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Fixed Point Theorems for Some
Discontinuous Operators in

Cone Metric Space

Mohammad Saeed Khan and Mahboobeh Samanipour

Abstract. In this article, some fixed point theorems in cone metric
spaces for operators belonging to the class E(a, b, c) are proved.

1. Introduction

In [2] Derrick and Nova defined the following operator classes:
Let (E, ‖ · ‖) be a Banach space, K ⊂ E closed and T : K → K an

arbitrary operator that satisfies the following condition for a, b > 0 and any
x, y ∈ K:

(A) ‖(Tx− Ty)− b[(x− Tx) + (y − Ty)‖ ≤ a‖x− y‖
(B) ‖(Tx− Ty)− b(x− Tx)‖ ≤ a‖x− y‖+ b‖y − Ty‖
(C) ‖(Tx− Ty)− a(x− y)‖ ≤ b[‖x− Tx‖+ ‖y − Ty‖]
(D) ‖Tx− Ty‖ ≤ a‖x− y‖+ b[‖x− Tx‖+ ‖y − Ty‖]
We shall say that T belongs or is of class A(a, b) (respectively B(a, b),

C(a, b), D(a, b)), when satisfies the condition (A) (respectively B, C, D).
Observe that, using the triangle inequality, that any map of class A(a, b),

B(a, b) or C(a, b) is of class D(a, b).
Note that the condition (D) may hold even if the operator is discontinu-

ous. In fact, any operator is in class D(1, 1). Since by triangle inequality:

‖Tx− Ty‖ ≤ ‖Tx− x‖+ ‖x− y‖+ ‖y − Ty‖.
Recently, Khan and Samanipour [5] defined a new class of operators called
E(a, b, c) which includes operators of class D(a, b).

Definition 1.1. Let (E, ‖·‖) be a Banach space, K ⊂ E closed and T : K →
K an arbitrary operator that satisfies the following condition for a, b, c > 0
and any x, y ∈ K:

‖Tx− Ty‖ ≤ a‖x− y‖+ b
[
‖x− Tx‖+ ‖y − Ty‖

]
+ c

[
‖x− Ty‖+ ‖y − Tx‖

]
.
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We shall say that T belongs or is of class E(a, b, c).

Huang and Zhang [3] have replaced the real numbers by ordered Banach
spaces and defined a cone metric space. They have proved some fixed point
theorems of contractive mappings defined on these spaces. Further results
on fixed point theorems in such spaces were obtained by several other math-
ematicians, see [1], [4] and [6].

The following concepts are borrowed from Huang and Zhang.
Let E be a real Banach space, and P a subset of E. Then P is called a

cone if
(i) P is closed, nonempty, and P 6= 0,
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + by ∈ P ,
(iii) x ∈ P and −x ∈ P ⇒ x = 0.
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by

x ≤ y if and only if y − x ∈ P . We shall write x < y if x ≤ y and x 6= y;
we shall write x � y if y − x ∈ intP , where intP denotes the interior of P
. The cone P is called normal if there is a number K > 0 such that for all
x, y ∈ E,

0 ≤ x ≤ y implies ‖x‖ ≤ K‖y‖.

Definition 1.2. Let X be a non-empty set. Suppose that the mapping
d : X ×X → E satisfies

(d1) 0 < d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x), for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z) + d(z, y), for all x, y, z ∈ X.

Then d is called a cone metric on X, and the pair (X, d) is called a cone
metric space.

The sequence {xn} in X is said to be convergent to x ∈ X if for every
c ∈ E with 0 � c, there is n0 ∈ N such that d(xn, x) � c, for every n ≥ n0,
and is called a Cauchy sequence if for every c ∈ E with 0 � c, there is
n0 ∈ N such that d(xm, xn) � c, for every m,n ≥ n0. A cone metric space
(X, d) is called a complete cone metric space if every Cauchy sequence in X
is convergent to a point of X. A self-map T on X is said to be continuous
if lim

n→∞
xn = x implies that lim

n→∞
T (xn) = T (x), for every sequence {xn} in

X.

Lemma 1.3 ([3]). Let (X, d) be a cone metric space, if every Cauchy se-
quence is convergent in X, then X is called a complete cone metric space.

