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Common Fixed Point Theorems for
Subcompatible D-Maps

H. BOUuHADJERA, A. DJouDI, AND BRIAN FISHER

ABSTRACT. The purpose of this paper is to establish a common fixed
point theorem for two pairs of subcompatible single and set-valued D-
maps in a metric space. This result improves, extends and generalizes
the result of [1] and others.

1. INTRODUCTION

In the sequel (X,d) denotes a metric space and B(X) is the set of all
nonempty bounded subsets of X'. We define
d(A,B) =sup{d(a,b):a € A be B}
for all A,B in B(X). If A = {a}, we write §(A, B) = d(a,B). Also, if
B = {b}, we write §(A,B) = d(a,b). From the definition of d(A, B) it
follows immediately that

5(A, B) > 0,

d(A,B) =46(B, A),

§(A,B) <6(A,C)+4(C,B),
0(A, A) = diam A,

5(A,B)=0 iff A=B=/{a}

for all A, B,C in B(X).

Definition 1.1 ([3]). A sequence {A,} of nonempty subsets of X is said to
be convergent to a subset A of X if:

(i) each point a in A is the limit of a convergent sequence {ay}, where
an is in A, for n € N,

(7i) for arbitrary e > 0, there exists an integer m such that A, C A, for
n > m, where A. denotes the set of all points x in X for which there
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exists a point a in A, depending on x, such that d(x,a) < e. A is
then said to be the limit of the sequence {Ay}.

Lemma 1.1 ([3]). If {A,} and {B,} are sequences in B(X) converging to
A and B in B(X), respectively, then the sequence {3(A,, Bn)} converges to
d(A, B).

Lemma 1.2 ([4]). Let {A,} be a sequence in B(X) and y be a point in X
such that 0(Ap,y) — 0. Then the sequence {A,} converges to the set {y}
in B(X).

To generalize commuting and weakly commuting maps, Jungck [5] intro-
duced the concept of compatible maps. When f and g are self-maps of a
metric space (X, d), he defines f and g to be compatible if

(1) Jim d(fgwn,gfrn) =0

whenever {x,} is a sequence in X such that lim fz, = hm gz, = t for

some t € X. e

Further, Jungck et al. [7] gave another generalization of weakly commut-
ing maps by introducing compatible maps of type (A). f and g above are
compatible of type (A) if they satisfy instead of (1) the two equalities

lim d(fgen, g*x,) =0 and  lim d(gfzn, f2z,) = 0.

Extending type (A) maps, Pathak and Khan [10] introduced the notion
of compatible maps of type (B). f and g are compatible of type (B) if in
lieu of (1) we have

[hm d(fgzy, ft)+ hm d(ft, fon)}

. 1
lim d(fg:l:n,ggxn) 5
n—oo 2

and
1
lim d(gfwn, f2e,) < 5 [ lim d(gfan, gt) + lim d(gt,g%w)] .
n—00 2 ln—oo n—00
In their paper [9], Pathak et al. added another extension of compatible

maps of type (A) by giving the concept of compatible maps of type (C). f
and g above are compatible of type (C) if they satisfy the two inequalities

lim_d(fgan, g°wn) < % [nlggo d(fgwn, ft)
+ lim d(ft, f*,) + Tim_d( ft,g%n)]
and
T d(gfan, o) < 5 [ Jim d(g . g7

+ lim d(gt, g%x,) + lim d(gt,f%n)} .
n—oo n—oo
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In 1996, Jungck [6] gave a generalization of the above concepts by intro-
ducing the notion of weakly compatible maps. f and g are weakly compat-
ible if they commute at their coincidence points, i.e., if ft = gt for some
t € X, then fgt = gft.

Afterwards, Jungck and Rhoades [8] extended the above notion to the
setting of single and set-valued maps. f: X — X and F : X — B(X) are
subcompatible if

{te X/Ft={ft}} C{te X/Fft= fFt}.

Recently, Djoudi and Khemis [2] introduced the concept of D-maps as
follows: f and F' above are D-maps if there exists a sequence {x,} in X
such that

lim fx, =t and lim Fx, = {t}
n—oo n—oo

for some t € X.

Example 1.1.

