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Common Fixed Point Theorems for
Subcompatible D-Maps

H. Bouhadjera, A. Djoudi, and Brian Fisher

Abstract. The purpose of this paper is to establish a common fixed
point theorem for two pairs of subcompatible single and set-valued D-
maps in a metric space. This result improves, extends and generalizes
the result of [1] and others.

1. Introduction

In the sequel (X , d) denotes a metric space and B(X ) is the set of all
nonempty bounded subsets of X . We define

δ(A,B) = sup {d(a, b) : a ∈ A, b ∈ B}

for all A,B in B(X ). If A = {a}, we write δ(A,B) = δ(a,B). Also, if
B = {b}, we write δ(A,B) = d(a, b). From the definition of δ(A,B) it
follows immediately that

δ(A,B) ≥ 0,

δ(A,B) = δ(B,A),

δ(A,B) ≤ δ(A,C) + δ(C,B),

δ(A,A) = diam A,

δ(A,B) = 0 iff A = B = {a}

for all A,B, C in B(X ).

Definition 1.1 ([3]). A sequence {An} of nonempty subsets of X is said to
be convergent to a subset A of X if:

(i) each point a in A is the limit of a convergent sequence {an}, where
an is in An for n ∈ N,

(ii) for arbitrary ε > 0, there exists an integer m such that An ⊆ Aε for
n > m, where Aε denotes the set of all points x in X for which there
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exists a point a in A, depending on x, such that d(x, a) < ε. A is
then said to be the limit of the sequence {An}.

Lemma 1.1 ([3]). If {An} and {Bn} are sequences in B(X ) converging to
A and B in B(X ), respectively, then the sequence {δ(An, Bn)} converges to
δ(A,B).

Lemma 1.2 ([4]). Let {An} be a sequence in B(X ) and y be a point in X
such that δ(An, y) → 0. Then the sequence {An} converges to the set {y}
in B(X ).

To generalize commuting and weakly commuting maps, Jungck [5] intro-
duced the concept of compatible maps. When f and g are self-maps of a
metric space (X , d), he defines f and g to be compatible if

(1) lim
n→∞

d(fgxn, gfxn) = 0

whenever {xn} is a sequence in X such that lim
n→∞

fxn = lim
n→∞

gxn = t for
some t ∈ X .

Further, Jungck et al. [7] gave another generalization of weakly commut-
ing maps by introducing compatible maps of type (A). f and g above are
compatible of type (A) if they satisfy instead of (1) the two equalities

lim
n→∞

d(fgxn, g2xn) = 0 and lim
n→∞

d(gfxn, f2xn) = 0.

Extending type (A) maps, Pathak and Khan [10] introduced the notion
of compatible maps of type (B). f and g are compatible of type (B) if in
lieu of (1) we have

lim
n→∞

d(fgxn, g2xn) ≤ 1
2

[
lim

n→∞
d(fgxn, ft) + lim

n→∞
d(ft, f2xn)

]
and

lim
n→∞

d(gfxn, f2xn) ≤ 1
2

[
lim

n→∞
d(gfxn, gt) + lim

n→∞
d(gt, g2xn)

]
.

In their paper [9], Pathak et al. added another extension of compatible
maps of type (A) by giving the concept of compatible maps of type (C). f
and g above are compatible of type (C) if they satisfy the two inequalities

lim
n→∞

d(fgxn, g2xn) ≤ 1
3

[
lim

n→∞
d(fgxn, ft)

+ lim
n→∞

d(ft, f2xn) + lim
n→∞

d(ft, g2xn)
]

and

lim
n→∞

d(gfxn, f2xn) ≤ 1
3

[
lim

n→∞
d(gfxn, gt)

+ lim
n→∞

d(gt, g2xn) + lim
n→∞

d(gt, f2xn)
]
.
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In 1996, Jungck [6] gave a generalization of the above concepts by intro-
ducing the notion of weakly compatible maps. f and g are weakly compat-
ible if they commute at their coincidence points, i.e., if ft = gt for some
t ∈ X , then fgt = gft.