Following results will be used in the sequel.

Lemma 1.4 ([3], Lemma 1). Let (X, d) be a cone metric space, and P be a
normal cone with normal constant K. Let {xn} be a sequence in X. Then
{xn} converges to x ∈ X if and only if d(xn, x) → 0 (n →∞).
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Lemma 1.5 ([3], Lemma 3). Let (X, d) be a cone metric space, and {xn} be
a sequence in X. If {xn} converges to x, then {xn} is a Cauchy sequence.

Lemma 1.6 ([3], Lemma 4). Let (X, d) be a cone metric space, and P be a
normal cone with normal constant K. Let {xn} be a sequence in X. Then
{xn} is a Cauchy sequence if and only if d(xn, xm) → 0 (n, m →∞).

The following example is a cone metric space, see [3].

Example 1.7. Let E = R2, P = {(x, y) ∈ E | x, y ≥ 0}, X = R, and
d : X × X → E such that d(x, y) = (|x − y|, α|x − y|), where α ≥ 0 is a
constant. Then (X, d) is a cone metric space.

In this paper, we have studied some fixed point theorems in cone metric
spaces for operators T belonging to the class E(a, b, c) and posses some
special properties.

2. Main results

First, we introduce some new concepts.

Definition 2.1. Let (X, d) be a cone metric space, and P be a normal cone
with normal constant K. Let T : Y → Y, Y ⊂ X and x ∈ Y . Then T is said
to be c-asymptotically regular at x if for all natural numbers n, Tn(x) ∈ Y
and lim

n→∞
d(Tn(x), Tn+1(x)) = 0.

Definition 2.2. Let (X, d) be a cone metric space, and P be a normal cone
with normal constant K. A sequence {xn} of elements of Y ⊂ X is said to
c-asymptotically T -regular if lim

n→∞
d(xn, Txn) = 0.

Remark 2.3. It is obvious that T is c-asymptotically regular at x ∈ Y if and
only if for all natural numbers n, Tn(x) ∈ Y and {Tn(x)} is c-asymptotically
T -regular.

Definition 2.4. Let (X, d) be a cone metric space, and P be a normal cone
with normal constant K. We say that T ∈ E(a, b, c) if the inequality

d(Tx, Ty) ≤ ad(x, y) + b[d(x, Tx) + d(y, Ty)] + c[d(x, Ty) + d(y, Tx)]

holds for all x, y ∈ X, 0 ≤ a, b, c < 1.

Now, we present the main results.

Theorem 2.5. Let (X, d) be a cone metric space,and P be a normal cone
with normal constant K , and T : X → X. If T ∈ E(a, b, c), 0 ≤ a, b, c < 1,
a + 2b + 2c < 1. Then T is c-asymptotically regular at every point in X.
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Proof. Let x0 be an arbitrary point in X. Define xn = Tnx0. Then we have

d(xn, xn+1) = d(Txn−1, Txn)

≤ ad(xn−1, xn) + b[d(xn−1, Txn−1) + d(xn, Txn)]

+ c[d(xn−1, Txn) + d(xn, Txn−1)]

= ad(xn−1, xn) + b[d(xn−1, xn) + d(xn, xn+1)]

+ c[d(xn−1, xn+1) + d(xn, xn)]

≤ ad(xn−1, xn) + b[d(xn−1, xn) + d(xn, xn+1)]

+ c[d(xn−1, xn) + d(xn, xn+1)],

so that

d(xn, xn+1) ≤
a + b + c

1− b− c
d(xn−1, xn).

Now we get

‖d(xn, xn+1)‖ ≤
(

a + b + c

1− b− c

)n

K‖d(x0, x1)‖.

This implies

lim
n→∞

d(xn, xn+1) = lim
n→∞

d(Tnx0, T
n+1x0) = 0.

Since x0 is arbitrary, T is c-asymptotically regular at every point in X. This
completes the proof. �

Theorem 2.6. Let X be complete cone metric space,and P be a normal
cone with normal constant K ,and T : X → X be a mapping in E(a, b, c),
0 ≤ a, b, c < 1. Then a sequence {xn}in X is c-asymptotically T -regular if
and only if it converges to a fixed point of T .

