m1, y −m2)

for all (m1,m2) ∈M . Therefore,

f(x−m1, y −m2) = ‖x− t1, y − t2‖ = ‖x−m1, y −m2‖
for all (m1,m2) ∈M . �

Example 6. Let X = Y = R2, W1 = {(x1, x2) ∈ X : x1 = x2},
W2 = {(y1, y2) ∈ Y : y1 = y2} and define ‖., .‖ : X × Y −→ R by

‖(x1, x2), (y1, y2)‖ = |x1y2 − x2y1|
for all (x1, x2) ∈ X, (y1, y2) ∈ Y . Then, ‖., .‖ is a generalized 2-norm on
X × Y and W1 ×W2 is 2-proximinal subspace of X × Y . In fact,

P 2
W1×W2

(x, y) = W1 ×
{(x1y2 − x2y1

x1 − x2
,
x1y2 − x2y1

x1 − x2

)}
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if y1 = y2 and x1 6= x2;

P 2
W1×W2

(x, y) = {(x1y2 − x2y1

y2 − y1
,
x1y2 − x2y1

y2 − y1
)} ×W2,

if x1 = x2 and y1 6= y2; P 2
W1×W2

(x, y) = W1 ×W2, if x1 = x2 and y1 = y2;
and finally(x1y2 − x2y1

y2 − y1
,
x1y2 − x2y1

y2 − y1
, 0, 0

)
,(

0, 0,
x1y2 − x2y1

x1 − x2
,
x1y2 − x2y1

x1 − x2

)
∈ P 2

W1×W2
(x, y)

if x1 6= x2 and y1 6= y2.

Example 7. Let W1 and W2 be proximinal subspaces of (X, ‖.‖1) and
(Y, ‖.‖2), respectively. Then, ‖x, y‖ = ‖x‖1‖y‖2 is a generalized 2-norm
on X × Y and PW1(x) × PW2(y) ⊆ P 2

W1×W2
(x, y) for all (x, y) ∈ X × Y .

Also, the equality holds if x ∈ X\W1 and y ∈ Y \W2.

Definition 12. Let (X×Y, ‖., .‖) be a generalized 2-normed space and let E
be a subset of X×Y . An element (x, y) ∈ X×Y is said to be orthogonal to
an element (t, s) ∈ X ×Y , and we write (x, y)⊥(t, s), if ‖x+λ1t, y+λ2s‖ ≥
‖x, y‖ for all scalars λ1 and λ2. Also, an element (x, y) ∈ X × Y is said to
be orthogonal to E, and we write (x, y)⊥E, if (x, y)⊥(t, s) for all (t, s) ∈ E.

Lemma 6. Let (X × Y, ‖., .‖) be a generalized 2-normed space, W1 be a
subspace of X, W2 be a subspace of Y and (x, y) ∈ X ×Y . Then, (w0, g0) ∈
P 2

W1×W2
(x, y) if and only if (x− w0, y − g0)⊥W1 ×W2.

Proof. Note that, ‖x − w0 + λ1w, y − g0 + λ2g‖ ≥ ‖x − w0, y − g0‖, for all
(w, g) ∈W1×W2 and all scalars λ1 λ2 if and only if (w0, g0) ∈ P 2

W1×W2
(x, y).

�
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