(1) Let X = [1,00) with the usual metric d. Define f : X — X and
F: X — B(X) as follows

fr=2 and Fz=][l,z] for ze€X.
1
Let x,, =1+ — for n € N* = {1,2,...}. Then,
n
lim fx, = lim z, =1 and lim Fz, = lim [1,z,] = {1}.
n—oo n—o0 n—00 n—oo

Therefore f and F' are D-maps.
(2) Endow X = [1,00) with the usual metric d and define

fr=x+3 and Fzr=I[l,z] forevery ze€X.
Suppose there exists a sequence {x,} in X such that fx,, — t and
yn — t for some t € X, with y,, € Fx,, = [1,2,]. Then, lim z, =
n—oo
t—3and 1 <t <t— 3, which is impossible.

Let R4 be the set of all non-negative real numbers and G be the set of
all continuous functions G : R(jr — R satisfying the conditions

(G1) : G is nondecreasing in variables ¢5 and ¢,
(G2) : there exists 6 € (1,00), such that for every u,v > 0 with
(Go) : G(u,v,u,v,u~+v,0) >0 or
(Gp) : G(u,v,v,u,0,u+v) >0
we have u > 6v.
(Gs) : G(u,u,0,0,u,u) <0 Vu > 0.
In [1], Djoudi established and proved the next result.

Theorem 1.1. Let A, B, S and T be maps from a complete metric space
X into itself having the following conditions
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(1) A, B are surjective,
(13) the pairs of maps A, S as well as B, T are weakly compatible,

(7i1) the inequality
G(d(.Am, By),d(Sz,Ty),d(Az,Sx),
d(By,Ty),d(Ax,Ty),d(By,Sx)) >0
for all x,y € X, where G € G. Then A, B, S and T have a unique
common fixed point.
Our aim here is to extend the above result to the setting of single and

set-valued maps in a metric space by deleting some conditions required on
G. Also, we give a generalization of our result.

2. IMPLICIT RELATIONS

Let Ry and let ® be the set of all continuous functions ¢ : Rﬁ — R
satisfying the conditions
(1) : for every u,v > 0 with
(pa) : o(u,v,u,v,u+v,0) >0 or
(pp) = o(u,v,v,u,0,u+v) >0 we have u > v.
(p2) + (u,u,0,0,u,u) <0 Yu > 0.

Example 2.1.

p-1 p—1
Q(tr, b2, 3, ta,t5,16) = t] — t5 — 18 +0t8

where a, 3 > 0,7, > 0 and p is an integer such that p > 2.
(p1) : For u >0 and v > 0 we have
o(u, v, u,v,u+v,0) = p(u,v,v,u,0,u+v) =ul —vP >0,
which implies that u > v.
(p2) + o(u,u,0,0,u,u) = —(a+ B)uP < 0 Vu > 0.
Example 2.2.
o(t1,ta, t3,ta, b5, t6) = 8 — ath — bt} — ctf — Al s — et5th ",
where a > 1,0<bc<1l,a+b+c>1,a+d+e>1and pis an integer

such that p > 2.
(¢1) : For u >0 and v > 0 we have

o(u,v,u,v,u+v,0) = uP — av? — buP — cv? >0

which implies that
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Similarly, we have

o(u,v,v,u,0,u 4+ v) = uP — av? — bo? — cuP >0

which implies that
1
u > <a+b)pvzv.
1—c

(p2) = o(u,u,0,0,u,u) =uP(l—a—d—e) <0 Yu>D0.

Example 2.3.
o(t1,ta, ta, ta, ts, te) = min {t1,t3,t4} — ktq,
where k£ > 1.
(¢1): Let u >0 and v > 0. Suppose that u < v. Then
o(u,v,u,v,u+v,0) = p(u,v,v,u,0,u +v) =
=min{u,v} —ku=u—ku >0

which implies that ©v > ku > w which is a contradiction. Then
u > 0.

(p2) + o(u,u,0,0,u,u) = min{u,0} — ku = —ku < 0, Vu > 0.
Example 2.4.

@(t1, ta, t3, ta, t5, te) = min {13, t3ta } — atste — Bt1,
where a« > 0 and 3 > 1.
(p1) : Let w > 0 and v > 0. Suppose that u < v. Then
o(u,v,u,v,u+v,0) = p(u,v,v,u,0,u+v) =
= min {uz,uv} —put=u?—put>0
which implies that u? > Bu? > u?, which is a contradiction. Then
u > 0.

(p2) + o(u,u,0,0,u,u) = min {u2,0} —au? - Bu? = —(a+ B)u? < 0,
Yu > 0.