Proof. Suppose that limn→∞ xn = z and z = Tz. Then we have

d(xn, Txn) ≤ d(xn, z) + d(z, Txn).

So by letting n → ∞, we see that d(xn, Txn) → 0. Hence {xn} is
c-asymptotically T -regular. Conversely,

d(Txn, Txm) ≤ ad(xn, xm) + b[d(xn, Txn) + d(xm, Txm)]

+ c[d(xn, Txm) + d(xm, Txn)]

≤ a[d(xn, Txn) + d(Txn, Txm) + d(Txm, xm)]

+ b[d(xn, Txn) + d(xm, Txm)]

+ c[d(xn, Txn) + d(Txn, Txm)

+ d(xm, Txm) + d(Txm, Txn)]

So that

d(Txn, Txm) ≤ a + b + c

1− a− 2c
[d(xn, Txn) + d(xm, Txm)]
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‖d(Txn, Txm)‖ ≤
(

a + b + c

1− a− 2c

)
K‖d(xn, Txn) + d(xm, Txm)‖ → 0.

Letting m,n → ∞, we observe that {Txn} is a Cauchy sequence. Since X
is complete {Txn} converges to, say, z in X. Since lim

n→∞
d(xn, Txn) → 0,

xn → z as n →∞. We assert that z = Tz. For if z 6= Tz, then

d(z, Tz) ≤ d(z, Txn) + d(Txn, T z)

≤ d(z, Txn) + ad(xn, z) + b[d(xn, Txn) + d(z, Tz)]

+ c[d(z, Txn) + d(xn, T z)]

≤ d(z, xn) + d(xn, Txn) + ad(xn, z) + b[d(xn, Txn) + d(z, Tz)]

+ c[d(z, xn) + d(xn, Txn) + d(xn, z) + d(z, Tz)].

From this we obtained

‖d(z, Tz)‖ ≤
(

1 + a + 2c

1− b− c

)
K(‖d(xn, Txn)‖+ ‖d(z, xn)‖) → 0.

Hence z = Tz. This completes the proof. �

Theorem 2.7. Let X be complete cone metric space, and P be a nor-
mal cone with normal constant K, and T : X → X be a mapping in
E(a, b, c), a, b, c ≥ 0, a + 2b + 2c < 1. Then T has a unique fixed point
in X.

Proof. By Theorem 2.5 T is c-asymptotically regular at every point in X.
Let x0 be an arbitrary point in X. Define xn = Tnx0. Then the sequence
{xn} is c-asymptotically T -regular (see Remark 2.3). Thus by Theorem 2.6
the sequence {xn} converges to a point z in X such that z = Tz. To show
that z is unique, suppose z and z1 are two fixed points of T . Then, we have

d(z, z1) = d(Tz, Tz1)

≤ ad(z, z1) + b[d(z, Tz) + d(z1, T z1)] + c[d(z, Tz1) + d(z1, T z)]

≤ ad(z, z1) + c[d(z, z1) + d(z1, T z1) + d(z1, z) + d(z, Tz)],

so
d(z, z1) ≤ (a + 2c)d(z, z1),

which implies that d(z, z1) = 0. Hence z = z1. This completes the proof. �

In Theorem 2.7, for establishing the existence of fixed points we have
used the c-asymptotic regularity of T at one point only. Keeping this in
mind we obtain an extension of the above theorem in which the condition
a + 2b + 2c < 1 may be relaxed. Thus we have the following theorem. Note
that a + 2b + 2c may exceed 1 in this ease.

Theorem 2.8. Let X be complete cone metric space, and P be a nor-
mal cone with normal constant K and T : X → X be a mapping in
E(a, b, c), a, b, c ≥ 0, b, c < 1. If T is c-asymptotically regular at some
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point in X, then T has a fixed point in X. Further, if a + 2c < 1, then the
fixed point is unique.

Proof. Let T be c-asymptotically regular at x0 ∈ X. Define xn = Tnx0.
Then the result immediately follows from Theorem 2.7. This completes the
proof. �
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