Afterwards, Jungck and Rhoades [8] extended the above notion to the
setting of single and set-valued maps. f : X → X and F : X → B(X ) are
subcompatible if

{t ∈ X/Ft = {ft}} ⊆ {t ∈ X/Fft = fFt} .

Recently, Djoudi and Khemis [2] introduced the concept of D-maps as
follows: f and F above are D-maps if there exists a sequence {xn} in X
such that

lim
n→∞

fxn = t and lim
n→∞

Fxn = {t}

for some t ∈ X .

Example 1.1.

(1) Let X = [1,∞) with the usual metric d. Define f : X → X and
F : X → B(X ) as follows

fx = x and Fx = [1, x] for x ∈ X .

Let xn = 1 +
1
n

for n ∈ N∗ = {1, 2, . . . }. Then,

lim
n→∞

fxn = lim
n→∞

xn = 1 and lim
n→∞

Fxn = lim
n→∞

[1, xn] = {1} .

Therefore f and F are D-maps.
(2) Endow X = [1,∞) with the usual metric d and define

fx = x + 3 and Fx = [1, x] for every x ∈ X .

Suppose there exists a sequence {xn} in X such that fxn → t and
yn → t for some t ∈ X , with yn ∈ Fxn = [1, xn]. Then, lim

n→∞
xn =

t− 3 and 1 ≤ t ≤ t− 3, which is impossible.

Let R+ be the set of all non-negative real numbers and G be the set of
all continuous functions G : R6

+ → R satisfying the conditions
(G1) : G is nondecreasing in variables t5 and t6,
(G2) : there exists θ ∈ (1,∞), such that for every u, v ≥ 0 with

(Ga) : G(u, v, u, v, u + v, 0) ≥ 0 or
(Gb) : G(u, v, v, u, 0, u + v) ≥ 0

we have u ≥ θv.
(G3) : G(u, u, 0, 0, u, u) < 0 ∀u > 0.

In [1], Djoudi established and proved the next result.

Theorem 1.1. Let A, B, S and T be maps from a complete metric space
X into itself having the following conditions
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(i) A, B are surjective,
(ii) the pairs of maps A, S as well as B, T are weakly compatible,

(iii) the inequality

G
(
d(Ax,By), d(Sx, T y), d(Ax,Sx),

d(By, T y), d(Ax, T y), d(By,Sx)
)
≥ 0

for all x, y ∈ X , where G ∈ G. Then A, B, S and T have a unique
common fixed point.

Our aim here is to extend the above result to the setting of single and
set-valued maps in a metric space by deleting some conditions required on
G. Also, we give a generalization of our result.

2. Implicit relations

Let R+ and let Φ be the set of all continuous functions ϕ : R6
+ → R

satisfying the conditions
(ϕ1) : for every u, v ≥ 0 with

(ϕa) : ϕ(u, v, u, v, u + v, 0) ≥ 0 or
(ϕb) : ϕ(u, v, v, u, 0, u + v) ≥ 0 we have u ≥ v.

(ϕ2) : ϕ(u, u, 0, 0, u, u) < 0 ∀u > 0.

Example 2.1.

ϕ(t1, t2, t3, t4, t5, t6) = tp1 − tp2 −
αtp−1

5 t6 + βt5t
p−1
6

1 + γtp3 + δtp4
,

where α, β > 0, γ, δ ≥ 0 and p is an integer such that p ≥ 2.
(ϕ1) : For u ≥ 0 and v ≥ 0 we have

ϕ(u, v, u, v, u + v, 0) = ϕ(u, v, v, u, 0, u + v) = up − vp ≥ 0,

which implies that u ≥ v.
(ϕ2) : ϕ(u, u, 0, 0, u, u) = −(α + β)up < 0 ∀u > 0.

Example 2.2.