3. MAIN RESULTS

Theorem 3.1. Let f,g be self-maps of a metric space (X,d) and let F,G :
X — B(X) be two set-valued maps satisfying the conditions

(1) f and g are surjective,
(2) ¢(d(fz,gy),8(Fz,Gy),d(fx, Fx),d(gy, Gy),d(fz,Gy), d(gy, Fz)) >
0 for all x,y in X, where p € .
If either

(3) f and F are subcompatible D-maps; g and G are subcompatible, or
(3") g and G are subcompatible D-maps; f and F are subcompatible,
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then f,g, F and G have a unique common fized point t € X such that
Ft =Gt ={t} = {ft} ={gt}.

Proof. Suppose that F' and f are D-maps, then, there exists a sequence
{z5} in X such that lim fz, =t and lim Fz, = {t} for some t € X.
n—oo n—oo

Since f and g are surjective, then, there exist two points v and v in X such
that ¢t = fu = gv. First, we show that {¢t} = Guv. Indeed, by inequality (2)
we get

gp(d(fxn, gv),0(Fxy, Gv),0(fxy, Fxy,),d(gv, Gv),
§(fan, Gv),0(gv, Fay)) > 0.

Since ¢ is continuous, using Lemma 1.1 we obtain at infinity
©(0,0(t, Gv),0,0(t, Gv), d(t, Gv),0) = 0,

thus, by (¢q) we have Gv = {t}, i.e., Gv = {t} = {gv}. Since G and g are
subcompatible, then Ggv = gGv and hence GGv = Ggv = gGv = {ggv}.
We claim that Ggv = {t}. Suppose not, then (¢, Ggv) > 0 and by (2) we
get
@(d(fl‘n, QQU)a(S(FZL'm va)v 5(f1'n7 Fl‘n)»
3(g%v, Ggu), 8(fn, Ggv),6(g*v, Fy)) 2 0.

Since ¢ is continuous, using lemma 1.1 we obtain at infinity

0 < (d(t, g*v), 8(t, Ggv),0,0,8(t, Ggu), 8(g*v, 1))
= ()0(5(75) va)a 5(t7 va)a 0,0, 6(t7 va)> 5(vaa t))
contradicts (p2), then Ggv = {t} = {gv} = {ggv}. , by inequality (2) we
have
0 < p(d(fu,gv),6(Fu, Gv),d(fu, Fu), 6(gv, Gv), 6(fu, Gv), d(gv, Fu))
= ¢(0,6(Fu,t),6(t, Fu),0,0,6(t, Fu))
which by (¢p) implies that F'u = {t} = {fu}. Since F' and f are subcom-
patible, then Ffu = fFu and hence FFu = Ffu = fFu = {ffu}. If
O(F fu,t) > 0, then by inequality (2) we have
0 < @(d(f*u, gv), 8(F fu, Gv), 6(f*u, F fu),
5(gv,Gv),5(f2u,Gv),é(gv,Ffu)) =
= p(6(F fu,t),6(F fu,t),0,0,0(F fu,t),0(t, F fu))
contradicts (p2). Hence F fu = {t} = {fu} = {ffu}. Therefore t = fu =

gv is a common fixed point of both f, g, F and G.
Similarly, we can obtain this conclusion by using (3') in lieu of (3).
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Now, suppose that f, g, F and G have two common fixed points ¢ and ¢’
such that ¢’ # t. Then inequality (2) gives

o(d(ft, gt"),6(Ft,Gt'),6(ft, Ft),d(gt’,Gt'),0(ft,Gt'),d(gt', F't)) =
= o(d(t,t'),d(t,t),0,0,d(t,t"),d(t',t)) >0

contradicts (y2). Therefore ¢’ = t. O

If we let in the above theorem, F' = G and f = g then we get the following
result.

Corollary 3.1. Let (X,d) be a metric space and let f : X — X, F : X —
B(X) be a single and a set-valued map, respectively such that

(i) f is surjective,
(it) e(d(fz, fy),6(Fz, Fy),5(fx, Fx),d(fy, Fy),
5(f, Fy).8(fy, Fx)) = 0
for oll x,y in X, where p € ®. If f and F are subcompatible D-
maps, then, f and F have a unique common fized point t € X such
that

Ft = {t} = {/1}.
Now, if we put f = g then we get the next corollary.

Corollary 3.2. Let f be a self-map of a metric space (X,d) and let F,G :

X — B(X) be two set-valued maps satisfying the conditions

(i) f is surjective,
(i1) wld(fz, fy),0(Fx,Gy),(fz, Fx),d(fy, Gy),

o(fz,Gy), d(fy, Fz)) 2 0
for all x,y in X, where ¢ € ®.

If either

(tit) f and F are subcompatible D-maps; f and G are subcompatible, or
(i5i)" f and G are subcompatible D-maps; f and F are subcompatible.

Then, f,F and G have a unique common fized point t € X such that

Ft =Gt ={ft} = {t}.
Corollary 3.3. If in Theorem 3.1 we have instead of (2) the inequality

d’(fz,gy) > 6" (Fz, Gy)+
N ad? Y (fx, Gy)d(gy, Fx) + B6(fx,Gy)oP~ gy, Fx)
L +~6P(fx, Fx) + 06P(gy, Gy)

for all x,y in X, where o, > 0, 7,6 > 0 and p is an integer such that
p>2. Then, f,g,F and G have a unique common fized pointt € X.
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Proof. Take a function ¢ as in Example 2.1, then
p(d(fz,gy),0(Fz,Gy),d(fx, Fx),0(9y, Gy), d(fx, Gy),d(gy, Fz)) =
= dp(fl‘,gy) - 5p(FJ}, Gy)_

_ad? (fx, Gy)d(gy, Fx) + Bo(fx, Gy)d* gy, Fx)
1+ ~y0P(fz, Fx) + 067 (gy, Gy)

>0,
which implies that

dP(fz,gy) > 6°(Fz, Gy)+
ad?~Y(fx,Gy)d(gy, Fx) + B6(fz,Gy)oP~ (gy, Fx)
L +~6P(fx, Fx) + 06P(gy, Gy)

for all z,y in X', where a;, 3 > 0, v, > 0 and p is an integer such that p > 2.
Conclude by using Theorem 3.1. O

Remark. As in Corollary 3.3 we can get other corollaries using Examples
2.2-2.4.

Corollary 3.4. Let f,g,F and G be maps satisfying (1), (3) and (3') of
Theorem 3.1. Suppose that for all x,y € X we have the inequality

d*(fz,gy) > 6°(Fx,Gy) + 0P~ (fz, Gy)d(gy, Fx) + §(fx,Gy)s"* (gy, Fx)

where p is an integer such that p > 2. Then, f,qg,F and G have a unique
common fixzed point t € X.

Proof. Take a function ¢ as in Example 2.1 witha =g =1and v=9 = 0.
Observe by condition (2)

p(d(fz,9y),0(Fz,Gy),d(fz, Fx),d(gy, Gy),d(fx,Gy),d(gy, Fx)) =
= dP(fx,gy) — 0P (Fa,Gy) — 6"~ (fx, Gy)d(gy, Fx)—
5(fx,Gy)e"~ (gy, F) > 0.
Conclude by using Theorem 3.1. U

Remark. We can get other results if we let in the corollaries f = ¢ and
also f =g and F =G.

Now, we give a generalization of Theorem 3.1.

Theorem 3.2. Let f, g be self-maps of a metric space (X,d) and F,, : X —
B(X), ne N*={1,2,...} be set-valued maps with
(1) f and g are surjective,
(13) the inequality
e(d(fx,gy),0(Fna, Frny1y), 0(fz, Fox), 0(9y, Frny1y),
6(fx, Fut1y),0(gy, Frnw)) 2 0
holds for all x,y in X, where p € ®. If either
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(ii7) f and {Fp},cn+ are subcompatible D-maps; g and {Fpi1},cn- are
subcompatible, or

(iv) g and {Fny1},en- are subcompatible D-maps; f and {F,}, cn- are
subcompatible.

Then, there is a unique common fixed point t € X such that

Fot = {t} = {ft} = {gt}, neN-

Proof. Letting n = 1, we get the hypotheses of Theorem 3.1 for the maps
f,9, F1 and F> with the unique common fixed point . Now, ¢ is a unique
common fixed point of f, g, F} and of f,g, F5. Otherwise, if ¢’ is a second
distinct fixed point of f, g and F}, then by inequality (ii), we get

o(d(ft', gt),0(Fit', Fot),8(ft', Fit'), 6(gt, Fat), 6(ft', Fat),
§(gt, Fut')) = p(d(t',t),d(t',1),0,0,d(t',t),d(t,t')) > 0

which contradicts (¢2) hence t' = t.

By the same method, we prove that ¢ is the unique common fixed point
of the maps f, g and F5.

Now, by letting n = 2, we get the hypotheses of Theorem 3.1 for the
maps f,g,F» and F3 and consequently they have a unique common fixed
point #. Analogously, ' is the unique common fixed point of f,g, F» and
of f,g,F3. Thus t = t. Continuing in this way, we clearly see that ¢ is the
required point. O
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