ϕ(t1, t2, t3, t4, t5, t6) = tp1 − atp2 − btp3 − ctp4 − dtp−1
5 t6 − et5t

p−1
6 ,

where a ≥ 1, 0 ≤ b, c < 1, a + b + c ≥ 1, a + d + e > 1 and p is an integer
such that p ≥ 2.
(ϕ1) : For u ≥ 0 and v ≥ 0 we have

ϕ(u, v, u, v, u + v, 0) = up − avp − bup − cvp ≥ 0

which implies that

u ≥
(

a + c

1− b

) 1
p

v ≥ v.
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Similarly, we have

ϕ(u, v, v, u, 0, u + v) = up − avp − bvp − cup ≥ 0

which implies that

u ≥
(

a + b

1− c

) 1
p

v ≥ v.

(ϕ2) : ϕ(u, u, 0, 0, u, u) = up(1− a− d− e) < 0 ∀u > 0.

Example 2.3.

ϕ(t1, t2, t3, t4, t5, t6) = min {t1, t3, t4} − kt1,

where k > 1.
(ϕ1) : Let u ≥ 0 and v ≥ 0. Suppose that u < v. Then

ϕ(u, v, u, v, u + v, 0) = ϕ(u, v, v, u, 0, u + v) =

= min {u, v} − ku = u− ku ≥ 0

which implies that u ≥ ku > u which is a contradiction. Then
u ≥ v.

(ϕ2) : ϕ(u, u, 0, 0, u, u) = min {u, 0} − ku = −ku < 0, ∀u > 0.

Example 2.4.

ϕ(t1, t2, t3, t4, t5, t6) = min
{
t21, t3t4

}
− αt5t6 − βt21,

where α ≥ 0 and β > 1.
(ϕ1) : Let u ≥ 0 and v ≥ 0. Suppose that u < v. Then

ϕ(u, v, u, v, u + v, 0) = ϕ(u, v, v, u, 0, u + v) =

= min
{
u2, uv

}
− βu2 = u2 − βu2 ≥ 0

which implies that u2 ≥ βu2 > u2, which is a contradiction. Then
u ≥ v.

(ϕ2) : ϕ(u, u, 0, 0, u, u) = min
{
u2, 0

}
− αu2 − βu2 = −(α + β)u2 < 0,

∀u > 0.

3. Main results

Theorem 3.1. Let f, g be self-maps of a metric space (X , d) and let F,G :
X → B(X ) be two set-valued maps satisfying the conditions

(1) f and g are surjective,
(2) ϕ

(
d(fx, gy), δ(Fx,Gy), δ(fx, Fx), δ(gy,Gy), δ(fx,Gy), δ(gy, Fx)

)
≥

0 for all x, y in X , where ϕ ∈ Φ.
If either

(3) f and F are subcompatible D-maps; g and G are subcompatible, or
(3′) g and G are subcompatible D-maps; f and F are subcompatible,
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then f, g, F and G have a unique common fixed point t ∈ X such that

Ft = Gt = {t} = {ft} = {gt} .

Proof. Suppose that F and f are D-maps, then, there exists a sequence
{xn} in X such that lim

n→∞
fxn = t and lim

n→∞
Fxn = {t} for some t ∈ X .

Since f and g are surjective, then, there exist two points u and v in X such
that t = fu = gv. First, we show that {t} = Gv. Indeed, by inequality (2)
we get

ϕ
(
d(fxn, gv),δ(Fxn, Gv), δ(fxn, Fxn), δ(gv, Gv),

δ(fxn, Gv), δ(gv, Fxn)
)
≥ 0.

Since ϕ is continuous, using Lemma 1.1 we obtain at infinity

ϕ(0, δ(t, Gv), 0, δ(t, Gv), δ(t, Gv), 0) ≥ 0,

thus, by (ϕa) we have Gv = {t}, i.e., Gv = {t} = {gv}. Since G and g are
subcompatible, then Ggv = gGv and hence GGv = Ggv = gGv = {ggv}.
We claim that Ggv = {t}. Suppose not, then δ(t, Ggv) > 0 and by (2) we
get

ϕ
(
d(fxn, g2v),δ(Fxn, Ggv), δ(fxn, Fxn),

δ(g2v,Ggv), δ(fxn, Ggv), δ(g2v, Fxn)) ≥ 0.

Since ϕ is continuous, using lemma 1.1 we obtain at infinity

0 ≤ ϕ(d(t, g2v), δ(t, Ggv), 0, 0, δ(t, Ggv), δ(g2v, t))

= ϕ(δ(t, Ggv), δ(t, Ggv), 0, 0, δ(t, Ggv), δ(Ggv, t))

contradicts (ϕ2), then Ggv = {t} = {gv} = {ggv}. , by inequality (2) we
have

0 ≤ ϕ(d(fu, gv), δ(Fu, Gv), δ(fu, Fu), δ(gv, Gv), δ(fu,Gv), δ(gv, Fu))

= ϕ(0, δ(Fu, t), δ(t, Fu), 0, 0, δ(t, Fu))

which by (ϕb) implies that Fu = {t} = {fu}. Since F and f are subcom-
patible, then Ffu = fFu and hence FFu = Ffu = fFu = {ffu}. If
δ(Ffu, t) > 0, then by inequality (2) we have

0 ≤ ϕ
(
d(f2u, gv), δ(Ffu,Gv), δ(f2u, Ffu),

δ(gv, Gv), δ(f2u, Gv), δ(gv, Ffu)
)

=

= ϕ(δ(Ffu, t), δ(Ffu, t), 0, 0, δ(Ffu, t), δ(t, Ffu))

contradicts (ϕ2). Hence Ffu = {t} = {fu} = {ffu}. Therefore t = fu =
gv is a common fixed point of both f, g, F and G.

Similarly, we can obtain this conclusion by using (3′) in lieu of (3).
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Now, suppose that f, g, F and G have two common fixed points t and t′

such that t′ 6= t. Then inequality (2) gives

ϕ(d(ft, gt′), δ(Ft, Gt′), δ(ft, F t), δ(gt′, Gt′), δ(ft, Gt′), δ(gt′, F t)) =

= ϕ(d(t, t′), d(t, t′), 0, 0, d(t, t′), d(t′, t)) ≥ 0

contradicts (ϕ2). Therefore t′ = t. �

If we let in the above theorem, F = G and f = g then we get the following
result.

Corollary 3.1. Let (X , d) be a metric space and let f : X → X , F : X →
B(X ) be a single and a set-valued map, respectively such that

(i) f is surjective,
(ii) ϕ

(
d(fx, fy), δ(Fx, Fy), δ(fx, Fx), δ(fy, Fy),

δ(fx, Fy), δ(fy, Fx)
)
≥ 0

for all x, y in X , where ϕ ∈ Φ. If f and F are subcompatible D-
maps, then, f and F have a unique common fixed point t ∈ X such
that

Ft = {t} = {ft} .

Now, if we put f = g then we get the next corollary.

Corollary 3.2. Let f be a self-map of a metric space (X , d) and let F,G :
X → B(X ) be two set-valued maps satisfying the conditions

(i) f is surjective,
(ii) ϕ(d(fx, fy), δ(Fx, Gy), δ(fx, Fx), δ(fy, Gy),

δ(fx,Gy), δ(fy, Fx)) ≥ 0
for all x, y in X , where ϕ ∈ Φ.

If either

(iii) f and F are subcompatible D-maps; f and G are subcompatible, or
(iii)′ f and G are subcompatible D-maps; f and F are subcompatible.

Then, f, F and G have a unique common fixed point t ∈ X such that

Ft = Gt = {ft} = {t} .

Corollary 3.3. If in Theorem 3.1 we have instead of (2) the inequality

dp(fx, gy) ≥ δp(Fx, Gy)+

+
αδp−1(fx,Gy)δ(gy, Fx) + βδ(fx,Gy)δp−1(gy, Fx)

1 + γδp(fx, Fx) + δδp(gy,Gy)

for all x, y in X , where α, β > 0, γ, δ ≥ 0 and p is an integer such that
p ≥ 2. Then, f, g, F and G have a unique common fixed point t ∈ X .
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Proof. Take a function ϕ as in Example 2.1, then

ϕ
(
d(fx, gy), δ(Fx, Gy), δ(fx, Fx), δ(gy,Gy), δ(fx,Gy), δ(gy, Fx)

)
=

= dp(fx, gy)− δp(Fx,Gy)−

− αδp−1(fx,Gy)δ(gy, Fx) + βδ(fx,Gy)δp−1(gy, Fx)
1 + γδp(fx, Fx) + δδp(gy,Gy)

≥ 0,

which implies that

dp(fx, gy) ≥ δp(Fx, Gy)+

αδp−1(fx,Gy)δ(gy, Fx) + βδ(fx,Gy)δp−1(gy, Fx)
1 + γδp(fx, Fx) + δδp(gy,Gy)

for all x, y in X , where α, β > 0, γ, δ ≥ 0 and p is an integer such that p ≥ 2.
Conclude by using Theorem 3.1. �

Remark. As in Corollary 3.3 we can get other corollaries using Examples
2.2-2.4.

Corollary 3.4. Let f, g, F and G be maps satisfying (1), (3) and (3′) of
Theorem 3.1. Suppose that for all x, y ∈ X we have the inequality

dp(fx, gy) ≥ δp(Fx, Gy) + δp−1(fx,Gy)δ(gy, Fx) + δ(fx,Gy)δp−1(gy, Fx)

where p is an integer such that p ≥ 2. Then, f, g, F and G have a unique
common fixed point t ∈ X .

Proof. Take a function ϕ as in Example 2.1 with α = β = 1 and γ = δ = 0.
Observe by condition (2)

ϕ
(
d(fx, gy), δ(Fx, Gy), δ(fx, Fx), δ(gy,Gy), δ(fx,Gy), δ(gy, Fx)

)
=

= dp(fx, gy)− δp(Fx, Gy)− δp−1(fx,Gy)δ(gy, Fx)−
δ(fx,Gy)δp−1(gy, Fx) ≥ 0.

Conclude by using Theorem 3.1. �

Remark. We can get other results if we let in the corollaries f = g and
also f = g and F = G.

Now, we give a generalization of Theorem 3.1.

Theorem 3.2. Let f, g be self-maps of a metric space (X , d) and Fn : X →
B(X ), n ∈ N∗ = {1, 2, . . . } be set-valued maps with

(i) f and g are surjective,
(ii) the inequality

ϕ(d(fx, gy),δ(Fnx, Fn+1y), δ(fx, Fnx), δ(gy, Fn+1y),

δ(fx, Fn+1y), δ(gy, Fnx)) ≥ 0

holds for all x, y in X , where ϕ ∈ Φ. If either
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(iii) f and {Fn}n∈N∗ are subcompatible D-maps; g and {Fn+1}n∈N∗ are
subcompatible, or

(iv) g and {Fn+1}n∈N∗ are subcompatible D-maps; f and {Fn}n∈N∗ are
subcompatible.

Then, there is a unique common fixed point t ∈ X such that

Fnt = {t} = {ft} = {gt} , n ∈ N∗.

Proof. Letting n = 1, we get the hypotheses of Theorem 3.1 for the maps
f, g, F1 and F2 with the unique common fixed point t. Now, t is a unique
common fixed point of f, g, F1 and of f, g, F2. Otherwise, if t′ is a second
distinct fixed point of f, g and F1, then by inequality (ii), we get

ϕ
(
d(ft′, gt),δ(F1t

′, F2t), δ(ft′, F1t
′), δ(gt, F2t), δ(ft′, F2t),

δ(gt, F1t
′)
)

= ϕ
(
d(t′, t), d(t′, t), 0, 0, d(t′, t), d(t, t′)

)
≥ 0

which contradicts (ϕ2) hence t′ = t.
By the same method, we prove that t is the unique common fixed point

of the maps f, g and F2.
Now, by letting n = 2, we get the hypotheses of Theorem 3.1 for the

maps f, g, F2 and F3 and consequently they have a unique common fixed
point t′. Analogously, t′ is the unique common fixed point of f, g, F2 and
of f, g, F3. Thus t′ = t. Continuing in this way, we clearly see that t is the
required point. �
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